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Abstract 



We present a new generalization of the steepest descent method introduced by Deift and Zhou [ DZ93| | 
for matrix Riemann-Hilbcrt problems and use it to study the semiclassical limit of the focusing nonlinear 
Schrodinger equation with real analytic, even, bell-shaped initial data ij)(x,0) — A(x). We provide explicit 
strong locally uniform asymptotics for a sequence of exact solutions ip(x,t) corresponding to initial data that 
has been modified in an asymptotically small sense. We call this sequence of exact solutions a semiclassical 
soliton ensemble. Our asymptotics are valid in regions of the {x, t) plane where a certain scalar complex 
phase function can be found. We characterize this complex phase function directly by a finite-gap ansatz 
and also via the critical point theory of a certain functional; the latter provides the correct generalization of 
the variational principle exploited by Lax and Levermore [LL83| in their study of the zero-dispersion limit 
of the Korteweg-de Vries equation. 

For the special ini tial d ata A(x) = Asech(x), the scattering data was computed explicitly for all h by 
Satsuma and Yajima [3Y74|. It turns out that for this case the modified initial data we use in general agrees 
with the true initial data. Thus our rigorous asymptotics for semiclassical soliton ensembles establish the 
semiclassical limit for this initial data. 

Using a genus zero ansatz for the complex phase function, we obtain strong asymptotics of general 
semiclassical soliton ensembles for small times independent of H in the form of a rapidly oscillatory and 
slowly modulated complex exponential plane wave. We show how, with the help of numerical methods, the 
ansatz can be verified for finite times up to a phase transition boundary curve in the (a;, i)-plane called the 
primary caustic [MK98|. Using qualitative information obtained from the numerics concerning the mode of 
failure of the genus zero ansatz at the primary caustic, we apply perturbation theory to show that a genus 
two ansatz provides the correct asymptotic description of the soliton ensemble just beyond the caustic. Our 
analysis shows that the macrostructure in the genus zero region is governed by the exact solution of the elliptic 
Whitham equations, and we obtain formulae solving this ill-posed initial-value problem in the category of 
analytic initial data. For the Satsuma- Yajima data, our solution of the Whitham equations reproduces that 
obtained many years ago by Akhmanov, Sukhorukov, and Khokhlov [ASK66|, and our rigorous semiclassical 
analysis places their formal conclusions on sure footing. 



Keywords: focusing nonlinear Schrodinger equation, semiclassical limit, Riemann-Hilbert problems, mini- 
mum capacity problems. 
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Chapter 1 

Introduction and Overview 



1.1 Background. 

The initial value problem for the focusing nonlinear Schrodinger equation is 

ifi^ + y^ + |V| 2 V = 0, ^(x,0)=^ o (x). (1.1) 

We are interested in studying the behavior of solutions of this initial value problem in the so-called semi- 
classical limit. To make this precise, the initial data is given in the form: 

ip (x) = A(x) exp(iS(x)/h) , (1.2) 

where A(x) is a positive real amplitude function that is rapidly decreasing for large |a;|, and S(x) is a real 
phase function that decays rapidly to constant values for large \x\. Studying the semiclassical limit means: 
fix once and for all the functions A(x) and S(x), and then for each sufficiently small value of h > 0, solve 
the initial value problem fll.l| ) subject to the initial data (1.2), obtaining the solution ip(x,t;h). Describe 
the collection of solutions i/j(x, t; H) in the limit of H [ 0. 



The initial-value problem ( |1 . 1[ ) is a key model in modern nonlinear optical physics and its increasingly 
important applications in the telecommunications industry. On one hand, it describes the stationary profiles 
of high-intensity paraxial beams propagating in materials with a nonlinear response, the so-called Kerr effect. 
This is the realm of spatial solitons, which are envisioned as stable beams that can form the fundamental 



components of an all-optical switching system. In this context, the semiclassical scaling h <C 1 of (1.1) 



corresponds to the joint paraxial-ray geometrical-optics limit in the presence of nonlinear effects. On the other 



hand, (1.1) also describes the propagation of (time-dependent) envelope pulses in optical fibers operating at 
carrier wavelengths in the anomalous dispersion regime (usually infrared wavelengths near 1550 nm). These 
envelope pulses are known as temporal solitons and are envisioned as stable bits in a digital signal traveling 
through the fiber. In these fiber-optic applications, the semiclassical scaling h <C 1 is particularly a ppropr iate 



for modeling propagation in certain dispersion-shifted fibers that are increasingly common. See [ FM98 | for 



a careful discussion of this point leading to a similarly scaled d efoc using equation; similar arguments with 



slightly adjusted parameters can lead to the focusing problem (1.1) just as easily. Of course in neither of 
these optical applications is the small parameter actually Planck's constant, but we write it as H in formal 
analogy with the quantum-mechanical interpretation of the linear terms in ([hi]) which also gives rise to the 
description of the limit of interest as "semiclassical" . 

The independent variables x and t parametrize the semiclassical limit, and one certainly does not expect 
a pointwise asymptotic description of the solution to be uniform with respect to these parameters. The 
statement of the problem becomes more precise when one further constrains these parameters. For example, 
one might set x = X/H and t = T/H for X and T fixed as H [ 0. In this limit, several studies have suggested 



[B96, BK99] that for initial data with |5(x)| sufficiently large the field consists of trains of separated solitons, 
with the remarkable property that there is a well-defined relationship between the soliton amplitude and 
velocity (nonlinear dispersion relation) that is determined from the initial functions A{x) and S(x) via 
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the asymptotic distribution of eigenvalues of the Zakharov-Shabat scattering problem. In general, solitons 
can have arbitrary amplitudes and velocities, so the observed correlation is a direct consequence of the 
semiclassical limit. 

Here, we will be concerned with a different asymptotic parametrization. Namely, we consider the sequence 
of functions ip(x, t; ft) in a fixed but arbitrary compact set of the (x, t) plane in the limit h | 0. In this scaling, 
the large number of individual solitons present in the initial data are strongly nonlinearly superposed, and 
interesting spatio-temporal patterns have been observed | MK98; , BK99( | . 



This choice of scaling has several features in common with similar limits studied in other integrable 
systems, e.g. the zero-dispersion limit of the Korteweg-de Vries equation analyzed by Lax and Levermore 



[LL83], the continuum limit of the Toda lattice studied by Deift and K. T.-R. McLaughlin [DM98|, and 



the semiclassical limit of the defocusing nonlinear Schrodinger equation studied by Jin, Levermore, and 



D. McLaughlin | JLM99 |. In all of these cases, the challenge is to use the machinery of the inverse-scattering 
transform to prove convergence in some sense to a complicated asymptotic description that necessarily 
consists of two disparate space and time scales. One scale (the macro structure) is encoded in the initial data, 
and the other scale (the micro structure) is introduced by the small parameter (the dispersion parameter 
in the Korteweg-de Vries equation, the lattice spacing in the Toda lattice, and Planck's constant h in the 
nonlinear Schrodinger equation). 



In Lax and Levermore's analysis of the zero dispersion limit for the Korteweg-de Vries equation [LL83|, a 
fundamental role was played by an explicit, albeit complicated, formula for the exact solution of the initial- 
value problem for initial data that has been modified in an asymptotically negligible sense. This formula 
directly represents the solution u(x,t) of the problem in terms of the second logarithmic derivative of a 
determinant. When the determinant is expanded as a sum of principal minors, the minors are all positive, 
and the sum is shown to be asymptotically dominated by its largest term. This leads directly to a discrete 
maximization problem in which the independent variables x and t appear as parameters (discrete because 
the number of minors is finite but large when the dispersion parameter is small) that characterizes the 
determinant up to a controllable error. Leading order asymptotics are obtained by letting the dispersion 
parameter go to zero and observing that the discrete maximization problem goes over into a variational 
problem in a space of admissible functions. It turns out that the weak limit of each member of the whole 
hierarchy of conserved local densities for the Korteweg-de Vries equation can be directly expressed in terms 
of the solution of the variational problem and its derivatives. 

In all of the problems where the method of Lax and Levermore has been successful, the macrostructure 
parameters (or equivalently weak limits of various conserved local densities) have been shown to evolve 
locally in space and time as solutions of a hyperbolic system known as the Whitham equations or the 
modulation equations. The global picture consists of several regions of the (x,t) plane in each of which 
the microstructure is qualitatively uniform and the macrostructure obeys a system of modulation equations 
whose size (number of unknowns) is related to the complexity of the microstructure. The variational method 
of Lax and Levermore amounts to the global analysis showing how the solutions of the modulation equations 
are patched together at the boundaries of these various regions. By hyperbolicity and the corresponding local 
well-posedness of the modulation equations, it follows that, for example, the small-time behavior (sufficiently 
small, but independent of the size of the limit parameter) of the limit is connected with prescribed initial 
data in a stable fashion. 

The modulation equations may be derived formally, without reference to initial data. For the focusing 



nonlinear Schrodinger equation, these quasilinear equations are elliptic [FL86], which makes the Cauchy 
initial- value problem for them ill-posed in common spaces. To illustrate this ill-posedness for the Whitham 
equations in their simplest version (genus zero), one might make the assumption that the microstructure in 
the solution of ( p..]] ) resembles the modulated rapid oscillations present in the initial data. That is, one could 
suppose that for some order one time the solution can be represented in the form 

ip(x, t) = A(x, t) exp(S"(x, t)/ft) , (1.3) 



where A(x,0) = A(x) and S(x,0) = S(x). Setting p(x,t) = A(x,t) 2 and p,(x,t) = A(x,t) 2 d x S{x,t), 
finds that the initial- value problem (1.1) implies 



one 



d t p + d x » = 0, dtn + d x (!j-^j =¥-d x (pd 2 x \og(p)), (1.4) 
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with initial data p(x, 0) = A(x) 2 and fi(x, 0) = A(x) 2 S"(:r). The modulation equations corresponding to our 
assumption about the microstructure are obtained by simply neglecting the terms that are formally order 
h in these equations. That is, one supposes that for some finite time p(x,t) and p<(x,t) are uniformly close, 
respectively, to functions ~p(x,t) and Jl(x, t) as H J, 0, where these latter two functions solve the system 

2 2 \ 

y-yj=0, (1.5) 

with initial data p(x, 0) = A(x) 2 and /l(a?, 0) = A(x) 2 S' (x). This is a quasilinear nonlinear system, and it is 
easy to check that it is of elliptic type; that is, the characteristic velocities ~p/~p± «VP are complex at every 
point where p is nonzero. This implies that the Cauchy problem posed here for the modulation equations is 
ill-posed. 



This fact immediately makes the interpretation of the scmiclassical limit of the initial- value problem (1.1) 
complicated; even if it turns out that one can prove convergence to the solutions of the modulation equations 
for some initial data, it is not clear that one can deduce anything at all about the asymptotics for "nearby" 



initial data. In this sense, the formal scmiclassical limit of ( |l.l[) is very unstable. 

One feature that both the hyperbolic and elliptic modulation equations have in common is the possibil- 
ity of singularities that develop in finite time from smooth initial data. This singularity formation seems 
physically correct in the context of spatial optical solitons, where the Kerr effect has been known for some 
time to lead to self- focusing of light beams, and in two transverse dimensions (the independent variable x), 
to the total collapse of the beam in finite propagation distance (the independent variable t). As long ago 



as 1966, this led Akhmanov, Sukhorukov, and Khokhlov ASK66] to propose a certain exact solution of the 



modulation equations (1.5) as a model for the self-focusing phenomenon in one transverse dimension. They 



did not try to solve any initial- value problem for these equations; indeed they were clearly aware of the cl- 



lipticity of the system (1.5) and the coincident ill-posedness of its Cauchy problem. Rather, they introduced 



a clever change of variables (some insight into their possible reasoning was proposed by Whitham [W74]) 
and obtained a set of two real equations implicitly defining two real unknowns as functions of x and t. After 
the fact, they noted that their solution matched onto the initial data A(x) = Asech(x) and S(x) = 0. The 
original paper of Akhmanov, Sukhorukov, and Khokhlov contains drawings of the solution at various times 
up to the formation of a finite-amplitude singularity (i.e. the singularity forms in the derivatives) at the 
time t = t c rit = 1/(2 A). The authors even plotted their solution beyond the singularity, showing the onset of 
multivaluedness. They understood that the model solution cannot possibly be valid beyond the singularity, 
and in the physical context of interest in their study, ascribed this as much to the breakdown of the paraxial 



approximation leading to the nonlinear Schrodinger equation (1.1) as a beam propagation model in the first 



place as to the failure of the formal geometrical optics (semiclassical) limit for (1.1) 



As is the case in all of the problems for which the method of Lax and Levermore has been successful, 



careful analysis of the scmiclassical limit h J, for (1.1) is possible in principle because the problem can be 
solved for each h by the inverse-scattering transform, as was first shown by Zakharov and Shabat pS72 



The small parameter necessarily enters the problem both in the forward -sca ttering step and in the inverse- 
scattering step. Significantly, the analysis of the semiclassical limit for ([0]) is frustrated in both steps. In 
the forward-scat teri ng step, the difficulties are related to the nonselfadjointness of the scattering problem 



associated with (1.1). By contrast, in each of the cases mentioned above where calculations of this type were 
successfully carried out, the associated scattering problem is selfadjoint. In the inverse-scattering step, the 
difficulties are related to the limit being attained by a kind of furious cancellation in which no si ngle t erm in 



the expansion of the solution is apparently dominant. In fact, in Zakharov and Shabat's paper [ZS72| there 
appears an explicit formula for the function p(x, t) solving ( |l.4| ) that is qualitatively very similar to that 
solving the Korteweg-de Vries equation and taken as the starting point in Lax and Levermore's analysis. 
When t = 0, this formula has all of the properties required by the Lax-Levermore theory. Namely the 
determinant can be expanded as a sum of positive terms, which is controlled by its largest term as ft J, 0. 



This calculation is carried out in the paper of Ercolani, Jin, Levermore, and MacEvoy [EJLM93|. But when 
t is fixed at any nonzero value, the principal minors lose their positive definiteness, and it can no longer be 
proved that the sum is dominated by its largest term. If the weak limit exists, then all that can be said from 
this approach is that it arises out of subtle cancellation. In particular, from this point of view it appears 
that there is no obvious variational principle characterizing the limit. 
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1.2 Approach and summary of results. 



This paper is primarily concerned with the semiclassical analysis of the inverse-scattering step. For simplicity, 
we restrict attention from the start to the case o f initial data that satisfy S(x) = 0. In this case it was observed 
already in Zakharov and Shabat's paper [ ZS72 that while not strictly selfadjoint for any h > the scattering 
problem formally goes over into a semiclassically scaled selfadjoint linear Schrodinger operator in the limit 
h I 0. In EJLM93|, this observation was exploited to propose WKB formulae that were subsequently used to 
study the zero-dispersion limit of the modified Korteweg-de Vries equation, an equation associated with the 
same scattering problem as (1.1), but whose inverse-scattering step is more straightforward because there is 
no cancellation of the type mentioned above (as pointed out above, this cancellation is also absent for the 
focusing nonlinear Schrodinger problem when t = 0, and the calculations in [EJLM93] hold in this case as 
well). The WKB approximation amounts to the neglect of the reflection coefficient and the replacement of 
the true eigenvalues with a sequence of purely imaginary numbers that are obtained from an explicit Bohr- 
Sommerfeld type quantization rule. These WKB formulae have not to date been rigorously established; their 
justification in [EJLM93| rests upon the fact that they reproduce the exact initial data when t is set to zero 
in the inverse-scattering step. There is, however, one function A(x) for which all of the exact scattering data 
is known (assuming S(x) = 0) exactly: A(x) = Asech(x). The spectrum corresponding to this potential 
in the nonsch adjoint Zakharov-Shabat scattering problem was computed exactly for all h by Satsuma and 
Yajima S Y74 ] and published in 1974. At face value this is a remarkable coincidence: the same initial data 
for which Akhmanov, Sukhorukov, and Khokhlov found (after the fact!) that they had an exact solution of 
the modulation equations turns out to be data for which the forward-scattering problem was later shown 
to be exactly solvable for all H. Some additional special cases of potentials where the the spectrum can be 
obtained exactly for all H, including some cases with S(x) ^ 0, have been recently found by Tovbis and 
Venakides IrVOOfl . 

It turns out that the exact scattering data for the special initial condition ipo(x) = Asech(x) coincides 
with the formal WKB approximation to the scattering data, as long as one restricts attention to a particular 
sequence of positive values of h <G {ftjv} converging to zero. For these special values of H, the initial data is 
exactly rcflectionlcss, there are exactly N eigenvalues all purely imaginary, and also the distance between 
the most excited state (the eigenvalue with the smallest magnitude) and the continuous spectrum is exactly 
half of the distance between each adjacent pair of eigenvalues. In particular, for h = there is no 
error incurred in reconstructing the corresponding solution of ( |l.l|) using inverse-scattering theory without 
reflection coefficient; the true solution for these values of H is a pure ensemble of N solitons. 

In this paper, we will develop a method that yields detailed strong asymptotics for the inverse-scattering 
problem corresponding to the scattering data briefly described above. Since this scattering data is the true 
scattering data corresponding to the Sa tsum a- Yajima potential, our results imply rigorous asymptotics for 
the corresponding initial- value problem (IT). But since the scattering data for this case agrees with its WKB 
approximation, we prefer to approach the problem from the more general perspective of computing rigorous 
asymptotics for the inverse problem corresponding to a general family of WKB scattering data. Thus, our 
approach to the semiclassical limit for initial- value problem (1.1) for quite general data satisfying S(x) = 
is essentially the familiar step of introducing modified reflectionless initial data whose scattering data is that 
predicted by the formal WKB approximation. This sort of modification was the first step in the pioneering 
work of Lax and Levermore [LL82]. Of course, for the Satsuma- Yajima initial data, no modification is 
necessary as long as fig {Hn}- 

The main idea that allows our analysis of the inverse-scattering problem to proceed for t ^ where the 
Lax-Levermore method fails is to avoid the direct connection of the discrete scattering data with the solution 
of the problem via an explicit determinant formula and instead to introduce an intermediate object, namely 
an appropriately normalized eigenfunction of the Zakharov-Shabat scattering problem. In general, this 
eigenfunction satisfies a certain matrix Ricmann-Hilbert problem with poles encoding the discrete spectrum 
and a jump on the real axis of the eigenvalue corresponding to the reflection coefficient on the continuous 
spectrum. The solution of the nonlinear Schrodinger equation is in turn obtained from the solution of this 
Riemann-Hilbert problem. This is the essential content of inverse-scattering theory [FT87 . While it of 



course turns out that in the reflectionless case the Riemann-Hilbert problem may be explicitly solved in 
terms of meromorphic functions and ratios of determinants, leading to the formula that is the starting point 
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for Lax-Levermore type analysis, there is some advantage to ignoring this explicit solution and instead trying 
to obtain uniform asymptotics for the eigenfunction that is the solution of the Riemann-Hilbert problem. 
Only in studying this intermediate problem do we recover a variational principle that is a generalization of 
the one from Lax and Levermore's method. 

The method we develop in this paper to study the asymptotic behavior of the eigenfunction general- 
izes the steepest descent method for matrix Riemann-Hilbert problems first proposed by Deift and Zhou in 
[ DZ93| , and subsequently developed and further applied in several papers [DVZ94, DZ95]. The generaliza- 



tion of the steepest descent method that we will present below has its basic features in common with the 



recent application of the method to the Korteweg-de Vries e quation in DVZ97], with recent applica tions 



in the theory of orthogonal polynomials and random matrices ||DKMVZ97| , [DKMVZ98A1 , [PKMVZ98B|| , and 



also with some applications to long-time asymptotics for soliton-frec initial data in the focusing nonlinear 



Schrodinger equation K95, K96]. These latter papers make use of an idea that was first introduced in 
[ DVZ94 1 — using the special choice of a complex phase function to enable the asymptotic reduction of the 
Riemann-Hilbert problem to a simple form. Our work generalizes this approach because it turns out that an 
appropriate complex phase function typically does not exist at all relative to a given contour in the complex 
plane, unless this contour satisfies some additional conditions. In fact, we will show that the existence of an 
appropriate complex phase function selects portions of the contour on which the Riemann-Hilbert problem 



should be posed to begin with. In this sense, the generalization of the method proposed in [DVZ94| that 
we present here further develops the analogy with the classical asymptotic method of steepest descent; the 
problem must be solved on a particular contour in the complex plane. In problems previously treated by 
the steepest descents method of Deift, Zhou, et. ai, the problem of finding this special contour has simply 
not arisen because there is an obvious contour, often implied by the selfadjointness of a related scattering 
problem, for which the additional conditions that select the contour are automatically satisfied. The speci- 
fication of this special contour can be given a variational interpretation that is the correct generalization of 
the Lax-Levermore variational principle. 
Among our primary results are: 

1. Strong, leading-order semiclassical asymptotics for solutions of the focusing nonlinear Schrodinger 
equation corresponding to sequences of initial data whose spectral data is reflectionless and has discrete 
spectrum obtained from a Bohr-Sommerfeld quantization rule. These asymptotics are valid even after 
wave breaking, and come with a rigorous error bound. The explicit model we obtain — to which the 
semiclassical solutions are asymptotically close pointwise in x and t — displays qualitatively different 
behavior before and after wave breaking, and in particular exhibits violent oscillations after breaking 
confirming phenomena that have been observed in numerical experiments. 

2. Formulae explicitly involving the initial data that solve the elliptic Whitham modulation equations. 
These formulae consequently provide the complete solution to the initial- value problem for the Whitham 
equations in the category of analytic initial data. 

3. The characterization of the caustic curves in the (a;, t) -plane where the nature of the microstructure 
changes suddenly. We also provide what amount to "connection formulae" describing the phase tran- 
sition that occurs at the caustic. In particular our analysis shows that at first wave breaking there 
is a spontaneous transition from fields with smooth amplitude (genus zero) to oscillatory fields with 
intermittent concentrations in amplitude (genus two). 



4. A significant extension of the steepest descents method for asymptotic analysis of Riemann-Hilbert 
problems introduced by Deift and Zhou. For problems with analytic jump matrices, we show how 
the freedom of placement of the jump contour in the complex plane can be systematically exploited 
to asymptotically reduce the norms of the singular integral operators involved in the solution of the 
Riemann-Hilbert problem. Ultimately this expresses the solution as an explicit contribution modified 
by a Neumann series involving small bounded operators. 

5. A new generalization of Riemann-Hilbert methods allowing the analysis of inverse-scattering problems 
in which there is an asymptotic accumulation of an unbounded number of solitons. 



G 



CHAPTER 1. INTRODUCTION AND OVERVIEW 



6. An interpretation of our asymptotic solution of the Riemann-Hilbert problem in terms of a new vari- 
ational principle that generalizes the quadratic programming problem of Lax and Levermore, and 
explicitly encodes the contour selection mechanism. This interpretation also makes a strong connec- 
tion with approximation theory where variational problems of the same type appear when one tries to 
find sets of minimal weighted Green's capacity in the plane. 

7. A proof that the systematic selection of an appropriate contour is guaranteed to succeed under certain 
generic conditions. Finding correct the contour amounts to solving a problem of geometric function 
theory, namely the construction of "trajectories of quadratic differentials" . We show that the existence 
of such trajectories is an open condition with respect to the independent variables x and t. 



1.3 Outline and method. 

We begin in Chapter ^ by expressing the function ip(x,t; ft/v) in terms of the solution of a holomorphic 
matrix Riemann-Hilbert problem posed relative to a contour that surrounds the locus of accumulation of 
eigenvalues but is otherwise arbitrary a priori. The scattering data is introduced in Chapter |[ where we 
present the formal WKB formulae for initial data satisfying S(x) = and appropriate functions A(x). We 
carry out some detailed asymptotic calculations starting from the WKB approximations to the discrete 
eigenvalues that we will require later, and we compare these general calculations with the specific exact 
formulae of Satsuma and Yajima. With this WKB data in hand, we proceed in Chapter [| to study the 



asymptotics of the inverse-scattering problem for this (generally) approximate data. We introduce in §4.1 
a certain complex scalar phase function, and show in §|4.2| how to choose it to capture the essentially wild 
asymptotic behavior of the solution of the Riemann-Hilbert problem. Factoring off a proper choice of the 
complex phase leads to a simpler Riemann-Hilbert problem whose leading-order asymptotics can be described 



explicitly. In §4.3 we solve this leading-order Riemann-Hilbert problem, the outer model problem, in terms 
of Riemann theta functions (and in fact at first in terms of exponentials). Subject to proving the validity 
of this asymptotic reduction, the solution ip(x,t;his[) is then also given at leading order in terms of theta 
functions and exponentials. 

Assuming the existence of the complex phase function on an appropriate contour, we continue with 



some detailed local analysis in §4.4, building local approximations near certain exceptional points in the 



complex plane. Patching these local approximations together with the outer approximation yields a uniform 



approximation of the solution of the Riemann-Hilbert problem that we prove is valid in §4.5. 

This detailed error analysis is completely vacuous unless we can establish the existence of the complex 
phase function and its support contour. We carry out this construction in Chapter ^ using a modification 
of the finite-gap ansatz familiar from the Lax-Levermore method. Temporarily tossing out the inequalities 
that the phase function must ultimately satisfy, we show how to write down equations for the endpoints of 
the bands and gaps along the contour and how the bands of the contour can be viewed as heteroclinic orbits 
of a particular explicit differential equation for contours in the complex plane (or trajectories of a quadratic 
differential). Some of the conditions we impose on the endpoints of the bands and gaps are precisely those 
that are necessary for the existence of the correct number of heteroclinic orbits. There is a finite-gap ansatz 
corresponding to any number of bands and gaps, and the idea is to choose this number so that the phase 
function satisfies certain inequalities as well. This choice then determines the local complexity (genus of the 



Riemann theta function) of the approximate solution of the initial- value problem (1.1). In § |5.3| we show 
that in fixed neighborhoods of fixed x and i, the macrostructure parameters of the solutions (moduli of an 
associated hyperelliptic Riemann surface) satisfy a quasilinear system of partial differential equations that 



we believe to be the elliptic modulation (Whitham) equations for multiphase wavetrains [FL86|. 

In Chapter |[ we investigate the simplest possible ansatz {i.e. genus zero), showing that for small time 
independent of h it does indeed satisfy all necessary inequalities. For the Satsuma- Yajima initial data 
this completes the proof of convergence to the semiclassical limit for small time, ultimately justifying the 
geometrical optics approximation made by Akhmanov, Sukhorukov, and Khokhlov in 1966. For semiclassical 
soliton ensembles corresponding to more general data, we still obtain rigorous strong asymptotics, but the 
connection to initial data is more tenuous. The asymptotics formally recover the initial data and the 
successful ansatz persists for small time, but the error in our scheme of essentially uniformly approximating 
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the eigenfunction in the complex plane of the eigenvalue breaks down near t — 0, when the regions of the 
complex plane where the description of the eigenfunction requires detailed local analysis come into contact 
with the locus of accumulation of poles. On the other hand, we know that asymptotics for t = o(l) can 
be obtained by bypassing the Riemann-Hilbert problem and applying the Lax-Levermore method to the 



determinant solution formula |EJLM93|. Of course, even if the error is controlled uniformly near t = 0, the 
error present at t = in cases where the WKB approximation is not exact can in principle be amplified by this 
unstable problem in ways that are not possible in "selfadjoint" integrable problems where the semiclassical 
limit is "hyperbolic" . Using a computer program to construct the ansatz for finite times (as opposed to 
a perturbative calculation based at t = 0) we verify the ansatz in the special case of the Satsuma-Yajima 
data right up to the phase transition to more complicated local behavior termed the "primary caustic" in 



[ MK98 |. These computer simulations clearly demonstrate both the selection of the special contour and the 
breakdown of the ansatz when inequalities fail and/or integral curves of the differential equation determining 
the contour bands become disconnected. We use perturbation theory in Chapter to show that when the 
genus zero ansatz fails at the primary caustic, the genus two ansatz takes over. At such a transition, the 
smooth wave field "breaks" and gives way to a hexagonal spatiotemporal lattice of maxima. 

The conditions that we use to specify the complex phase function will be naturally obtained in Chap- 
ter |s| as the Euler-Lagrange variational conditions describing a particular type of critical point for a certain 
functional related to potential theory in the upper half-plane. This makes the problem of computing the 
semiclassical limit equivalent to solving a certain problem of extreme Green's capacity, and establishing 
regularity properties of the solution. Solving the variational problem can be given the physical interpreta- 
tion of finding unstable electrostatic equilibria of a certain system of electric charges under the influence 
of an externally applied field which has an attractive component that is exactly the potential of the WKB 
eigenvalue distribution. The significance of variational problems in the characterization of singular limits of 
solutions of completely integrable partial differential equations was first established by Lax and Levermorc 



[LL83] for the Korteweg-de Vries equation, and the method was subsequently extended to the Toda lattice 



[ DM98 1 and the entire hierarchy of the defocusing nonlinear Schrodinger equation [ JLM9E ] 



The calculations presented in §4.4 and §4.5 rely on certain technical details of the Fredholm theory of 
Riemann-Hilbert problems posed in Holder spaces and small-norm theory for Riemann-Hilbert problems in 
L 2 that we present in the appendices. In particular, the Holder theory that we summarize unites some very 
classical results of the Georgian school of Muskelishvili et. at with the treatment of matrix Riemann-Hilbert 



problems posed on self- intersecting contours given by Zhou [ Z89| . The Holder theory appears to have fallen by 
the wayside in inverse-scattering applications, possibly because these problems are often posed from the start 
in LP or Sobolev spaces. However, in local analysis one is always dealing with explicit piecewise-analytic 
jump relations on piecewise-smooth contours, and at the same time one requires uniform control on the 
solutions right up to the contour. In such cases, the compactness required for Fredholm theory comes almost 
for free (and significantly in a contour-independent way) in Holder spaces at the cost of an arbitrarily small 
loss of smoothness. At the same time, once existence is established in a Holder space, the required control 
up to the contour is built-in as a property of the solution. On the other hand, in the bigger LP or Sobolev 
spaces compactness depends on a rational approximation argument that can be a lot of work to establish 
(and in particular it seems that the argument must be tailored for each particular contour configuration). 
And then having established existence in these spaces one must put in extra effort to obtain the required 
control up to the contour, with special care needing to be taken near self-intersection points. 
In summary, our primary mathematical techniques include: 

1. Techniques for the asymptotic analysis of matrix Riemann-Hilbert problems, including the steepest 
descent method of Deift and Zhou. 

2. The Fredholm theory of Riemann-Hilbert problems in the class of functions with Holder continuous 
boundary values on self-intersecting contours. 

3. The use of Cauchy integrals (or Hilbert transforms) to solve certain scalar boundary-value problems 
for sectionally analytic functions in the plane. 



4. 



Careful perturbation theory to establish the semiclassical limit for small times, and then to study the 
phase transition that occurs at a caustic curve in the (x, i)-plane. 
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5. Some theory of logarithmic potentials with external fields. 



1.4 Special notation. 

We will use several different branches of the logarithm, distinguished one from another by notation. We will 
only use the lowercase log(z) to refer to a generic branch (cut anywhere) when it makes no difference in 
an expression, that is, when it appears in an exponent or when its real part is considered. The uppercase 
Log(z) always refers to the standard cut of the principal branch, defined for z £ C\ K_ by the integral 



t / \ r dw 

Log(z) := / — 



(1.6) 



All other branches of the function log(A — rj) considered as a function of A for rj fixed will be written with 
notation like £^(A). Each of these is also defined for z = A — r\ by (1.6), but with a particular well-defined 
branch cut in the A plane that is associated with the logarithmic pole rj and the superscript s. Each of these 
branches will be clearly defined when it first appears in the text. Exponential functions will always refer to 
the principal branch: a u = e uL °g( a ). 

We will use the Pauli matrices throughout the paper. They are defined as follows: 



(7i := 



1 

1 



02 



-i 

1 



0-3 := 







(1.7) 



Chapter 2 



Holomorphic Riemann-Hilbert 
Problems for Solitons 



The initial value problem (1.1) is solvable for arbitrary h because the focusing nonlinear Schrodinger equation 
can be represented as the compatibility condition for two systems of linear ordinary differential equations: 
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(2.1) 
(2.2) 



where A is an arbitrary complex parameter. The compatibility condition for (2.1) and (2.2) does not depend 
on the value of A, and is equivalent to the nonlinear Schrodinger equation. 

The iV-soliton solutions of the nonlinear Schrodinger e qua tion a re t hose complex functions ip(x,t) for 
which there exist simultaneous column vector solutions of (2T) and (2.2) of the particularly simple form: 



u + (x,t, A) = 



u (x, t, X) 



satisfying the relations 



N-l 

E 

p=0 



A p (x,t)X p 



JV-l 

X N + ^B p (iM)A p 

p=0 



exp(i(Aa; + X 2 t)/h) . 



N-l 



X N +Y, C p (x,t)X f 

p=0 



N-l 



aq>(-i(Xx + X 2 t)/h) , 



u+(x,t, Afe) = 7 fc u (x,t,X k ). 
-7jJu+(aj,t,A|5) = u-(x,t,X* k ), 



,N, 



(2.3) 



(2.4) 



for some distinct complex numbers Ao, . . . , Xn-i in the upper half-plane and nonzero complex numbers (not 
necessarily distinct) 70, . . . , 7jv-i- It is easy to check that given the numbers {A&} and {7fc}, the relations 
(2.4) determine the coefficient functions A p (x,t), B p (x,t), C p (x,t) and D p (x,t) in terms of exponentials 
via the solution of a square inhomogcneous linear algebraic system. In Faddeev and Takhtajan |FT87| it is 
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shown that this linear system is always nonsingular assuming the {A^} are distinct and nonreal and the {7ft} 
are nonzero. The solution of the nonlinear Schrodinger equation for which the column vectors u ± (x, t, A) are 
simultaneous solutions of (2.1) and (2.2) turns out to be 



ip(x,t) — 2iAjv— 1 (x, t) . 



(2.5) 



< Remark: This construction is equivalent to a classical problem of rational approximation, the con- 
struction of multipoint Pade interpolants for entire functions |B75|. Let G(A) be any polynomial satisfying 
G(Afc) = Log(7fc) and G(A£) = Log(— 1/7^). Then, looking at the first row of (2.4), we see that we are 
seeking polynomials Pjv-i(A) and Qn-iW both of degree N — 1 such that 



P 



N-l 



(A) 



IN-l 



(A) 



exp(G(A))exp(-2i(Air + X 2 t)/h) , for A = A , . . . , Ajv-i, A 



o- - 



> A JV-1 



(2.6) 



The coefficients of Pjv-i(A) are the {A p (x,t)}, and the coefficients of Qjv-i(A) are the {C p (x,t)}. 

Whereas the usual Pade approximants are constructed by demanding sufficiently high-order agreement 
in the asymptotic expansion of ( |2.6|) for large or small A, the multipoint approximant s ar e constructed by 
demanding simple agreement of the function values on the left and right-hand sides of ( |2.6| ) at a sufficiently 
large number of distinct points. This latter version of the rational interpolation problem was first considered 
by Cauchy and Jacobi. The Cauchy-Jacobi problem in its most general form can fail to have a solution, 
i.e. given a set of nodes of interpolation, there exist isolated "unreachable" function values. In the context 
of the ./V-soliton solution problem, however, this undesirable situation does not occur due to the complex 
conjugation symmetry of the interpolation points and corresponding symmetry properties of the assigned 
values at those points. > 



A typica l initi a l cond ition if>o(x) for (1.1) will not co rrespond exactly to a multisoliton solution. As is 
well- known | ZS72 . FT87], the procedure for solving ( fTl| ) generally begins with the study the solutions of 
( |2.l|) for real A and for ip — ipo(x). One obtains from this analysis a complex- valued transmission coefficient 
T(A) = l/a(A), A £ 1. Now, after the fact it turns out that the function q (A) has an analytic continuation 
into the whole upper half-plane, and its zeros occur at values of A for which (2.1) has an L 2 (M.) eigenfunction. 
In this sense, the study of the scattering problem for real A yields results for complex A by unique analytic 
continuation. The function a(A) can be viewed as the interpretation of a Wronskian between two particular 
solutions of (2.1) that have analytic continuations into the upper half- plane. Thus at each L 2 eigenvalue 
A = Afe, there is a complex number 7^ that is the ratio of these two analytic solutions. In addition to the 
transmission coefficient, one also finds a complex-valued function 6(A) that gives rise to a reflection coefficient 
r(A) := 6(A)/a(A), A e R. The main results of Zakharov and Shabat |p^S72 are: 



1. When ip(x,t) is the solution of (1.1) with initial data il>o(x), then for each t > one has different 
coefficients in the linear problem (2.1), and therefore the eigenvalues {Aft}, proportionality constants 
{Tfcj and the function 6(A), can be computed independently for each t > 0. However, it follows from 
(2.2) that the eigenvalues {A^} and also |6(A)|, A <E K, are independent of t, and the proportionality 
constants {7fc} and arg(6(A)), A £ 1 evolve simply in time. Thus, b(X,t) = 6(A, 0) exp(— 2i\ 2 t/ti) and 
lk{t) =7fc(0)exp(-2iA^/fr). 

2. The function ip{x,t) can be reconstructed at later times t > in terms of the discrete spectrum {Aft}, 
{7fc}, and the function 6(A). 

If for the initial condition ipo(%) we- have 6(A) = 0, then the step of reconstructing the solution of the initial 
value problem (1.1) is essentially what we have already described. Namely, one solves the linear equations 
(2.4) for the coefficient Am~i{x : t) and then the solution of (1.1) is given by (2.5). Note that N is the number 
of L 2 eigenvalues for ipo(x) in the upper half-plane. 

In general, the reconstruction of if) from the scattering data can be recast in terms of the solution of 
a matrix-valued meromorphic Riemann-Hilbert problem. One seeks (for each x and t, which play the role 
of parameters) a matrix-valued function m(A) of A that is jointly meromorphic in the upper and lower 
half-planes and for which 
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1. m(A) — > I in each half-plane as A — * oo. 

2. The singularities of m(A) are completely specified. There are simple poles at the eigenvalues {Xk} and 
the complex conjugates with residues of a certain specified type (see below). 



3. On the real axis AeM, there is the jump relation 

m + (A) = m_(A)v(A), 



m+(A) := lim m(A ± ie) 



(2.7) 



where v(A) is a certain jump matrix built out of r(A) and depending explicitly on x and t. The jump 
matrix becomes the identity matrix for 6(A) = 0. 

However, if the boundary values m±(A) are continuous, and if 6(A) = 0, then it is easy to see that the 
solution m(A) must be a rational function of A. This is the case we will now develop in more deta il. Let 
J = ±1 be a free parameter. From the column vectors u ± (a;,t, A), we build a matrix solution of (2.1): 



N N 

*(A) := (vr(x,t,\),u + (x,t,\))*^tia& ( J] (A - A,)-\ J](A - A^)" 1 ] exp(ia 3 X 2 t/H) . ii'.M 

U'=l 3=1 



This special matrix solution of (2.1) is called a Jost solution. Note that \I/ (A) would also satisfy {2/1) if it 
were not for the exponential factor in this formula. The reason for this exponential factor is that the Jost 
solution matrix has simple large x asymptotics that are, to leading order, independent of t. Indeed, if we 
define a matrix m(A) by 

m(A) := *(A) exp(icr 3 Xx/h) , (2.9) 



then we find using (2.4) that for all fixed complex A different from the eigenvalues {A^} and their complex 
conjugates, m(A) is a uniformly bounded function of x that satisfies m(A) — * I as x — > Joo. Thus, the 
parameter J merely indicates whether the Jost solution matrix is normalized at x = +oo or x = — oo. 

< Remark: In the general case when 6(A) does not necessarily vanish identically, the Jost solution 
matrix is defined for all A £ C as the unique matrix solution ^(A) of (2.1) that satisfies the two conditions: 



Normalization: 
Boundedness: 



^(X)exp(ia 3 Xx/h) -> 
sup x6R ||*(A)|| < oo. 



as 



Joo 



(2.10) 



The boundedness conditio n is superfluous when A € K, but is absolutely necessary for uniqueness when 
5(A) ^ 0. The definition (2J)) yields a matrix-valued function of A that is meromorphic in the upper and 
lower half-planes. For A £ K however, the three matrices m(A), m + (A), and m_(A) (cf. (2.7)) are generally 
all different unless 6(A) = 0. > 



Continuing with the pure soliton case of 6(A) = 0, we can deduce from the explicit form (2.3) of the 
vectors u ± (a;,i, A) and from the relations (2.4) that m(A) solves the following problem. 



Riemann-Hilbert Problem 2.0.1 (Meromorphic problem) Given the discrete data {Xk} and {jk}, 
find a matrix m(A) with the following two properties: 

1. Rationality: m(A) is a rational function of X, with simple poles confined to the eigenvalues {Xk} and 
the complex conjugates. At the singularities: 



Res m(A) = lim m(A)cr 1 

A — * At- 



Res m(A) = lim m(A)<r 1 2 





c k {x,t) 



o -c k (x,ty 





(2.11) 
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for k = 0, . . . , iV — 1, with 



N-l 



c k (x,t) 



j n ^ - a «) 

' ' "~" exp(2iJ(\ k x + \ 2 k t)/h). 



Ik 



N-l 



(2.12) 



n (^fe - a «) 



n=0 



2. Normalization: 



m(A) — >I, as A — > oo . 



(2.13) 



Whereas we deduced the two properties characterizing Riemann-Hilbert Problem 2.0.1 from the explicit 
construction of the vector solutions u (x,t, X), it is not difficult to see that these two properties actually 
characterize the matrix function m(A) uniquely. 



Proposition 2.0.1 The meromorphic Riemann-Hilbert Problem 2.0.1 corresponding to the discrete data 



{Afc} and {"f k } has a unique solution whenever the Afc are distinct in the upper half-plane and the "f k are 
nonzero. The function defined from the solution by 



ip := 2i lim Arn^A) 

A — >oo 



(2.14) 



is a nontrivial (N -soliton) solution of the focusing nonlinear Schrddinger equation. 



Proof. One obtains a solution of the meromorphic Riemann-Hilbert Problem 2.0.1 by making an ansatz 
of the form (2.3) and observing that the residue conditions ( p. 11 ) with (2.12) are equivalent to (2.4), that is, 
by reversing our steps. The solvability of the linear system for the coefficients implied by (2.4) is g uara nteed 
by the d istinc tness of the Afc a nd t he conditions 7fc 7^ [ FT87| . Under an ansatz of the form (|2.3| ), the 
relation ( 2.14 ) is equivalent to (|2.5| ). Note that the same solution of the nonl inear Schrddinger equation 
is obtained from the matrix m(A) for both cases J = ±1 by the formula ( 2.14 ). Uniqueness follows from 
Liouvillc's theorem. □ 



Thus, we ma y dro p the explicit algebraic relations (2.4) and instead view the meromorphic Riemann- 
Hilbert Problem [2.0.1 as the fundamental characterization of the iV-soliton solutions of the focusing nonlinear 
Schrodinger equation. 

< Remark: In the general case when 6(A) ^ 0, the meromorphic Riemann-Hilbert problem is altered. 
One only insists that m(A) be piecewise meromorphic in the upper and lower half-planes, and that the 
boundary values taken from above and below on the real A-axis satisfy a jump relation (c/. (2/7)) with a 
matrix v(A) built out of r(A) and going over into the identity matrix when 6(A) = (and thus r(A) = 0). 
When r(A) ^ 0, the corresponding meromorphic Riemann-Hilbert problem cannot be solved by algebraic 
operations alone, and in general the solution can be obtained by solv ing a system of integral equations. 
But even in this more general case, the function ip(x,t) defined by ( [2.14 ) satisfies the nonlinear Schrodinger 
equation. > 



Another very important property of the matrix m(A) is the following "reflection symmetry" in the real 



axis: 



m(A*) = cr 2 m(A)*cr 2 . 



(2.15) 



On the right-hand side and in other similar formulae, the star denotes componentwise complex conjugation; 
the matrix is not transposed. 

We now show how to convert the meromorphic Riemann-Hilbert problem into a sectionally holomorphic 
Riemann-Hilbert problem, i.e. how to remove the poles from the problem. The reader can find a similar 

Let C be a simple closed contour that is the boundary of a simply-connected 

We assign to C an orientation 



construction in [DKKZ96|. 
domain D in the upper half-plane that contains all of the eigenvalues {Afc}. 
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lj (lj — +1 means counterclockwise, and lj = — 1 means clockwise), and when this orientation is important 
(i.e. in contour integration and specifying Riemann-Hilbert jump relations), we will write the contour as 
C u . By C* and D* we mean the corresponding complex conjugate sets in the lower half-plane, and when 
we write [C U C*] u , we mean that both loops share the same orientation lj. See Figure 2.1. 



c 




85 


[ 85 


D 






8) 


/ co=+l 


( !85 

V D* 


\ c* 

85 J 



Figure 2.1: TTie complex X-plane with three eigenvalues Xk in the upper half-plane, their complex conjugates, 
and the contours C , C* , and domains D, D* . The orientation in the figure is lj = +1. 

Next, we will need to interpolate the proportionality constants at the eigenvalues. Choose a constant Q 
and a function X(X) analytic in D so that 



lk = Qcxp(X(X k )/h), 



k = 0, 



,iV-l. 



(2.16) 



In general, X(X) could be systematically constructed as an interpolating polynomial of degree ~ N. In other 
circumstances (see below) the phases jk can be highly correlated so that for very large N one can choose for 
X(X) a polynomial of low degree (or another simple expression). Note that the interpolant of the jk is not 
necessarily unique; for each K in some indexing set there is a distinct pair (Qk, Xk{X)) such that for all j, 
lj = Qk exp(XK(Xj)/h). We will make use of this freedom later; for now we just carry the subscript K. 

With the help of the interpolant of the proportionality constants, we define a new matrix M(A) for 
A e C \ (C U C*) in the following way. First, for all A € D, set 



M(A) := m(A)cr 1 



Next, for all A G D*, set 







£) ' (n xE£) «» + - 



M(A) := cr 2 M(A*)*CT 2 



Finally, for all A e C \ (D U D ) simply set 



M(A) := m(A). 



(2.17) 

(2.18) 
(2.19) 



It is straightforward to verify that by our choice of interpolants, and the Blaschke factor appearing in 
(2.17), that M(A) has no poles in D or D* and hence is sectionally holomorphic in the complex X plane. By 
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definition, we have preserved the reflection symmetry of m(A) so that for all A G C \ (C U C*) we have: 

M(A*) = ct 2 M(A)V 2 . (2.20) 

The matrix M(A) has continuous boundary values from either side on C and C* . To describe these, let the 
left (respectively right) side of the oriented contour [C U C*] w be denoted by "+" (respectively "— "). For 
A e [C U C% define 

M±(A):= lim M(/*) , (2.21) 

fj, — >A 

jue± side of [cuc*]„ 

that is, the nontangential limits from the left and right sides. Then, using the fact that m(A) is analytic on 
CUC* and the piecewise definition of M(A) given by fl2.17| ), fl2.18|) , and fl2.19|) , we find 



M+(A) 
M+(A) 



M_(A)v M (A), AeC u , 
M_(A)<7 2 v M (A*)V 2 . Xe[C% 



(2.22) 



where for A £ C, 



v M (A) 



1 



J /N-l 



n 

v n=0 



A — A„ 



exp 



(2iXx + 2iX 2 t- X K (X)) 



(2.23) 



Note that the orientation choice ui — ±1 is arbitrary, leading to the same matrix M(A). We allow for both 
possibilities of orientation for later convenience. Also, observe that if one introduces a discrete measure in 
the complex plane by 



N-l 



H5 Xl 



k=0 



then for any branch of the logarithm, 

N-l 



A — A* / 1 f 

n T-r^ = exp u / iog( ^ A _ ^ d ^ 



k=0 



The jump matrices are therefore conveniently written in terms of phases 

log(A - T)) dn(rj) + J ■ (2i\x + 2i\ 2 t - X K (X)) (mod 2Trih) 



a 



(2.24) 



(2.25) 



(2.26) 



Suppose the eigenvalues {A^} and proportionality constants {7fe} are given along with an appropriate 
interpolation Qx exp(Xx(A)/ft) of the jk and a smooth closed contour C enclosing the eigenvalues in the 
upper half-plane. We define a Riemann-Hilbert problem as follows: 

Riemann-Hilbert Problem 2.0.2 (Holomorphic problem) Given the eigenvalues {A^} , the interpolant 
Qk exp(Afff (A)/7i), and the oriented contour C u , find a matrix function M(A) that satisfies: 

1. Analyticity: M(A) is analytic in each component o/C\ (C U C*). 

2. Boundary behavior: M(A) assumes continuous boundary values on C U C* . 

3. Jump conditions: The boundary values taken on [C U C*]^ satisfy the relations (2.2^) with vm(A) 
given explicitly by ( 2.2$) . 



Normalization: M(A) is normalized at infinity: 

M(A) ^1 as X 



(2.27) 



15 



Proposition 2.0.2 The holomorphic Riemann-Hilbert Problem 2.0.%. has a unique solution M(A) whenever 
the Xk are distinct and nonreal, and the jk are nonzero. The function defined by 



i/j := 2i lim AM i2 (A) . 



A— »oo 



(2.28) 



is independent of the value of the index J, as well as the particular choice of loop contour C and interpolant 
index K , and is the N-soliton solution of the focusing nonlinear Schrddinger equation corresponding to the 
discrete data {Xk} and {"/k}- 



Proof. The existence part of the proof of this proposition follows from the corresponding existence result 



for the meromorphic Riemann-Hilbert Problem 2.0.1 whose solution m(A) yields a solution M(A) of the 



holomorphic problem by the definitions ( 2.17 ) , ( 2.18 ) , and ( 2.19 ) . The uniqueness part of the proof follows 



from the continuity of the boundary values and Liouville's theorem: the ratio M^ 1 ^(A)M' 2 -' (A)^ 1 of any 
two solutions is analytic in C \ (C U C*) and continuous in C. Therefore this ratio is entire and from the 
normalization condition we learn that MW(A) = M( 2 '(A). □ 

Note that it is possible to allow C to meet the real axis at one or more isolated points Uk € R, as long 
as at each Uk the incoming and outgoing parts of C make nonzero angles with the real axis and with each 
other. The contour C should thus meet the axis in "corners" (if at all). 



< Remark: The holomorphic Riemann-Hilbert Problem |2.0.2 with J = +1 is equivalent to th at fo r 



J = —1 in the sense that they yield the same solution ip of the nonlinear Schrodinger equation via ( 2.28 ) 
Note however, that the solution matrix M(A) for J = +1 is not the same as that for J = —1, even though 
they have similar leading-order asymptotics at A = oo. On the other hand, if J is given a fixed value, then 
the full matrix solution M(A) of the Riemann-Hilbert problem corresponding to a contour C and interpolant 
K agrees identically with that corresponding to a contour C and interpolant K' outside any circle containing 
both CUC* and C'UC"*. 

From the point of view of ease of analysis, the different formulations of the inverse problem corresponding 
to different choices of C, J, and K, although all equivalent, are not necessarily all equally valuable. For 
given values of x and t, it may turn out that one formulation of the Riemann-Hilbert problem results in 
a jump matrix that is very close to the identity in some parts of the complex plane, while in another 
equivalent formulation the jump matrix is large and oscillatory, with the solution being obtained by a kind 
of cancellation. The picture to have in mind here is that of evaluating a particularly complicated algebraic 
expression that one wants to evaluate and show is small. It may turn out that the expression can be written 
as a sum of residues of a contour integral in several different ways. In one integral it may turn out that 
the path of integration can be deformed in such a way that the integrand is uniformly very small, which is 
clearly useful in analysis. At the same time, it may be the case in another (equivalent!) integral the integrand 
cannot be made uniformly small by any deformation, and the small result is always achieved by cancellation 
and consequently is more difficult to deduce. This is not an exact analogy, since matrix Riemann-Hilbert 
problems are not solved by direct contour integration, but it may help to illustrate the utility of having 
several possible formulations of the problem at hand. > 
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Chapter 3 

Semiclassical Soliton Ensembles 



In this paper, we will present a technique for studying the behavior, near fixed x and t, of multisoliton 
solutions for which the number of solitons ./V is large but for which the solitons are highly phase-correlated. 
This means that for large N the discrete measure dp, converges and at the same time the interpolants Xx{\) 
converge and take on a simple limiting form. 

3.1 Formal WKB formulae for even, bell-shaped, real- valued ini- 
tial conditions. 



This highly-correlated situation arises naturally when one considers the semiclassical limit of the sequence of 
initial value problems (1.1) for initial data of the form ( |1.2| ). Because H is present explicitly in the scattering 
problem ( |2.l|) and generally in the initial data as well (if Six) ^ 0), the scattering data will depend on H, 
and in particular the number of L 2 eigenvalues is a function of fi. Unfortunately, the question of how to 



rigorously extract all relevant asymptotic properties o f the s pectrum for (2A) in the limit of h j. given fixed 
functions A(x) and S(x) remains wide open (but see MOO for some recent ideas in this direction). 

On the other hand, som e pr ogress has been made in the formal analysis of the nonsel f adjoint Z akharov- 
Shabat scattering problem (2.1) in the semiclassical limit. For example, the calculations in EJLM93 suppose 
that S(x) = and then exploit the fact that as h converges to zero, the eigenvalue problem (2.1) appears 
to go over into that of a semiclassically scaled selfadjoint Schrodinger operator with a nonsclfadjoint and 
energy-dependent but bounded and small (formally 0(h 2 )) correction (in fact this was observed already in 
the paper of Zakharov and Shabat [ZS72Q. This observation suggests that WKB formulae for the Schrodinger 
operator might be valid, and in particular that the reflection coefficient r(A) is exponentially small for A =/= 
and that the discrete eigenvalues accumulate on the imaginary axis in the A-plane with a certain asymptotic 
density. The true discrete eigenvalue measure dp defined by (2.24) is presumed to converge in the sense of 
weak-* convergence of measures to a measure dp^ KB , which in the case of functions A(x) having a single 
local maximum (without loss of generality we take it to occur for x = 0) for which there are always exactly 
two turning points is given by the formula 



P°(v)X[0M] (v) dv + P°{r)*)*Xl-iA,o]('n) *7 , 



with 



P°(V) ■= 1 

K Jx-(r)) 



dx 



v 



1 d 
7r drj 



x-(ri) 



\jA{x) 2 + r?dx, 



(3.1) 



(3.2) 



for i] S (0,iA), where x±{rf) are the two real turning points. In (3.1), A — A(0) is the maximum amplitude 



of A(x) and the imaginary segments (— iA, 0) and (0, iA) are both considered to be oriented from bottom to 
top to define the differential drj. 

Note that the function p° (rj) defined by ( |3.2[ ) is well-behaved at rj = (in the sense of limit from positive 
imaginary values) if the function A(x) decays sufficiently rapidly for large x (exponential is sufficient), and 
at r) = iA if A(x) has nonvanishing curvature at its peak at x = 0. We assume both of these conditions on 
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A(x) in all that follows. Now, the formal WKB method does not only provide a guess for the weak-* limit of 
the discrete eigenvalue measures, but in fact it defines approximations to the discrete eigenvalues themselves 
for each value of h. These are numbers A^^ 8 lying on the positive imaginary axis in (0, iA) that satisfy the 
Bohr-Sommerfeld quantization condition: 

iA 

p°(r))dri = h(n+ 1/2), (3.3) 

WKB 

for n = 0, 1, 2, . . . , iV — 1, where N is the greatest integer such that 

N <-\f P°(v)dv + \- (3.4) 



Corresponding to these approximations there is a discrete measure dp^ KB defined by the formula (c/. (2.24)) 

N-i 



dpf KB (v) := £ [m a wkb, - M a wkb] . (3.5) 



fc=0 



The weak-* convergence of these discrete measures to dpff KB is a direct matter to establish and analyze, 
in contrast with the convergence of the discrete measures of the true eigenvalues. We carry out a detailed 



convergence analysis of these approximate discrete measures in £3.2. 
The "ground state" eigenvalue X^^ B is characterized by 

p°(v)dn = ~, (3-6) 

WKB Z 

and for symmetry it will be useful to choose a sequence of values of h converging to zero so that the "most 
excited state" eigenvalue A^™i similarly satisfies 

• W KB 

V-l Pj 

P°{v)dv = ~. (3-7) 

Thus, we can find a sequence of values h = Hn so that for each N = 1, 2, 3, . . . there are exactly N WKB 
eigenvalues and the ground state and most excited state are equidistant from the endpoints of the imaginary 
interval [0, iA] with respect to the measure —p°(rf)drj. This distance from the endpoints is exactly half of 
the distance between each of the eigenvalues (with respect to the same measure). 

If in addition to having a single local maximum, and satisfying the decay and curvature conditions 
mentioned above, the function A(x) is also even in x, then the proportionality constant 7^ associated with 
each eigenvalue Afc, purely imaginary or not, is always equal to either plus or minus one. This follows 



from two facts. First, note that since the matrix in (2.1) is trace-free, the Wronskian determinant of 
any two solutions for the same value of A is independent of x. Because the Wronskian of two bound 
states at the same value of A necessarily vanishes as x — > ±00, this implies that the L 2 (M.) eigenspace for 
a given A is at most 1-dimensional. This fact holds for completely arbitrary potentials A(x) and S(x). 
Second, when S(x) = and A(x) = A{— x), then whenever (u\(x), U2(x)) T satisfies ( [2.l[ ) for some A, then 
so does (vi(x), V2(x)) T := (u2{—x) : u\(—x)) T . Since bound states are nondegenerate, for S(x) = and 
A(x) — A(—x) each bound state must be an eigenvector of this involution, whose eigenvalues are ±1. Now, 
if the difference between the Zakharov-Shabat problem and the Schrodinger equation can be neglected for 
small h, then from the Sturm-Liouville oscillation theorem, one expects that the proportionality constant 
simply alternates between the two values ±1 from one eigenvalue to the next along the imaginary axis. Thus, 
one is led to propose an approximate interpolation formula yj ~ 7fij KB : ~ 

Q K exp(X K (Xff B )/h) where 

piA 

Q K ~i(-l) K , X K (X) := m(2K + 1) J p°(r))dr], (3.8) 

and K is an arbitrary fixed integer. This formula gives values of the proportionality constant that vary from 
1 to — 1 from each WKB eigenvalue to the next, starting with 7^ KB = 1 f° r the WKB ground state A)^™. 
We now collect these formal calculations into a definition for future reference: 



3.2. ASYMPTOTICS OF WKB SPECTRA 
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Definition 3.1.1 Let A(x) be a positive real-valued, even, bell- shaped function ofx, and let A — A(0) denote 



the maximum value. Let the function p (r)) be defined for r\ € (0, iA) by (3.1). Suppose further that A(x) has 
nonvanishing curvature at its peak and decays sufficiently rapidly for large x so that p (rf) has a continuous 
extension to the closed imaginary interval [0,iA]. For each positive integer N, define by 

h N :=~J*fP(ri)dr,. (3.9) 

Then, the WKB scattering data of the potential i/j(x) = A(x) is defined as follows for H — Hn- The L 2 (M.) 
eigenvalues are the set of N numbers A]^ K ^ in the interval (0, iA) that satisfy 

iA 

p°(r)) dn = h N (n + 1/2) , for n = 0, 1, 2, . . . , N - 1 . (3.10) 

^WKB 



The proportionality constant 7^ f~ corresponding to the eigenvalue Xj^^ * s given by 
where K is any integer and 



lZ K n = QKeMX K (\Z K n)/tlN) , (3.11) 



iA 

i(-l) K , X K (X) =iir(2K+l) I p"(v)dn. (3.12) 



Finally, the reflection coefficient f^ KB (A) = 0. We call the exact solution of the focusing nonlinear 
Schrodinger equation corresponding to this set of scattering data for arbitrary N and h — Hn the semi- 
classical soliton ensemble associated with the function A(x). 

We make no attempt here to discuss the validity of these formulae from the point of view of direct 
scattering theory. Instead, we will adopt the approach of beginning with the reflectionless approximate 
WKB spectrum, and working out a completely rigorous inverse-scattering theory for this spectral data valid 
for sufficiently large N, which corresponds to sufficiently small H. In the context of the semiclassical analysis 
of the initial-value problem for the focusing nonlinear Schrodinger equation, our procedure amounts to an a 
priori modification of the initial data, in which we replace the ^-independent initial data ip(x, 0) = A(x) by 
a sequence of ^-dependent initial data ip(x, 0) = A^[x) which for each N is the unique potential whose exact 
scattering data is the reflectionless formal WKB approximation to the scattering data of A(x) described in 
detail above. There are cases of particular functions A(x) however, in which each element Am{x) of the 
sequence of functions turns out to be equal to A(x), which means that the WKB approximation is exact. 
For these cases, the inverse theory that we will shortly develop does indeed provide rigorous asymptotics for 
the semiclassical limit, without any further arguments. 

<i Remark: Although rigorous statements about the errors of the WKB approximation are lacking for 
the case of S(x) = 0, there are reasons for confidence that the above formulae are indeed valid, and moreover 
the properties of these formulae are well-understood since they are the same as in the classical Schrodinger 



case. By constrast, the asymptotic behavior of the spectrum of (2.1) when S(x) ^ is only beginning to be 
explored even at the qualitative level. For analytic potentials at least, the eigenv alues a ppea r to ac cumu late 
on unions of curves in the complex plane that can be quite complicated. See fB9(|, [ B00 1 , and [M0C] for 
more details on these spectra. > 



3.2 Asymptotic properties of the discrete WKB spectrum. 

We begin by defining a particular branch of the logarithm. 

Definition 3.2.1 Let L®(\) denote the particular branch o/log(A — rf), considered as a function of X, that 
agrees with the principal branch Log(X — n) for X — rj 6 R +; and that is cut from X = r/ € iM. down along the 
imaginary axis to —ioo. In terms of the standard cut of the principal branch, 

L°(A):=LogH(A-„)) + y. (3.13) 
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That is, we are taking arg(A — 77) G (— 7r/2, Sit/ 2). 

In our study of the inverse-scattering problem, we will shortly be interested in the integral 

I°W--=\J L° v (X)d^ KB (v) = \^ Ll(\)p°(r 1 )dT 1 +~J iA L ri (\)p (r ) *ydr ] , (3.14) 



and its difference from 



J»(A) 



L°(A)^r B w, 



where A lies in the complex plane away from the imaginary axis between —iA and iA. Note that 

N-l \ _ «WKBt 

cxp(/ ft (A)) = n 



\ _ \WKB 

„=o A A n,n 



(3.15) 



(3.16) 



Since S{x) = 0, the support of the WKB eigenvalue measure is confined to the imaginary axis, and we 
therefore have p°{r]*)* = — p°(— v)- Now, for 77 s [0, iA], define the mass integral by 

rofa):=- f p°(0de- (3-17) 
Jo 

Since — ip°(ry) > for all r\ € [0, iA], this function is invertible, with an inverse that we denote by 77 = e(m). 
Also, let M :— m(iA), so that m([0, iA}) = [0, M}. Then, with a change of variables, we find 



LA 



Similarly, we find 



Therefore, 



L° v (X)p ( V )dr, 



L°(A)pV)*^ 



M 



L °e(m) ( A ) dm ■ 



A I 



L°_ e{m) (X)dm. 



7° (A) 



^ Jo 



M 



dm . 



(3.18) 
(3.19) 
(3.20) 



Note that by Definition |3.1.l| of the WKB spectrum, e(m„) = \™™ where m n := M - H(n + 1/2). 
Because the sequence of values of h is such that the points m n are symmetrically placed in the interval 
[0, M], the integral can be easily represented in the form 



N-l 



7°(A) = ^7£(A), 



71=0 



with 



m n +ft/2 



dm . 



(3.21) 



(3.22) 



/m„— ft/ 2 

The midpoint rule approximation for 7° (A) comes from approximating 7° (A) simply by the value of the 
integrand at m = m„. That is, we write 

In W = i'eK)(A) - L° e{mn) (A) + error terms , (3.23) 

and we are reminded that e(m n ) — A]^™ and — e(m„) = tf^n* ■ Let us introduce the notation 



7„(A) := 7° (A) - L°_ e(mn) (A) - L e(m J\) 



and 



JV-l 



7(A) := £7 n (A)=7°(A)-7 ft (A). 



(3.24) 



(3.25) 



n=0 



The following paragraphs will describe the asymptotic behavior of 7(A) as hjy j 0, for various regimes of A. 
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3.2.1 Asymptotic behavior for A fixed. 



For A fixed, the midpoint rule is accurate to second order in h = hpj. To see this, expand the integrand as 
follows: 

L- e(m)(A) _ L e(m)W = e(m») W ~ ^e(m„) (A) 

2e'(m n )A 



(m-m„) 
A^ - e{m n y 



(3.26) 



2e"(QA 3 - 2e"(Qe(fl 2 A + 4e , (Q 2 e(flA 
(A 2 -e(0 2 ) 2 



Because the interval of integration for J°(A) is symmetric about m„, the linear term in the expansion 
integrates to zero. Thus, 



/n (A) 



1 



i+h/2 



dm 



i-fi/2 



dC / d£ 



2e"(QA 3 - 2e"(Qe(fl 2 A + 4e'(fl 2 e(QA 
(A 2 -e(OT 



(3.27) 



For A in the upper half-plane uniformly bounded away from the imaginary segment [0, iA], the denominator of 
the quadratic term is bounded away from zero. From our assumptions on A(x), e'(-) and e"(-) are uniformly 
bounded functions. Of course we automatically have |e(-)| < A. Under these conditions, we easily get a 
bound on the quantity in square brackets that is uniform with respect to n: 



2e"(OA 3 - 2e"(Oe(0 2 A + 4e'(£) 2 e(£)A 



(A 2 - e(0 8 ) 2 



< Ki 



It follows that 



/„(A) 



< 



2K t 



m n +K/2 



dm 



dC 1 d ^=— 6 U 



Kih 2 
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Since for sufficiently small ft, there exists a constant such that N < K^/h, summing over n gives 



I(X) 



< 



24 



(3.28) 



(3.29) 



(3.30) 



It is the relative error that is of second order in h here, since the absolute error is order H and 7° (A) itself is 
of order ft -1 . 



3.2.2 Letting A approach the origin. 

This estimate fails if A approaches the origin. We can improve upon the estimate by assuming first of all 
that we are dealing with values of A = |A|e* e in the upper half-plane such that | cos(6>)| > 5 > 0. That is, we 
prevent A from coming within a symmetrical sector containing the imaginary axis. 

The idea is to refine the estimate ( |3.28 ). We will use the following estimates of the denominators. First, 



because A lies in the upper half-plane and e(£) is positive imaginary, 

|A + e(0|>|A-e(0|. (3.31) 

Furthermore, we get both 

|A - e(0| > <*|A| and |A - e(£)| > £|e(£)| . (3.32) 
Also, we will use the partial fraction expansion 

2e"(0A 3 -2e"(0e(0 2 A + 4 e '(0 2 e(0A e"(£) e"(£) e'(£) 2 e'(£) 2 



(A 2 -e(£) 2 ) 2 A + e(0 A-e(£) (A + e(£)) 2 (A-e(£)) 5 



(3.33) 
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From this we see that one estimate of the integrand in ( |3.26 ) is 



2e"(£)A 3 - 2e"(£)e(£) 2 A + 4e'(£) 2 e(£)A 



(A 2 - e(0 2 ) 2 



< 



2E 2 



2E 2 

5|A| ' P\\[ 2 



(3.34) 



where E\ is the supremum of |e'(£)| and E^ is that of |e"(£)|, taken over the whole interval £ S (0, M). As 
was the case with the estimate (3.28), this estimate does not depend on £ nor on n, so by the same reasoning 
as that leading to (3.29) we get 



In (A) 



< 



E 2 h 2 



(3.35) 



12<5|A| 12<5 2 |A| 2 ' 

If we further assume that |A| is uniformly bounded, then we can find a constant C > depending on E±, E 2 , 
S, and the bound on |A| so that the right-hand side of this estimate does not exceed Cft 2 /|A| 2 , which gives 



/n (A) 



< 



en 2 

w 



On the other hand, another estimate of the integrand in J3.26| ) is 



2e"(£)A 3 - 2 e "(£)e(0 2 A + 4e'(0 2 e(0A 



(A 2 - e(0 2 ) 2 



< 



2E? 



2E 2 



<y|e(0| S 2 \e(0f 



Since |e(£)| < A < 00, we get |e(£)| > \e(£)\ 2 /A and therefore with D = 2AE 2 /S + 2E(/5 2 , we get 



2e"(£)A 3 - 2e"(0e(0 a A + 4e'(£) 2 e(£)A 



(A 2 - e(0 2 ) 2 

Now, we use the fact that for any continuous function £?(£) we have 



< 



D 



KOI 2 



(3.36) 



(3.37) 



(3.38) 



1 +R/ 2 



-ft/2 



dm d( d£g(0 



dm d( <%g(0 



(3.39) 



+ 



dm 



i-ft/2 



dc 



c 



where all volume elements are positively oriented in the integrals on the right-hand side, to get an estimate 
like (|3.29|). That is, we find 



/n (A) 



< 



D 



m n +h/2 



dm 



d( 



c 



dm 



,-ft/2 



d( 



d£ 



C 



|e(0l s 



(3.40) 



Now since |e(£)| is by construction an increasing function of £, we have |e(£)| > |e(m„ — h/2)\ in both 
integrals. Thus, 

< . . Dh2 ...._. (3.41) 



/„(A) 



2A\e{m n -h/2)\ 2 



To estimate the total error, we c ombine the two estimates ( 3.36 ) and ( 3.41 ). In part icula r, pick an integer 
L with < L < N, and use ( 3.41 ) to estimate the terms with < n < L — 1 and ( 3.36] ) to estimate the 
terms with n > L. Thus, 



/(A) 



nn 2 

< — E 



24 ^ Q \e(m n -h/2)\- 



CH 2 



Now, again since |e(£)| is an increasing function, we easily obtain 
L-i l 
2 \e(m n - h/2)\* " h 



1 r m -3H/2 dm 



_!-3ft/2 |e(m)| 2 hjM-HL-h |e(m)| 2 ' 



M — 2h 



dm 



(3.42) 



(3.43) 
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Also, since |e(m)| is increasing and e(0) = while e'(0) ^ 0, there is some constant F > such that 
|e(m)| > Fm. Therefore 



/■M-2ft 
J M—hL- 



dm 1 

< 



M - 2h dm 
M-hL-h m2 



S |e(m)p-F 2 ./ M _ s ,,_ fi m 2 F 2 \M — KL — K M — 2ft 



Our estimate of the total error thus becomes 

Dh ( i 



/(A) 



< 



1 



24F 2 \ M-hL-h M-2h 



+ {N-L)- 



Ch 2 



Al 2 • 



(3.44) 



(3.45) 



We now consider how to optimally choose the cutoff L. Let > 0, and take L to be the largest integer 
so that M — hL — ft > ft' 3 . The quantity N — L is then of order h 13 ^ 1 , and we thus have 



/(A) =o(h 1 -P) + o(h 1+l3 \\\- 



(3.46) 



If we assume that |A| > Ch 1 for some constant C > and for some 7 > 0, then the estimate becomes 

7(A) =0(h 1 -f 3 )+0{h 1+l3 - 2 ~<). (3.47) 

As long as 7 < 1, the best error for < < 1 is established via a dominant balance which occurs for = 7. 
This gives an optimal estimate of 

/(A) ^(ft 1 " 7 ). (3.48) 

Thus, the error that we found to be order h for A fixed, is in fact small as long as |A| 3> h. This error 
estimate is uniform for A big enough compared to ft and lying in the upper half-plane outside of any given 
sector containing the imaginary axis. 



3.2.3 Approximations uniformly valid for A near the origin. 

The error I(X) is not uniformly small if A = 0(h). However, we may extract an additional contribution and 
then show that what remains is uniformly small for A in some neighborhood of the origin. 

Although /(A) is not small, the total contribution of most of the terms I n (X) for which |e(m n )| is large 
enough compared to ft will in fact be negligible. So again, we introduce a cutoff integer L, and then according 
to our previous results, we get 

L-l N-l 

7(A) = ^/ n (A)+^7 n (A), (3.49) 

n— n—L 

and we have the estimate 



L-l 

E 

n=0 



/n (A) 



< 



1 



Dh 



24F 2 \ M-hL-h M-2h 



(3.50) 



As before, it will be convenient to pick a number > and then choose L to be the largest integer so that 
M — hL — ft > ft' 3 . The above estimate then becomes a A-independent 0(ft 1-/3 ). 

In each remaining term i n (A), both m n and the integration variable m will be very close to zero, and it 
appears that it may be prudent to expand / n (A) to reflect this fact. Thus, we write 



/„(A) = J„(A) + J„(A), 



(3.51) 



where 



m n + h/2 
ft/2 



L -e'(0)mW 



dm 



-0 



-e'(0)m„ 



(A) 



(3.52) 
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We begin by estimating J n (A) for L < n < N — 1. Explicitly. 

i„+ri/2 

,-ft/2 



Jn(A) 



-e(m)( A ) - ^-e'(0)mW - ^e(m)(^) + ^(OjroW 



dm 



(3.53) 



e(m„) M - e'(0)m„ M _ ^(tl),)W + ^e' 



(0)r 



.(A) 



Recall Definition 3.2.1 of L2(A). One estimate of J n (A) comes from grouping the logarithms in pairs as 
follows. Imagining either z = m or z = m n , and using Taylor's theorem with remainder, we have 



J L^ e(z) (A)-L , i e , (0)2 (A)=Log IT 



e"(t±)z 2 
2(ATe'(0)z) 



(3.54) 



where the £± lie between zero and z. Now since A is excluded from the symmetrical sector about the positive 
imaginary axis subtended by an angle of 2 sin _1 (<5), and since e'(0) is positive imaginary while z > is real, 



|A=Fe'(0)z| > <S|e'(0)|js. 
Therefore, we find that for z sufficiently small there is a constant G > such that 

Gsup|e'" 



L ±e(z)W ~ L ±e'(0)zW 



< 



26\e'(0)\ 



■z = Hz. 



Consequently, we find 



J„(A) <4H(m n + h/2) + AHm n . 



(3.55) 



(3.56) 



(3.57) 



because in the integral we have m < m n + h/2. Additionally since m n > ft/2, we have m n + h/2 < 2m n . 
Therefore, we also have 



Jn(X) 

So, summing over L < n < N — 1, we find that 



< \2Hm n . 



N-l 



n— L 



N-l 



< 12H E m n = V2H(N - L) 



n — L 



(M -HL + h/2) - h 



N-L + l 



(3.58) 



(3.59) 



Now, N — L and N — L + 1 are both order hP 1 , while M — hL + h/2 is order hP . Therefore, we find that 
both terms are of the same order and we have 



JV-l 



53j b (a) = o(^- 1 ; 



(3.60) 



This estimate is uniform for bounded A and will be small as long as f3 > 1/2. 

Now we return to the quantities J n (A) defined by ( 3.52 ). The integrals in J„(A) can be evaluated exactly, 
and considerable simplification follows. In fact, if we set A = e'(Q)hw, then we have, exactly, 



'N—l 



exp J2 J "( A ) =™~ W (-w) 



_ w T(l/2 + w) (N + w) N+w r(JV+l/2- w) 
r(l/2 - w) (N - w) 1 *-™ T(N + 1/2 + w) ' 

where N :— N — L. Stirling's formula says: 



(3.61) 



(3.62) 



where the error is uniform with respect to direction for z in any sector — n < —<f) < Arg(z) < <f> < tt. If N 
is large, which is the same thing as saying that [3 < 1, we can apply this formula to (3.61), obtaining errors 
of the form <D((N + 1/2 ± w)" 1 ). But because w is prevented from entering the symmetrical sector about 
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the positive real axis with opening angle 2 sin 1 (5) , it is not difficult to see that these terms are of order 
0(S/N), or for 5 > fixed, simply 0(N ) uniformly for w in the right half-plane without the sector of 
angular width 2 sin" 1 (S) about the positive real axis. The upshot of these considerations is that one finds 



'N-l 



exp [J2JnW )=W(w)(l+0(N )), 



(3.63) 



\ n — L 



uniformly as N tends to infinity with w outside any fixed sector of the positive real axis of fixed angle, where 

,r(i/2 + «o 



W{w) 



e 2w w - w (-wy 



r(i/2- w) 



(3.64) 



The reader is reminded that all exponential functions are defined using the traditional cut of the principal 
branch of the logarithm; thus W(w) is defined for $t(w) > and ^s(w) ^ 0. There is a cut on the positive 
real w axis corresponding to the positive imaginary axis in the A-plane. Note that N — 0(^ _1 ). 
We thus see that while /(A) itself is not small uniformly in A, we can write 

exp(I(A)) = W(w)(l + Oih 1 -?)) exp(C(n 2 ' 3 - 1 )) exp(0(^-^)) = W(w){l + 0(fr 1 -' 3 ) + Oih 2 ^ 1 )) . (3.65) 

The dominant balance determining the optimal exponent occurs for f3 = 2/3, which gives the statement 

exp(I(A)) = W(w)(l + 0(h^ 3 )) , (3.66) 

where the error is uniformly small for A in any bounded region of the upper half-plane minus the sector 
about the imaginary axis of angular width 2sin -1 (<5). 



3.2.4 Convergence theorems for discrete WKB spectra. 

The work in the above paragraphs establishes the following two theorems. 

Theorem 3.2.1 (Near-field spectral asymptotics) Let S > be given and consider A = \\\e l9 to lie in 
a bounded set A in the upper half-plane such that \ cos(#)| > S. Then, there is a constant B m > such that 
for N sufficiently large, the WKB eigenvalues satisfy 



N-l \ _ xWKB* 

n A A h N .n 
\ _ \ WKB 

n=0 H N ,n 



exp(-I°(X))W(w) - 1 



(3.67) 



uniformly for A £ A, where w — A/(e'(0)fi.jv) 
defined by (3.64)- 



-p (0)A//jjv, and where the canonical function W(w) is 



Theorem 3.2.2 (Far-field spectral asymptotics) Suppose the conditions of Theorem 3.2. \ , but also 
suppose that the set A contains only values A satisfying |A| _1 = 0(h7?) for some 7 > 0, (i.e. A is bounded 
away from the origin by an asymptotically small amount), then there is a constant B out > such that for 
all N sufficiently large, 

nV-l x \WKB*~ 
A ~ A h N .n 



n 



\ _ \ WKB 



exp(-/ u (A)) - 1 



(3.68) 



Furthermore, if A is held fixed as N increases, and does not lie on the imaginary segment [—iA,iA], then 
the sectorial condition \ cos(#)| > 6 can be dropped and for large enough N , 



N—l \ _ \WKB* 

n A A h N ,n 
\ _ \ WKB 

n=0 "h N ,n 



exp(-7°(A)) - 1 



< Bout^N 



(3.69) 
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3.3 The Satsuma-Yajima semiclassical soliton ensemble. 

There is at least one case of a real, even, single-maximum potential where the scattering data are known 



exactly for all H. In 1974, Satsuma and Yajima [3Y74 considered (essentially) the scattering problem (2.1) 



for arbitrary h > and for the special initial data 

A(x) = A sech{x) , S(x) = , (3.70) 

where A > is an arbitrary constant. For this choice, they solved (^j]) explicitly in terms of hypergeometric 
functions and obtained 

6(A) = i8in(irA/H)Bech(nX/h) , AeR. (3.71) 
This implies that the reflection coefficient r(A) vanishes identically as long as 

h = h N = —, N = 1,2,3,... . (3.72) 

Moreover, if H = Hn, then there are exactly N eigenvalues, and the relevant discrete data is given by 

A fe = ih N (N - k - 1/2) , lk = (-l)\ k = 0,...,N-l. (3.73) 

When we consider the semiclassical limit in detail for this special initial data, we will always assume in this 
paper that h — Hn, that is, the parameter h always takes one of the "quantum" values where there is no 
contribution to the solution from the reflection coefficient. Satsuma and Yajima's calculations have recently 



been generalized to some other potentials by Tovbis and Venakides | TV00 



It is interesting to compare these exact results with their WKB approximations. Using A(x) = Asech(a;) 



in (3.1), one finds 

P°(v)=P°SY(ri)=i, ve(0,iA)- (3.74) 

Therefore, it is easy to check directly that in this case the WKB approximations to the true eigenvalues for 
h = Hn turn out to be exact: 

\f™ = A„ for A(x) = A sech(x) . (3.75) 

Also, since h = Km implies that 6(A) = 0, the true scattering data is reflectionless, as is the approximate 
WKB scattering data, i.e. r(A) = r WKB (A) ee 0. 

For the Satsuma-Yajima initial data with h = Kn, we may interpolate the true proportionality constants 



{jj} at the true eigenvalues by very simple expressions. Thus, using (3.73) we have the exact expressions 

1] = QsY,Kexp(XsY,K,K'(>^j)/ft) , (3.76) 

where 

Qsy,K=i(-l) K , X SY , KiK/ (\) = {2K + l)Tr\-(2K' + l)iirA, (3.77) 

with K and K' being arbitrary integers that index the interpolants. The key feature of these exact formulae 
in relation to the semiclassical limit is that the number Qsy,k and the analytic function Xsy^,k'{^) are 
independent of h. Now, when h = Hn — A/N, we see that the function Qsy,k gxp(Xsy.k,k'(X)/H) is 
independent of the parametrizing integer K' . However, the parametrizing integer K enters in a more useful 



way (this will become clear in §5.1). For later convenience, we will from now on set K' = K and write 
XsY,is"(A) for Xsy.k,kW- For h — Hn, and for the special initial data we are considering, the indexing set 
of in terpolants is just Z. Note that for the Satsuma-Yajima data, we have the exact relation (c/. equation 



iA 

„0 



X SYtK (X) = in(2K + l) (%y(Ti)dri. (3.78) 



A 



Thus, the WKB formula for the proportionality constants, although unjustified in general, is not only 
asymptotic but exact for all h = Hn in this special case. 

So, for the special case of the Satsuma-Yajima initial data ^(^,0) = ^4sech(x), and for the sequence of 
"quantum" values of h = Hjy = A/N, the true scattering data agrees exactly with its WKB approximation. 
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This means that the solution ip(x, t) to the focusing nonlinear Schrodinger equation with initial data 4>(x, 0) = 
A sech(x) is in this case exactly what we have called the semiclassical soliton ensemble corresponding to the 
function A(x) = ^4sech(a;). Therefore the rigorous asymptotics that we will develop below for semiclassical 
soliton ensembles corresponding to quite general analytic functions A(x) will provide without any further 



argument the rigorous semiclassical asymptotic description of the solution to the initial value problem (1.1 
with the special initial data ipo{x) = ^4sech(x). 
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Chapter 4 

Asymptotic Analysis of the Inverse 
Problem 



In this chapter, we will study the asymptotic behavior, in the limit of N tending to infinity, of semiclassical 
soliton ensembles corresponding to analytic, even, bell-shaped functions A(x) with nonzero curvature at the 



peak and sufficient decay for large x, so that the density p (77) defined by (3.1) has an analytic extension 



off of the imaginary interval (0, iA). This means that we are going to study Riemann-Hilbert Problem 2.0.2 



for the matrix M(A), posed with discrete data {A^ K B , . . . , A^J^J and {7^ K B , . . . , f^.J defined in 



terms of A(x) by Definition 3.1.1, in the limit as N tends to infinity. 

In our analysis, we would like to consider using a contour C that is held fixed as N grows and Hn becomes 
small. Because the set of complex numbers {A^ KB } has zero as an accumulation point, we need to ensure 
that C C C+ passes through zero, and in fact we will need this to occur with some nonzero angle with 



respect to the imaginary axis (cusps will not be allowed). See Figure 4.1 



4.1 Introducing the complex phase. 



As pointed out in the first remark in Chapter |2j, the conditions ( 2A ) essentially describe a problem of rational 



interpolation of entire (exponentia l) fu nctions; the numerator and denominator of the rational interpolant 



are the polynomials appearing in (2J3). These polynomials are then related to the matrix elements of the 
solution M(A) of the Riemann-Hilbert problem. As Hn j 0, and correspondingly as N f 00, the degree 
of interpolation increases, and one expects the behavior of the interpolants to become increasingly wild 
(oscillatory and/or large in magnitude) away from the points of collocation. 

In studying the Riemann-Hilbert problem for M(A) in this limit, it is essential to capture this wild 
behavior. We therefore suppose that the matrix M(A) can be written in the form 

M(A) = N(A)exp( ff (A)a 3 /ft), (4.1) 

where <?(A) is some scalar function, yet to be determined, called the complex phase. At this point, the matrix 
N(A) is just the quotient in ( |4.l| ). The complex phase function is intended to capture the wild behavior 
of M(A) as h I 0. The guiding principle is that g(X) should be chosen so that the jump matrices for N(A) 
implied by the change of variables ( |^. j[ ) can be approximated by "simple" jump matrices, and so that the 
error terms involved in the approximation can be controlled. 

There are several elementary constraints we place on the complex phase function g(X): 

Definition 4.1.1 The elementary properties of a complex phase function g(X) are: 

1. No h Dependence: g(X) is independent of h. 

2. Analyticity: g(X) is analytic for A e C \ (C U C*). 

3. Decay: g(X) — > as X — > 00. 
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Figure 4.1: Examples of contours C and C* appropriate for studying a semiclassical soliton ensemble in the 
limit N | oo. 

4- Boundary Behavior: g(X) assumes continuous boundary values from both sides of C U C* . 
5. Symmetry: g(X*) + g(X)* = for all A G C \ (C U C*). 



Note that the analyticity in a deleted neighborhood of infinity and the decay at infinity together imply 
analyticity at infinity (i.e. g has a series representation in positive powers of A -1 convergent for sufficiently 
large |A|) and therefore uniformity of the decay with respect to direction. The symmetry condition on g{X) 
ensures that the matrix N(A) inherits the reflection symmetry 



N(A*) = <t 2 N(A)V 2 • 



(4.2) 



Let a function g(X) satisfying the five conditions enumerated above be given. For A € C w , define the 
functions 

6(X):=iJ(g + (X)-g-(X)), (4.3) 



and 



L° V (X) dM™fa) + J ■ + ZiX 2 t - X K (X) - g+(X) - S _(A)) 



(4.4) 



where L®(X) is explained in Definition 3.2.1 , dfJ^^ B (rf) is the discrete eigenvalue measure defined by (3.5) 
corresponding to the WKB eige nvalu es for h = Hn, and Xk (A) is the interpolant of the WKB proportionality 
constants defined in Definition 



3.1.1 



v N (A) 



From these functions, build a matrix for A G C: 

exp(i9{X)/h) 
-((-l) K i)- J cu exp(ct)(X)/h) exp(-i8(X)/h) 



(4.5) 



Then, in place of the holomorphic Riemann-Hilbert Problem [2.0.2| for M(A), we may consider the following 
Riemann-Hilbert problem. 

Riemann-Hilbert Problem 4.1.1 (Phase-conjugated problem) Given a complex phase function g(X) 
satisfying the conditions of Definition find a matrix function N(A) that satisfies the following: 
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1. Analyticity: N(A) is analytic for A € C \ (C U C*). 

2. Boundary behavior: N(A) assumes continuous boundary values on C U C 

3. Jump conditions: The boundary values taken on C U C* satisfy 

N+(A) = N_(A)v N (A), XeQ 



N+(A) = N_(A)(7 2 v n (A*)*<t 2 , Ag[C7*i (46) 



W ) 



where Vn(A) is defined by [J^.L ) 



\. Normalization: N(A) is normalized at infinity: 

N(A) -> I as A oo . (4.7) 



Proposition 4.1.1 For each given complex phase function g(X) satisfying Definition the phase- 

conjugated Riemann- Hilbert Problem has a unique solution, and is equivalent to the holomorphic 



Riemann- Hilbert Problem 2.0. 



Proof. One finds a solution of the phase-conjugated problem by solving the holomorphic Riemann- 
Hilbert Problem [2.0.2 for M(A) and then obtains N(A) from fl4.l| ). The analyticity and boundary behavior 
follow from the analogous properties of M(A) and g(X). The jump conditions for N(A) are verified using 
the formula (4.1) and the boundary conditions satisfied by M(A), taking into account the discrepancy in 
boundary values of g(X) along the contour and the symmetry of g(X). Finally the normalization condition 
follows from the corresponding property of M(A) and the decay of 5(A). Therefore, N(A) so defined solv es the 
phase-conjugated Riemann-Hilbert problem. Uniqueness of solutions for the Riemann-Hilbert Problem 4.1.1 
follows as before from Liouville's theorem using the continuity of the boundary values and the normalization 
at infinity. Clearl y the whole procedure can be reversed, and the unique solution of the holomorphic Riemann- 
Hilbert Proble m 2.0.2 can be obtain ed from the solution N(A) of the phase-conjugated Riemann-Hilbert 
Problem [4.1.l| by the same formula, (4T). □ 



The next goal will be to find a "good" contour C and then use the additional freedom afforded by the 
choice of the c omplex phase function g(X) so that as H tends to zero, the phase-conjugated Riemann-Hilbert 
Problem [4.1.l| for N(A) takes on a particularly simple form, namely one that can be solved exactly. 



4.2 Representation as a complex single-layer potential. Passing 
to the continuum limit. Conditions on the complex phase 
leading to the outer model problem. 

We begin this section with an ad hoc assumption about 51(A) that will be justified only in Chapter^. Recall 
that the contour C lives in the upper half-plane and meets the origin in a corner point. Therefore, in a 
sufficiently small neighborhood of the origin, C is the union of two smooth arcs that join at A = at some 
angle. Near the origin there are two kinds of behavior we will consider. 

Definition 4.2.1 A complex phase function with parity a is a function g a (X) satisfying the basic conditions 
of Definition [(. 1. j| such that for a = +1 there is a sufficiently small neighborhood U of the origin in which 
g a (X) is analytic on the part ofCdU in the left half-plane and has a nonconstant difference in its boundary 
values on the part of C C\U in the right half-plane. For a = — 1, the roles of the left and right half-planes 
are reversed. 

In particular, this means that the domain of analyticity of g a (X) is simply connected due to a (possibly 
small) gap in its contour of discontinuity on one side of the origin or the other. The two cases, a = +1 and 
a = — 1 yield, for each value of x and t, (as well as for each value of J and K) different functions g CT (A), 
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and hence most important quantities such as <f>(X), 0(A), N(A), and Visr(A) will inherit this dependence on 
a. Thus, from now on we write 0(A) = (f> a {\), 0(A) = 0°"(A), N(A) = N ff (A), and v N (A) = vfj(A). 

We now introduce a representation of g a {X) as the complex single-layer potential of a measure supported 
on CUC*. First, we define a new branch of the logarithm. 

Definition 4.2. 2 S uppose n £ CUC* . Let L^> a (X) be the branch o/log(A — rj) that is given by the principal 



branch integral (l.t) but when considered as a function of X is cut from the point A = n backwards, using the 
orientation a, along C (ifrjEC) and C* to A = and then along the negative real axis to —oo for a = +1 
or along the positive real axis to +oo for a = — 1. See Figure {A. 





Figure 4.2: The branch cut of the functions L^' a (X) in the X-plane is determined by the value ofrj, the shape 
of the contour C, and the orientation a. The cut is illustrated in bold in these diagrams, and for a = +1 (left 
diagram) it connects to infinity along the negative real axis, while for a — — 1 (right diagram) it connects to 
infinity along the positive real axis. In each case, the arrows indicate the orientation a of C and C* . 



Without loss of generality, we represent g a (X) in the form of a contour integral along [C U C*\ a (both 
components have orientation a) 



9 a W = i[ L^(X)p^(r 1 )dr h (4.8) 

'[CUC*],, 



2 



for s ome complex-valued density function p a (r]). The basic symmetry and decay conditions from Defini- 
tion [f then require that we assume 

p a (r])dr) = 0, and p a (v*) = P* (v)* , V & C U C* . (4.9) 

[cue]. 

Thus, in particular, it is sufficient to determine p a {r]) for n € C . If we define for A € [C U C*] a 

g±W= I™ g a (n), (4.10) 

[A — > A 

^e± side of [cue*], 

then we have for A S C U C* 

9°(X)=iJ(g° + (X)-g' 7 _(X)) = -tt J p° (r,) d V , (4.11) 

with the path of integration lying on [C U C*] a . More precisely, if A S C then the path of integration in 
(4.11) continues from r\ — X along C a to r\ — 0, whereas if A S C* then the path of integration in (4.11) 
begins at 77 = A, continues along [C*\ a to 77 = 0, and then includes all of C a . 
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The fact that this representation (4.8) of the complex phase function is general can be seen by solving 



( 4.11 ) for the density p a (r]) in terms of a given absolutely continuous jump (A) — g"L(X) on [CUC*] ff that 
satisfies the symmetry condition. This condition guarantees that the density p a (r]) we compute will satisfy 
(4.9). The difference between g a (X) and the integral on the right-hand side of ( |4.8| ) is then an entire function 
of A that vanishes at infinity, and is therefore zero. 

Using the representation of g a (\) as a complex potential, we now describe how to choose the density 
function p° '(77) to obtain a simple Riemann-Hilbert problem in the limit h J, 0. Having broken symmetry 
in the two distinct alternatives a = ±1 in the phase function, we now do the same in the Riemann-Hilbert 
problem by fixing the arbitrary orientation of the contours supporting the jumps as a matter of convenience: 
from now on we choose to set 

cu:=a. (4.12) 



This choice will allow us to ultimately describe the asymptotics in §4.3 using formulae that do not depend 
on a. 

We first propose a "nearby" Riemann-Hilbert problem. Given a complex phase function g a (X), define for 
A G Cfr the scalar function 



iA 



L° v (X)p°(r,)dr,- 



L°J\)p ir)*ydr, 



iA 



+ J • 2iXx + 2iX 2 t - (2K + l)wr / p°(r)) dr) - g%(X) - g_(X) 



iA 



(4.13) 



and for A G C then define a matrix function by 

exp(i9 a (X)/h) 



v£(A) := <7 X 



((-l) K i)- J aexp(<t>' T (X)/ti) exp^-ie* (\)/h) 



(4.14) 



Note that cr (A) is what one would get by replacing the discrete measure e?^^ KB in the formula for 4> a (X) 
by its weak-* limit dpff . 

Riemann-Hilbert Problem 4.2.1 (Formal continuum limit) Given a complex phase function g a {X), 
find a matrix function N <T (A) satisfying: 

1. Analyticity: N CT (A) is analytic for X G C \ (C U C*). 

2. Boundary behavior: N <T (A) assumes continuous boundary values on C U C* . 

3. Jump conditions: The boundary values taken on C U C* satisfy 

N-(A) = N-(A)v£(A), AG a, 

N^(A) = N-(A)a 2 v^ (A*)V 2 , A G [C*] CT • 



(4.15) 



Normalization: N CT (A) is normalized at infinity: 

N CT (A) -► I as A 



(4.16) 



Thus, we have introduced a new Riemann-Hilbert problem where we have taken the "continuum limit" of the 
discrete eigenvalue measure. According to Theorem 3.2.2, the error in replacing the discrete sums by integrals 
amounts to an 0(Hn) error for fixed A. Thus, the matrix v^(A) is an 0(Hn) accurate approximation to the 
original jump matrix v£j(A) for all fixed A on the contours. But as we have seen in §3.2 the approximation 
necessarily breaks down in neighborhoods of radius O(Hn) near A = 0, and in this region other corrections 
will need to be taken into account (see §4.4.3). 
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Proposition 4.2.1 If the continuum limit Riemann-Hilbert Problem {.2.1 has a solution N CT (A), then the 
solution is unique and satisfies the symmetry relation 



N ff (A*) = ct 2 N"(A)V 2 . 



(4.17) 



Proof. Uniqueness follows from the continuity of boundary values and the normalization condition via 
Liouville's theorem. The symmetry of the solution then follows from the corresponding symmetry of the 
jump relations and uniqueness. □ 



< Remark: Note that it is by no means clear that the Riemann-Hilbert Problem 4.2.1 for N CT (A) has 
any solution at all. Unlike the problem for N CT (A), this Riemann-Hilbert problem has not been obtained from 
an explicit rational matrix by a well-defined sequence of transformations. Rather, it is simply introduced 
as a reasonable asymptotic model for the Riemann-Hilbert problem of interest. We will bypass questions 



of existence of solutions to the the continuum limit Riemann-Hilbert Problem 4.2.1 at this time because its 



role is only to lead us, at a formal level, to an approximation of N CT (A) that we will prove is valid in §4.5. > 



The following two conditions are fundamental for the viability of our asymptotic analysis, as well as for 
the actual determination of the complex phase function g a {X) and the contour C: 

Measure Reality Condition: p" (r?) dn £ K , rj £ [C U C*] a . (4.18) 

Variational Inequality Condition: 3FJ(0 CT (A)) < 0, A £ C. (4.19) 



The measure reality condition (4.18) can be understood from the following heuristic argument. Note that 



N CT (A) and the corresponding jump matrix v^(A) have determinant one. This implies that, if the complex 

phase g a (X) is to be chosen so that the matrix N CT (A) has uniformly bounded elements in the limit of H J, 0, 
then it is necessary for the jump matrix to also be bounded as h j 0. This is only possible if the function 



a (X) is real-valued for A S C, which further constrains the density function p a {rf) by requiring that (4. IS 



hold true. The variational inequality condition (4.19) is so named for reasons that will be explained in detail 



in Chapter |8j. Heuristically, this condition can be understood in a similar fashion: if (4.19) were to fail 
somewhere, then the jui 
situation to be avoided. 



somewhere, then the jump matrix v^(A) would have terms that are exponentially large for h small — a 



< Remark: Note that the measure reality condition ( 4.18 ) depends as much on the choice of the oriented 
contour C a via the complex- valued differential dn as on the complex- valued density function p a {ri). Also, 
notice that reality of p a (rj) dr], when considered alon g with the second of the conditions ( |4.9| ), actually implies 
a stronger version of the first of the conditions ( |4.9| ): the integral over [7 U 7*]er, where 7 is any subcontour 
of C, vanishes. > 

For reasons that will become clear later, we will want to admit the possibility that the variational 



inequality (4.19) is not strict everywhere in C. We do, however, assume for simplicity that the subset of C 
where the inequality fails to be strict forms a system of closed subintervals of the regular curve C, whose 
topology is defined, say, by the arc length parametrization. If A £ C is in this system of closed subintervals, 
then we will say that A lies in a band. Any other value of A £ CL)C* (that is, where the variational inequality 



(4.19) is strict if A £ C), is said to lie in a gap. 



Definition 4.2.3 (Bands and gaps) A band is a maximal connected component of the system of closed 
subintervals of C where !Ji(0 <T (A)) = 0. By symmetry, we say that A* lies in a band if X does (although not 
in the same band). A gap is a maximal connected component of C minus the union of the bands, an open 
interval of C in which the strict inequality 3?(0 <T (A)) < holds. By symmetry, A* lies in a gap if X does. We 
will always assume the number of bands and gaps on C to be finite. 

If A G C lies in a gap, then the off-diagonal entry — ((— 1) K i)^ J a exp(4> CT (X) / h) in the jump matrix v^(A) 
is exponentially small as h J. with A held fixed. The diagonal entries are bounded but become increasingly 
oscillatory with respect to any fixed parametrization of C as H tends to zero. These wild oscillations in the 
jump matrix will lead to growth of N <T (A) as one moves away from C, and consequently it will be impossible 
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to obtain uniform control of the solution in the complex A-plane unless it is further assumed that 8' J (X) is 
constant (independent of A G C) throughout each gap. The constant value may be different in each gap. By 
the definition (4.11) of the function a (X), we are therefore assuming that 



3£(</> CT (?7)) < , and p a {ri) = , ?; in a gap of C . 



(4.20) 



On the other hand, if A £ C lies in a band, then 5R(0 <T (A)) = 0, but the matrix does not appear to simplify 
more as H tends to zero. At this point, we want to resist the temptation to take ^(A) to be constant in the 
bands as well as in the gaps, since we would then have p a {rf) = for all r\ S C which would imply g (7 (X) = 0, 
thus defeating the purpose of introducing the complex phase. Instead, we proceed by factoring the jump 
matrices as follows: 

v£(A)=a CT >+(A)t CT (AK>-(A), 



where 



and 



(A) 



t"(A) 



1 -i J (~l) K aexp(-4> a (X)/h)exp(±ie a (X)/h) ' 
1 

i J (-l) K aexp(-4> a (X)/h) 
i J {-l) K aa^{^{X)/h) 



(4.21) 
(4.22) 

(4.23) 



Let l£ denote one of the bands on C . Suppose that in the band it the functions 4> a (X) and ^(A) are the 
restrictions to the band of two functions qk (A) and r^(A) respectively, each of which is analytic in A in a 
neighborhood of the interior of the band. 

Definition 4.2.4 We denote by qk(X) the analytic extension of 4> a (X) from the interior of the band it , when 
such an extension exists. Likewise we denote by rfe(A) the analytic extension of 9 <T (X) from the band it ■ 

Let Ct + (respectively C~t_ ) denote a contour connecting the two endpoints of the band, sharing the same 
orientation as C a , an d ly ing within the domain of analyticity of qk and r^ to the left (respectively right) of 
the band (see Figure 13). We think of Oj[ + and C~£_ as being independent of h, but lying sufficiently close 




Figure 4.3: The lens-shaped region enclosed by the oriented contours C^ + and about the band l£ C C . 

to l£ to allow us to draw conclusions concerning the behavior of the analytic functions qk and on these 
contours from the Cauchy-Riemann equations on l£ as we will describe below. 
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With these definitions, we may now make a change of variables from the matrix N CT (A) to a new matrix 
O ct (A). Let Cr, denote the complex-conjugate contours (Ct)* which get their orientation not from the 
conjugation operation, but from [C*]^. Define the matrix O ct (A) by: 



cr(A) 



N CT (A)a! 



1 i J (-l) K aexp(-q k (X)/H)exp(-ir k (X)/h) 
1 



for A in between C^ + and l£ , 



CT(A) 



CT(A) 



CT(A) 



1 -i J (-l) K aexp(-q k (\)/h) cxp(ir k (\)/h) 
1 



for A in between C^_ and it , 



(4.24) 



<7 2 O ct (A*)V 2 



for A* in between C^_ and C~£ + 



N CT (A), 

otherwise. 

Here, k ranges over all bands of C . This change of variables, in conjunction with Riemann-Hilbert Prob- 
lem 4.2.1 suggests a new problem posed on the contour C U C* with "lenses". 

Riemann-Hilbert Problem 4.2.2 (Open lenses) Given a complex phase function g a {X), find a matrix 
function O a {\) satisfying: 

1. Analyticity: <T (X) is analytic for A G C minus C U C* U {lens boundaries] . 

2. Boundary behavior: O CT (A) assumes boundary values from each connected component of the do- 
main of analyticity that are uniformly continuous, including at corner points corresponding to self- 
intersections of the contour CUC'U {lens boundaries] . 



3. Jump conditions: For X in any gap of C a , 

0;(A) = CT(A)v£(A). 

For A in the band l£ of C a , 

O a + (X) = O a _(X)t a (X). 
For X in either of the lens boundaries Ct of any band of C a , 

w [ 1 -i J {-l) K <Jexp{-q k {X)/h)exp(Tir k (X)/h) 
0° h (X) = 0°_(X)a 1 * 

1 

Finally, for X* on any of the above contours we have 

0£(A) = Of:(A)o5vS(A*)V 2 , 



(4.25) 
(4.26) 

(4.27) 

(4.28) 



where the orientation used to define the boundary values is induced by [C*] CT , and where Vq(A) is the 
jump matrix defined on the contours in the upper half-plane by Vq(A) := 0^(A) _1 0^(A). 



Normalization: O a (X) is normalized at infinity: 

O ff (A)^I as A -> oo. 



(4.29) 
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Proposition 4.2.2 The Riemann-Hilbert Problem {.2.i has at most one solution <T (A) 7 which necessarily 
satisfies the symmetry 

O ff (A*) =a 2 Cr(A)V 2 . (4.30) 



The Riemann-Hilbert Problem 4-2. < is equivalent to the Riemann-Hilbert Problem 4-2.1 for the matrix N CT (A) 



Proof. Uniqueness and symmetry are proved as for N CT (A). The equivalence is established by the explicit 



triangular change of variables via the definition (4.24); the transformation is clearly invertible, and it is 



a direct calculation to show that any solution of the Riemann-Hilbert Problem 4.2.1 leads via (4.24) to a 



solution of the Riemann-Hilbert Problem 4.2.2. □ 



< Remark: On notation. Throughout this section we are introducing a sequence of Riemann-Hilbert 
problems. Whenever the unknown in a new problem is related to the unknown in a previous problem by 
an explicit transformation, we denote the new unknown with a new letter. Whenever the unknown in a 
new problem is not directly related to that of the previous problem, but the jump matrices are an ad hoc 
approximation of the previous jump matrices, the new unknown is written with the same letter as the old, 
but with a tilde. Thus, each appearance of a new tilde denotes a new formal approximation that will need 
to be justified later. > 

Now we will argue that wi th tw o additional constraints on p"{X) in the bands, the jump relations in 



the Riemann-Hilbert Problem [4.2.2| simplify dramatically as h tends to zero. We know that the analytic 
functions <?fc(A) are purely imaginary while rfc(A) are purely real for A £ it. In particular, it follows from 
the Cauchy-Riemann equations that for C^ ± sufficiently close to l£, the real part of — irj.(A) will be strictly 
negative on C~£ + except at the endpoints and at the same time the real part of zr^(A) will be strictly negative 
on C£_ except at the endpoints, if the real-valued function 9 r7 (X) is assumed to be strictly decreasing along 
Ik with its orientation a. If we apply similar arguments to the analytic functions <7fe(A), we see that the only 
sure way to prevent the real part of — gfe(A) from being positive either on C^ + or on C^_ is to insist that the 
imaginary part of the function <t> a {X) is constant along l£ . Therefore, we are assuming 

<jf (A) = an imaginary constant , and p a (X)dX<0, A in a band of C . (4-31) 

The latter conditions are equivalent to the required monotonicity of 8 a (X), and they give us another inter- 
pretation of the bands. Their union is the support of the real measure p a (r)) drj in the complex plane. Under 



the condition (4.31), then it is clear that as h J, 0, the jump matrices on the outsides Cj[ ± and C^± of the 
lenses converge pointwise to the identity matrix, uniformly in any neighborhood that does not contain the 
endpoints. At the same time, the jump for the matrix O ct (A) in each band is a constant (with respect to A) 
matrix whose elements remain bounded as H tends to zero. Note that the jump matrix in each band, the 
restriction of t CT (A), may be a different constant in each band. 

We collect these observations into a definition for future reference. 

Definition 4.2.5 An admissible density function for g a (X) is a complex-valued function p a {rj) defined on a 
loop contour C in the upper half-plane and its complex- conjugate C* such that the following five conditions 
are satisfied: 

1. p a {r)) dn is a real differential for r\ £ C a , and p° (rj*) = p a '(rj)* . 

2. The support of p c '(rj) drj consists of a finite system of intervals, the bands, whose complement in CUC* 
is the system of gaps, and for a = +1 (respectively a = — 1) the origin is contained in a band that 
emerges only in the right half-plane (respectively left half-plane). 

3. In the interior of each band of C' a , the function 4> a {X) evaluates to an imaginary constant, possibly 
different in each band, and the differential p a (r]) drj is strictly negative. 

4- In the interior of each gap of C , where p a (r))dr) vanishes, we have the strict inequality 5R(0 CT (A)) < 0. 
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5. The restriction of the complex-valued function p a {\) to the interior of each band of C U C* has an 
analytic continuation in some lens-shaped neighborhood on either side of the band. 

If for some indices J, K, and a a contour C and an admissible density function p° '(rj) for n S C U C* can be 
found, then the jump relations in the Riemann-Hilbert problem for O cr (A) become very simple asymptotically 
as h J. 0, at least away from the interval endpoints. 



< Remark: The reader will observe that an elementary consequence of the definitions (4.3) of a {\) and 



( 4.13 ) of </> CT (A) is that the function 9 a {X)-\-i(jf (A), while defined on the contour CUC* , is the boundary value 
of a function analytic on the "minus" side of the whole contour [C U C*] a , and similarly that ^(A) — i4> a (\) 
is the boundary value of a function analytic on the "plus" side of [C U C*] CT . On the outside of the contour 
loops, the region of analyticity is in fact the entire exterior of C U C* , while on the inside of the loops 
the region of analyticity excludes only the support of the asymptotic eigenvalue measure p°(r])dr) on the 
imaginary axis. 

This fact has interesting implications if a complex phase function can be found corresponding to an 



admissible density function p a (r]) as described in Definition 4.2.5. In each band </> CT (A) is an imaginary 
constant while in each gap 9 a (X) is a real constant. It follows that, for example, the restrictions of 4> a (X) 
to two different gaps extend to a given side of the contour as two analytic functions of A whose difference 
is a constant. Similarly, the restrictions of 9 a (X) to two different bands have analytic extensions that differ 
only by a constant. Differentiating with respect to A, one then sees from the definition ( [4.3| ) that the 
density function p a (X) is the same analytic function in each band, and that this function has an extension 
to the whole complex A-plane except the gaps of C U C* and the support of the measure p°(i]) dn. Thus, in 



particular, the third condition in Definition 4.2.5] implies the fifth 



A very important consequence of the fact that the function CT (A) has an analytic continuation to cither 
side of each gap is that the gap segments of the contour C may be deformed slightly with the endpoints held 
fixed without violating the strict inequality < on the interior of the gap. On the other hand, the 

band segments of C cannot be freely deformed at all without violating the condition that the differential 
p a {ji) dn should be real. 

These continuation arguments also give relations between the analytic extension of 9 a (A) from a band jj~ 
and the analytic extension of ^ CT (A) from a gap 1^ . If 6° denotes the constant value of 9 a (\) in the gap rj" 
and 0£ denotes the constant value of CT (A) in the band l£ , then the continuations of these two functions to 
the left ("plus" side) of C a are simply related: 

0" ( A) - i$% = 9° - i4" ( A) . (4.32) 

Likewise, continuing these two functions to the right ("minus" side) of C a one finds: 

9 <T (X)+i^% = 9j + i^ a (X). (4.33) 

These relations will be particularly useful in the local analysis that must be undertaken near a point A& 
separating a band from a gap. > 

Note that, by the very meaning of the index a on the complex phase function g a (X) as introduced at 
the beginning of this chapter, the origin A = is a boundary point between a band and a gap of C. If we 
consider C CT as an oriented loop beginning (and ending) at the origin, then by definition the band occupies 
the initial part of C a , while the final part of C„ is a gap. This leads us to introduce some notation for the 
bands and gaps. For some even nonnegative integer G, the bands on C are labeled, in order of the orientation 
a starting from A = 0: Jq , J^~, 1% , . . . , Iq/ 2 - The gaps interlacing these bands are labeled in order along C a 

as k = 1, . . . , G/2 + 1. The endpoints of the bands, enumerated along C CT are denoted 0, Ao, . . . , Ac- On 
[C*] CT , we have by symmetry bands 1^ = l£* for k = 0, . . . , G/2 and gaps = T^*. By convention, we 
will set Iq '■= Iq U Iq . With this notation, the orientation of each band and gap is expressed in terms of 
the endpoints {A^} is a way that avoids direct reference to a. Namely, each band l£ is an oriented contour 
segment from \2k— l to \2k, except for Jq which is an oriented contour from the origin to Ao- Similarly, Ij~ is 
an oriented contour from A^ to AJLi, except for Iq which goes from Aq to the origin. The gap begins 
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Figure 4.4: Notational conventions for the bands and gaps illustrated for a = +1 (left) and a = — 1 (right). 



< Remark: The complex numbers Ao,...,Ag should not be confused with L 2 (M.) eigenvalues of the 
Zakharov-Shabat eigenvalue problem or their WKB approximations which we are denoting by A^™. > 

As H I 0, the jump matrices for O ct (A) simplify as described above subject to the availability of an 
appropriate complex phase function ^(A). Assuming the existence of such a g a (X), we now yield to the 
temptation of the pointwise asymptotics of the jump matrices described above to propose on an ad hoc basis 
a new model Riemann-Hilbert problem for an approximation 6(A) to O ct (A). In the gap C C, let Ok 
denote the real constant value o f the function J ■ a {\). Note that it follows from ( 4.11 ) and the conditions 
imposed on ^(A) in Definition |4.2.5 that 8 G / 2 +\ = 0. In the band l£ C C for k > let iotk denote the 
imaginary constant value of J • <p a {\) in that band. 

Riemann-Hilbert Problem 4.2.3 (Outer model problem) Find a matrix function O(A) satisfying: 

1. Analyticity: 6(A) is analytic for A e C \ ((C \ r+ +1 ) U (C* \ T~ /2+1 )). 

2. Boundary behavior: O(A) assumes boundary values that are continuous except at the endpoints of 
the bands and gaps, where at worst inverse fourth-root singularities are admitted. 



3. Jump conditions: For A € l£ U I k , and k = 0, . . . , G/2 



k ' 

6+(A) = 6_(A) 
For A e T+ U andk = l,..., G/2, 

6+(A) = 6_(A) 





—i exp(iafc/fi) 

exp(id k /h) 




-i exp(— ictk/h) 




(4.34) 



cxp(-i6> fe /ft) 



Normalization: O(A) is normalized at infinity: 

6(A) -> I as A -> oo . 



(4.35) 



(4.36) 
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< Remark: The necessity of dropping the condition of uniform continuity of the boundary values will 
be explained in §4.3. > 



<i Remark: Note that under the assumption that 

i J (-l) K <7 = -i, 



(4.37) 



which we will see in Chapter || is sufficient for our purposes (one can think of this relation as defining, say, 
the interpolant index K in terms of J and a), the jump matrices for O(A) are obtained from those for O ct (A) 
simply by explicitly computing pointwisc leading-order asymptotics as h j 0. Mo reover, with this choice of 
parameters, the pointwise convergence yields the Riemann-Hilbert Problem 4.2.3 in which the parameter a 
no longer explicitly appears. > 



< Remark: The formal continuum limit Riemann-Hilbert Problem 4.2.1 and the open lenses Riemann- 
Hilbert Problem 4.2.2 will not be solved directly in this paper. In particular, details of behavior of boundary 
values etc. are included for completeness of presentation but will not immediately constrain our analysis. 
Both of these problems are posed primarily as intermediate steps in passing from the phase-conjugated 
Riemann-Hilbert Problem [1.1. 1| for which we have existence and uniqueness and the outer model Riemann- 
Hilbert Problem 4.2.3 for which we will prove existence and uniqueness. But then, we will use the explicit 



solution for O(A) together with some local models we will obtain in §4.4 to build an approximation to N CT (A) 
that we will prove is uniformly valid in §4.5. > 



Given the pointwise convergence of the jump matrices, one might expect that a solution of the Riemann- 
Hilbert Problem [4.2.3 might yield a good approximation of O ct (A), that by an explicit change of variables 
approximates N <T (A), and thus N CT (A). The same caveats hold for the relationship of the Riemann-Hilbert 
Problem 4.2.3) to the Riemann-Hilbert Problem 4.2.2 for O ct (A) as mentioned when we introduced N cr (A) in 
place of N CT (A). Namely, it is not clear at the moment whether there exists a solution at all, or whether it 
should be a good approximation to O ct (A) anywhere in the complex plane. We put aside the justification 
of these formal approximations, as that will come later in §1.5. We now turn to the issue of existence of 



solutions for the model Riemann-Hilbert Problem 4.2.3 



4.3 Exact solution of the outer model problem. 



The model Riemann-Hilbert Problem 4.2.3 for the matrix O(A) is the result of finding as described ab ove a n 
appropriate contour C and density function p a (X) for some choice of indices J, K, and a satisfying ( 1.37 ), 
and then neglecting small elements of the resulting jump matrices. This will be a good approximation of the 
jump matrices everywhere except near the endpoints A& and A£, and near A = 0. The same sort of thing can 
be said about the "continuum limit" approximation made when substituting the matrix N CT (A) for N <T (A); 
the approximation of the jump matrices is only good outside of a small neighborhood near A = 0. Reversing 
the approximation steps, we might optimistically expect the matrix O(A) to provide a good approximation 
to N CT (A) everywhere in the complex A-plane except near A = and the endpoints. The choice of terminology 
in calling the Riemann-Hilbert Problem 1.2.3 an "outer" model problem borrows from the theory of matched 
asymptotic expansions. In order to obtain a uniformly valid leading-order asymptotic description of N CT (A), 
we will need to develop "inner" model problems as well to describe the behavior in the neighborhoods where 
the outer approximation fails. We will carry out this program in §4.4. 



In this section, however, we will solve the outer model problem. The reader will observe that similar 
Riemann-Hilbert problems are solved in |DIZ97[ [PKMVZ98A| , |DKMVZ98B| , but here we will emphasize a 
slightly different, more algebro-geometrical point of view. We do this for two concrete reasons. First, we want 
to clearly motivate the use of various tools and techniques from Riemann surface theory that we will need 



(and that were used in |DIZ97[ [DKMVZ98A| , |DKMVZ98B| ) by explicitly introducing a Riemann surface and 
building functions on it, rather than working on a complex plane with cuts. Second, we want to strengthen 
the connection between the Riemann-Hilbert approach to semiclassical theory for integrable systems on the 
one hand and the self-consistent Whitham modulation theory developed by Dubrovin, Novikov, Krichever, 
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et al. on the other hand. The latter theory has a strong algebro-gcometric flavor, and a central role is played 
by the Baker- Akhiezer function, a unique and canonically defined function on a given Riemann surface that 
can be constructed using the Riemann theta function of the surface and certain Abelian integrals. One of 
the results of this section will be an explicit construction of the slowly modulating Baker- Akhiezer function 
via the Riemann-Hilbert problem for O(A). We will continue to assume throughout this section that G is 
an even integer satisfying < G < oo. 

The main advantage here is that the jump matrix is now piecewise constant as a function of A. On the 



other hand, the Riemann-Hilbert Problem 4.2.3 for O(A) has one important flaw: the jump matrix is not 
continuous at the endpoints A&. This implies that all solutions will blow up as A — > Afe. However, we will be 
able to find a solution such that near each endpoint A^, the elements of O(A) grow like (A- X k )- 1/4 , and for 
which the boundary values are smooth on any open subset of the contour not containing any endpoints. All 
other matrix functions with the same domain of analyticity and satisfying the same jump relations almost 
everywhere will be proportional via a meromorphic matrix-valued function with all singularities confined to 



the contour. Thus, the condition that a solution of the Riemann-Hilbert Problem 4.2.3 should have at worst 
inverse fourth root singularities at all endpoints will pick out the only solution that has finite boundary 
values between the endpoints and at the same time treats all endpoints on a symmetrical basis. 

< Remark: The simple fact that the jump matrices for O(A) are piecewise constant also suggests 
that special functions will play a role in the solution. To see this, consider the derivative d\0(X) of the 
solution. This matrix shares the same domain of analyticity as its primitive, and also satisfies the same jump 
relations on each segment of the contour where the jump matrix is constant. This means that the quotient 
d\0(X) ■ O(A) -1 is a meromorphic function on the complex plane, with poles at the endpoints Xk and their 
conjugates, and vanishing as A — > oo (this follows from the normalization condition). It follows that the 
elements of the matrix O(A) satisfy a 2 x 2 linear system of ordinary differential equations in A with rational 
coefficients. > 



4.3.1 Reduction to a problem in function theory on hyperelliptic curves. 

Suppose that h(X) is an analytic function in the finite A-plane wherever O(A) is supposed to be analytic, 
taking on continuous boundary values that are uniformly bounded, and that satisfies: 

MA) -MA) = -o k , Aer+ur^, k = i,...,G/2, 

h+(X) + h-(X) = -a k , Ael+UJfc, k = 0,...,G/2. y ^ 0) 
Consider the matrix defined by 

P(A) := 6(A) exp(ih(X)a 3 /h) . (4.39) 

It is straightforward to verify that the matrix P(A) has the identity matrix as the jump matrix in all gaps 
and T^. Since the boundary values of O(A) and h(X) are assumed to be continuous, it follows that P(A) 
is in fact analytic in the gaps. In the bands, the jump relation becomes simply 

P+(A)=-*P_(A)oi, (4.40) 

so the jump relation is the same in all bands. Next, suppose that /3(A) is a scalar function analytic in the 
A-plane except at the bands, where it satisfies 

/3+(A)=i/3_(A). (4.41) 

Suppose further for the sake of concreteness that /3(A) — > 1 as A — > oo. Then, setting 

Q(A) := /3(A)P(A) , (4.42) 

we see that the jump relations for Q(A) take on the elementary form: 

Q + (A) = Q_(A)oi , AG U fe (/+U/ fe -). (4.43) 
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Our purpose in reducing the jump relations to this universal constant form is to be able to move, as we will 
see shortly, from the cut plane onto a compact Riemann surface on which the function theory is trivial by 
comparison. 

Before continuing to study Q(A) let us describe the scalar functions h(X) and /3(A). For /3(A) we propose 
the formula: 

^ 4 = rrIi rM"y - (4 - 44) 

A - A £Jj A - A 2fc -i A - X 2k 

and for /3(A) we select the branch that tends to unity for large A and that is cut along the bands 7jj~ and 
17 . It is easily checked that /3(A) as defined here is the only function satisfying the required jump condition 
and normalization at infinity that has continuous boundary values (except at half of the cndpoints). To find 
h(X), we introduce the function R(X) defined by 

G 

R(X) 2 :=l[(X-X k )(X-Xl), (4.45) 

fc=0 

choosing the particular branch that is cut along the bands it and 17 and satisfies 

-»• -1 , A -> oo , or equivalent^/, R(0+) = JJ |A fe | . (4.46) 

k=l 

This defines a real function, i.e. one that satisfies R(X*) = R(X)* . At the bands, we have R+(X) = — i?_(A), 
while i?(A) is analytic in the gaps. Setting 

h{X) = k(X)R(X) , (4.47) 

we see that k(X) satisfies the jump relations: 



fc+(A) -MA) = Aer+ur; 



fc + (A)-fc_(A) = -^y, Ae/+u/, 



(4.48) 



n ■ 



and is otherwise analytic. Such a function is given by the Cauchy integral 

G/2 G/2 



2?ri ^i Jr+ur- (A - V)R{V) 2m ^ J i+ui~ (A - V)R+{v) 
This function blows up like (A — A„) -1 / 2 near each endpoint, has continuous boundary values in between 



the endpoints, and vanishes like 1/A for large A. It is the only such solution of the jump relations (4 



For concreteness, we accept exactly this solution of (4.48) and construct h(X) by using (4.47). The factor 



of R(X) renormalizes the singularities at the endpoints, so that, as desired, the boundary values of h(X) are 
bounded continuous functions. Near infinity, there is the asymptotic expansion: 

h(X) = h G X G + h G ^ 1 X°- 1 + ... + h 1 X + h + O(X- 1 ) 

(4.50) 

= p(X)+0(X- 1 ), 

where all coefficients hj of the polynomial p(X) can be found explicitly by expanding R(X) and the Cauchy 
integral (4.49) for large A. It is easy to see from the reality of 0j and aj that p(X) is a polynomial with real 



coefficients. 

Now, let us return to the matrix Q(A), and determine what properties it must have in order for O(A) 
to have the appropriate boundary behavior and asymptotic behavior at infinity. Since O(A) should be 
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0((X — An) -1 / 4 ) at each endpoint, it follows from the behavior of /3(A) that at A| fc for fc = 0, . . . , G/2 and 
A2fe-i for fc = 1, . . . , G/2, we need to ask that Q(A) be bounded. Similarly, near A2fc for k = 0, ... , G/2 and 
^2fc-i f° r ^ = 1' ■ ■ • > w e need to require that Q(A) blow up no worse than an inverse square root. Near 
A = oo, the simple asymptotic behavior required of O(A) implies that 

Q{X)exp(-ip(X)<j 3 /h) =I + C(A -1 ), A^oo, (4.51) 

where we recall that p(X) is a polynomial of degree G in A with coefficients expressed explicitly in terms of 
the 9k and ak- 
in fact, the jump relation (4.43), the asymptotic relation (4.51), and the condition that Q(A) be holo- 
morphic outside of the bands with boundary values for which the only allowable singularities are of inverse 
square root type near Ao, A*, A2, A3, ... , Ag, determine the matrix Q(A) uniquely. This leads us to pose a 
new problem. 

Riemann-Hilbert Problem 4.3.1 (Hyperelliptic problem) Let p(X) be a given polynomial of degree 
G. Find a matrix function Q(A) satisfying 

1. Analyticity: Q(A) is analytic for A 6 C \ Ufcir. 

2. Boundary behavior: Q(A) takes continuous boundary values on Ufc/j^ except at the alternating se- 
quence of endpoints Ao, A*, A2, A3, . . . , Ag, where inverse square root singularities in the matrix elements 
are admitted. 

3. Jump conditions: On the inte rior of each oriented band Ijr , the boundary values o/Q(A) satisfy the 
canonical jump conditions (4-4^ )■ 



Normalization: Q(A) has an essential singularity at infinity, where it is normalized so that ({.51) 
holds. 



From the above explicit transformations relating O and Q, we have proved the following. 



Proposition 4.3.1 When the polynomial p(X) is the principal part of the Laurent expansion of h(X) at 
infinity (cf. ( 4-5(\ ) ), and where h(X) is given in terms of the constant parameters ctk and 8k by the formula 
h(X) — R(X)k(X) with k(X) given by ( 4-4$ ), the Riemann-Hilbert Problem 1.3.1 is equivalent to the outer 
model Riemann-Hilbert Problem 4-2. j| . 



In view of the jump relation (4.43) and the continuity of the boundary values within the bands, we 
may solve the Riemann-Hilbert Problem 4.3.1 by considering the two columns of the matrix Q(A) as two 
projections of a single-valued vector function defined on a hyperelliptic Riemann surface X that is a double 
covering of the complex A-plane. To achieve this, introduce X as two copies of the complex plane, individually 
cut and then mutually identified along the bands. From Q(A), define a vector- valued function v(P) for Pel 
by arbitrarily labeling one copy of the cut complex plane in X as the "first sheet" and the other copy as the 
"second sheet" , and then setting 



v(P) := 



the first column of Q(A) if P £ the first sheet of X , 

the second column of Q(A) if P £ the second sheet of X . 



(4.52) 



With suitable interpretations at the cuts, each point in the A plane has two preimages on X , except for the 
2G + 2 branch points {A^} and {A£}. Denote the preimage of A = 00 on the first (respectively second) sheet 
of X by P = 00 1 (respectively P = 002). With the inclusion of these two points, AT is a compact Riemann 
surface of genus G. 

The function v(P) so defined on X is holomorphic on X away from P = 001, P = 002, and the points 
Ao, A*, A2, A3, . . . , Ag- At the two infinite points of X, v(P) has essential singularities, whereas at the other 
singular points the elements of v(P) grows, in terms of the hyperelliptic projection A(P), at worst like an 
inverse square root. In view of the double ramification of X at these isolated points, we see that in terms of 
holomorphic charts (i.e. as a function on the complex manifold X), v(P) has at worst simple poles at exactly 
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half of the branching points of X. Thus, v(P) is a meromorphic function onl \ {001, 002}. Its poles in this 
finite part of X are at worst simple, and are confined to the branch points Ao, A*, A2, A|, . . . , Xq- 

The two scalar components of v(P) have the elementary properties that they are meromorphic functions 
on X \ {001,002} with the formal sum 

V Q = A + \{ + A 2 + X* 3 + . . . + X G , (4.53) 

as the divisor of the poles. The asymptotic behavior near the two infinite points of X is given by expansions 
of the form: 

vi(P) ~ exp(ip(A)/fi)(l + 0(A- 1 )), P->ooi, 
vi(P) ~ exp(-ip(\)/h)0(\- 1 ), P^oo 2 , 

(4.54) 

v 2 (P) ~ e^{ip(X)/h)0{X- 1 ), P->ooi, 
v 2 (P) ~ exp(-ip(X)/h)(l + 0(X- 1 )), P^oo 2 . 

Now, from the Riemann-Roch theorem and the easily checked nonspeciality of the divisor D° — 002 it follows 
that there exists a one-dimensional linear space of meromorphic functions on X having G + 1 simple poles 
at the points P& of the divisor 2?° and a simple zero at P = oo 2 . This implies that there exists a unique 
meromorphic function fi(P) with these properties and normalized so that /i(ooi) = 1. Similarly, there 
exists a unique function f 2 (P) on X with simple poles at the same points as /i(P), a simple zero at P = 001, 
and normalized so that f 2 {po 2 ) = 1. Each of these functions has exactly G zeros on X (counted with 
multiplicities) in addition to the specified zero. Let Vi = Pi + . . . + P G and V 2 = P? + . . . + P<| denote the 
divisors of these zeros. These divisors are necessarily nonspecial. Define z±(P) and z 2 (P) by 

These two functions are called Baker- Akhiezer functions. They are meromorphic functions on the finite part 
of X with poles confined to the divisors T>\ and T> 2 respectively. Near the two infinite points of X, 

z x {P) ~ ex P ( l p(A)/n)(l + 0(A- 1 )), P-001, 
«i(P) ~ exp(-tp(A)//i)0(l) , P^^ 2 , 

(4.56) 

z 2 (P) - exp(*p(A)/ft)0(l) , P-»ooi, 
z 2 (P) - expH J3 (A)/? l )(l + 0(A- 1 )), P^oo 2 . 

Given the polynomial p( A), each of these functions is uniquely determined by these elementary properties. 
The algebro-geometric argument for uniqueness goes as follows. From the existence of any such function 
with minimal degree at the points of the divisor characterizing its admissible poles (that is, a function having 
poles of the largest admissible degree at these points), the uniqueness follows again from the Riemann-Roch 
theorem. For example, if one presumes the existence of two functions satisfying the conditions of, say, z\(P) 1 
one of which has minimal degree at the points of T>i and constructs their ratio with the minimal degree 
function in the denominator, then this ratio is a meromorphic function on all of X (the essential singularities 
cancel) with degree G, and all poles of the ratio come from the zeros of the denominator. These zeros of 
the denominator move around on X as the parameters x and t vary, and it is reasonable to assume that the 
motion of the degree G divisor of these zeros avoids the codimension 1 locus of divisors for which the Abel 
mapping (see below) fails to be invertible, the special divisors. In this sense, the most abstract form of the 
argument holds only for generic complex values of the parameters x and t. However, with some additional 
information about the Riemann surface X and the divisor T>\ (so-called reality conditions) it is possible to 
prove that as long as x and t are real, the divisor of the zeros of the denominator will always be nonspecial. 
In any case, once it is known or assumed that the divisor of zeros (which is the pole divisor of the ratio) is 
nonspecial, then it follows from the Riemann-Roch theorem that the ratio is a constant function on X. By 
the normalization at P = 00 1 (for Z\(P)), this ratio is exactly unity. Of course, from another point of view 
uniqueness is not really an issue at all here, because the Riemann-Hilbert problem for O(A) has itself been 
used to prove uniqueness. 

We have just specified two functions Z\{P) and z 2 {P) on a Riemann surface X, and if we can prove that 
such functions exist, then we have established the existence of a solution to the hyperelliptic Riemann-Hilbert 



Problem 4.3.1. We now pursue the construction of these two functions. 
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4.3.2 Formulae for the Baker- Akhiezer functions. 

To establish the existence part of the argument, we will now provide formul ae fo r the two Baker- Akhiezer 



functions. There are several ingredients we will need to define. See Dubrovin | D81 for any details we do not 
give here. The first is a homology basis on X. One starts with the system of equivalence classes of closed, 
noncontractable, oriented contours on X, with two contours being considered equivalent if their difference 
(the union with the orientation of one contour reversed) forms the oriented boundary of a surface in X. 
The equivalence classes will be referred to by representatives. Two contour representatives of the same class 
are called homologous cycles; the integral of any meromorphic differential without residues gives the same 
value over any two homologous cycles. The system of homology classes may be viewed as a linear space with 
integer coefficients. The zero element of this space is the equivalence class of contractable oriented loops on 
X. It is a fundamental topological result that this space has dimension 2G. A homology basis is a basis 
{oi, . . . , etc, b\, . . . , oq\ of this linear space that has certain properties with respect to contour intersection. 
Let C\ and Ci be two oriented closed contours on X . The intersection number C\ o C'2 is defined as the 
number of times C2 crosses C\ from the right of Ci, minus the number of times C2 crosses C\ from the left. 
The intersection number is a skew-symmetric bilinear class function. A homology basis is required to have 
the following properties: 

dj o a k = bj o bk = , Oj o b k = Sj k . (4-57) 

This does not make the basis unique, even up to homology equivalence of class representatives. Any linear 
transformation of the basis elements in the matrix group Sp(2G, If) will preserve the intersection number 
but modify the particular basis. Later, we will select a particular homology basis in order to simplify the 
appearance of the formulae we will write down, but of course the results themselves, by uniqueness, are 
independent of this choice. Once the homology cycles aj are fixed, the dual cycles bj are determined by the 
intersection relations up to transformations of the form 

G 

b k -> b k + Sk 3 a J ' ( 4 - 58 ) 
j'=l 

where Skj are integers and Skj = Sj k - Of course, for G — there are no homology cycles at all. 

The next ingredient we need are the normalized holomorphic differentials. On X there is a complex 
G-dimensional linear space of holomorphic differentials, with basis elements Vk{P) for k = 1, . . . , G that can 
be written in the form: 

MP) = 3= ° Rx{P) dX ( p ) > ( 4 - 59 ) 

where Rx{P) is a "lifting" of the function R(X) from the cut plane to X: if P is on the first sheet of X then 
Rx(P) — R(X(P)) and if P is on the second sheet of X then Rx(P) = —R(X(P)). The coefficients Ckj are 
uniquely determined by the constraint that the differentials satisfy the normalization conditions: 



u k (P) = 2m8 jk . (4.60) 

From the normalized differentials, one defines a G x G matrix H (the period matrix) by the formula: 

H 3k =lvk{P)- (4.61) 

It is a consequence of the standard theory of Riemann surfaces that H is a symmetric matrix whose real 
part is negative definite. 

Associated with the matrix H, and therefore with the choice of homology basis on X, is the Riemann 
theta function defined for w G C by the Fourier series 

6(w) := ex P (|n T Hn+n T w) . (4.62) 
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It is an entire function on C G . 

Let efe denote the standard unit vectors in C G and let denote the fcth column of the matrix H, i.e. 
hfe := He/c for k = 1, . . . , G. Denote by A C C G be the lattice generated by linear combinations with integer 
coefficients of the vectors 2niek and hfc for k = 1, . . . , G. That is, 

A := 2niZe 1 + ... + 2niZe G +Zh 1 + ... + Zh G . (4.63) 

The Jacobian variety of X, Jac(AT), is simply the complex torus C /A. We arbitrarily fix a base point Po 
on X. The Abel-Jacobi mapping A : X — > Jac (X) is then defined componentwise as follows: 

A k (P;P ):= T u k (P'), k = l,...,G, (4.64) 

J Pa 

where P' is an integration variable. The range of the mapping is in the Jacobian because the path of 
integration is not specified. The Abel-Jacobi mapping is also defined for integral divisors V = Pi + . . . + Pm 
by summation: 

A(2?;P ) := A(P i; P ) + ... + A(P M ;Po), (4.65) 

and finally extended to non-integral divisors T> = T> + — T>~ for integral divisors V^- by A(2?;Po) := 
A(T> + ;Pq) — A(T>~:Pq). If the degree of the divisor T> is zero then A(T>;Pq) is independent of the base 
point Po- Abel's theorem states that if T> + catalogs the zeros, and V~ the poles, of a meromorphic function 
on the compact surface X, then with V = V + — V~ , A(2?;P ) = in the Jacobian, or equivalently the 
integral always yields a lattice vector in A C C G . Note that Abel's theorem applied to the functions /i (P) 
and /2(P) yields the identities 

A(2? i; P ) = A(P°;P )-A(cx3 2 ;Po), (mod A) , 

A(2? 2 ;P ) = A(D ;P )-A(ooi;Po), (mod A) . { ^ 00) 

Finally, a particularly important element of the Jacobian is the Riemann constant vector K which is 
defined, modulo the lattice A, componentwise by 

K k := m + ^- — ^f \ Vj {P)f MP')), (4-67) 

where the index k varies between 1 and G. 

Next, we will need to define a certain meromorphic differential on X . Let O(P) be holomorphic away 
from the points ooi and 002, where it has the behavior 

o(p) = dp(\(p)) + o (4^=5) . p - °°i , 




fi(P) = -dp(\(P)) + O f ) - P - °°2 , 



\Kpy 

( d\(P 
\W)~ 



(4.68) 



and made unique by the normalization conditions 

0, j = l,...,G. (4.69) 
Let the vector U € C G be defined componentwise by 



I Q(P) 

J a, 



Uj:= 



<£ O(P). (4.70) 

Jb, 



Note that fi(P) has no residues. 
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With these ingredients, we may now give formulae for the functions z\{P) and z 2 (P). First, define yi(P) 
and y 2 (P) by choosing particular vectors V m € C G corresponding to the points A(T> m ; Pq) + K € Jac (X), 
and then setting 

^ 9(A ^; v ''-:' u/ ^ pi,/ wi, (4.H) 




6(A(P;P )- V, 

where m = 1 or m = 2. The path of integration in the exponent is the same path as in the Abel-Jacobi 
mapping, but is otherwise unspecified. The fact that these formulae actually define functions that do not 
depend on that path follows from the transformation laws for the theta function: 

e(w + 2vrie fc ) = 9(w), 6(w + h fe ) = cxp(-P fcfc /2 - w k )Q(w) . (4.72) 

So, if the path of integration is augmented by adding one of the homology cycles a k , then the exponent is 
invariant by the normalization condition for Q(P). At the same time, we have A(P; Po) — > A(P; Po) + 2niek 
and by the first transformation law we see that y m (P) is invariant. Similarly, if the homology cycle b k is 
added to the path of integration, then the exponential transforms by producing a factor of exp(iUk/h)- And 
at the same time, A(P; Po) — > A(P; Po) + and by the second transformation law we again deduce that 
y m (P) is invariant. This means that the functions y m (P) are well-defined given the choices of homology, 
base point Po, and representatives V m . 

Now, since each divisor T> m is nonspecial, the zeros of the denominator are exactly the points P™, . . . , 
Pq . Since the theta function is entire and the differential f2(P) is holomorphic away from the points ooi 
and 002, it follows that y m (P) is meromorphic on X \ {001,002}, with poles exactly at the points of the 
divisor T> m . Near the points 00 1 and 002, we have 

y m (P) = exp(ip(X(P))/H)0(l), P 001 , ( 
y m (P) = exp(-ip(X(P))/H)0(l) , P^oo 2 , ^'^ 

where the leading order term in each expansion depends on m. To obtain formulae for zi(P) and z 2 {P) it 
then suffices to appropriately normalize the functions yi(P) and y 2 (P). So, let 

Ax := lim y 1 (P)ex.p(-ip(X(P))/K), 



(4.74) 

A 2 := lim y 2 (P)exp(ip{X{P))/h). 

P^oo 2 

Then, we set 

These functions at last satisfy all the required conditions, and by the Riem ann-R och argument or the equiv- 



A 2 := lim y 2 (P)ex.p(ip(X(P))/h). 



alent uniqueness argument for the hyperelliptic Riemann-Hilbert Problem 4.3.1 we summarized earlier, they 
are the only such functions. In particular, z\(P) and z 2 (P) do not depend on the choice of homology cycles, 
the choice of base point Po, or the choice of representatives V m . While this is true, certain properties of the 
functions can be elucidated by making particular convenient choices of these arbitrary "gauge" parameters. 
Thus, we have established the existence of the two Baker- Akhiezcr functions ^i(P) and z 2 (P), which 



amounts to the solution of the hyper ellipti c Riemann-Hilbert Problem 4.3.1 , or equivalently the solution of 
the model Riemann-Hilbert Problem 4.2.3| . But these formulae become more effective if we break the gauge 



symmetry by specifying all paths of integration concretely in the cut plane. We carry out this program now. 
4.3.3 Making the formulae concrete. 

We now develop these formulae in more detail. First observe that for the functions /1 (P) and f 2 (P) we have 
the explicit representations: 



fi(P) 

HP) 



R X (P) - (A(P) - Ag)(A(P) - Ax) . . . (A(P) - \* G ) 
2Rx(P) 

(4.76) 

Rx(P) + (A(P) - Ag)(A(P) - Ax) . . . (A(P) - X* G ) 
2Rx(P) 
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Next, we make the observation that 



n{P) = dh(X(P)) , P on the hrst sheet of X , 
tt(P) = -dh(X(P)) , P on the second sheet of X . 



(4.77) 



To see this, one defines an Abelian differential J1(P) on X by the right-hand side of ( 4.77 ); it is not difficult 
to see from the jump relations for the scalar function h that this indeed defines a meromorphic differential 
on the whole of the compact surface X. Next, it follows from the definition of Q(P) near the points ooi and 
002 that the difference Q(P) — &(P) is a holomorphic differential on X because the singularities cancel. The 
difference will therefore be identically zero if it can be shown that 



(o(P)-n(p)) = o, 



(4.78) 



for all j = 1, ... , G. But the first term vanishes by definition of ft{P), and it can be shown from the jump 
relations for h(X) that the same is true of &(P), regardless of the choice of homology basis. 

Let us specify a useful homology basis. For topological purposes, we can deform each sheet of X so 
that the contour becomes a straight line along which the endpoints occur from left to right in order: 



A 



Gi ' 



, A*, Aq, Aq, Ai, . . . , Ag- The basis we choose is then illustrated in Figure 4.5. The a cycles appear 




Figure 4.5: A particular choice of homology cycles, illustrated for G = 4, on a surface that is smoothly 
deformed so that the cuts lie along a straight line. The endpoints of the cuts are, from left to right, 
A G , . . . , Aq, Ao, . . • , Xg- Paths on the first (second) sheet are indicated with solid (dashed) lines. 

in order ax,a2,... from the inside out as the oval paths, while the b cycles appear in the same order as 
rectangular paths. Paths on the first sheet are solid, while their continuations through the bold cuts are 
dashed. Although this illustration is for genus G — 4, it should be obvious how the pattern generalizes for 
other genera. 

The point of such a choice is that it simplifies certain integrals on the Riemann surface X. 

Definition 4.3.1 By an antisymmetric differential w(P) on X we mean one for which whenever X is not a 
branch point and P + (A) and P~(X) are the distinct preimages on X of X under the sheet projection mapping, 
then lo{P-{X)) = -uj(P+(X)). 



Such antisymmetric differentials include the holomorphic differentials Vk (P) and the meromorphic differential 
57(P). With the particular choice of homology basis illustrated in Figure 4.5, it is easy to express loop 
integrals of any antisymmetric differential w(P) in terms of integrals only on the first sheet of X , along the 
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— a 



Figure 4.6: Evaluating homology cycle integrals of any antisymmetric differential by integrating on the first 
sheet along the immediate left of the jump contour of the model Riemann-Hilbert Problem J^.2.0. In each line 
of this figure, the jump contour is imagined as a straight line oriented from left to right and the bands are 
shown in bold. R should be clear how this picture generalizes to other genera. 



jump contour of the model Riemann-Hilbert Problem 4.2.2 for O(A). The paths of integration on the first 
sheet of X corresponding to the cycles making up the homology basis are illustrated in Figure |f.C| . The first 
consequence of this choice is that the integral of any antisymmetric differential over an a cycle is equal to 
twice the value of an integral over a concrete path on the first sheet of the cut plane that has a symmetry 
under complex conjugation of the plane. Given an oriented path c on the cut plane, denote by c* the path 
obtained by complex conjugation followed by reversal of orientation. From Figure 4.6, keeping in mind that 
in the figure complex conjugation of the plane corresponds to left/right reflection, one then sees that 



1 

2 J 



1 * 
2°' 



0. 



for all j = 1 , 



, , G. For the homology cycles bj we can find similar relations: 

1 



2 3 
b* 2 = a\- 



0. 



modulo — {oi, . 



,«g} ■ 



(4.79) 



(4.80) 



For example, b\ + b* = 02, 62 + ^2 = a i + a 3i an d so on. It is easy to see that with such a choice of homology 
cycles, the constants Ckj in the holomorphic differentials are all made manifestly real by the normalization 
condition (4.60). Indeed, the linear equations implied by ( 4.6C| ) for the constants Ckj all have real coefficients, 
and the system is invertible. Once it is known that these constants are all real, the symmetries (4.80) can 
be used to show that 

S(H jk ) = 2wn jk , where n jk S Z , j,k = l,...,G. (4.81) 

Next, note that since the coefficients of the polynomial p(X) are real, it follows from the symmetry of the 
cycles Ofc in this special homology basis on X that for any path c on the cut plane, 



fi(P) = - / fi(P) 



(4.82) 
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where H(P) is the meromorphic differential defined by (4.68) and (4.69). Using this relation together with 



the symmetry relations (4.80) and the normalization conditions (4.69) defining the differential Q(P), we find 



<f>Q.(P)=2[ 0(P)=-2/ n(P)=2( / 0(F)) = (/o(P)| , (4.83) 
hi J\bi J±b* \J± b] J \J bj J 

where the first and last integrals in the chain of equalities are loop integrals on the Riemann surface X, and 
the intermediate integrals are all taken on concrete paths in the cut plane according to Figure 4.6. This 
calculation shows that the components of the vector U are all real. 

The next gauge symmetry we break is the invariance with respect to choice of base point Pq. For several 
reasons, it is convenient in the hyperelliptic context to choose Po to be a branch point; here we take P = A . 
One advantage of this choice is that the Riemann constant vector takes a particularly simple form. Using 
the fact that with our choice of homology basis, the hyperelliptic (sheet exchanging) involution of X takes 
each a cycle into its opposite (i.e. into the same loop with opposite orientation), one finds that 

K = K (mod A) , (4.84) 

where the components of K are given by 

K k = m + ^, k=l,...,G. (4.85) 



By the observation (4.81) about the Riemann matrix H, we see that the imaginary parts of the components 
of K are all integer multiples of ir. 

For concreteness we will now choose vectors V m e C G for m = 1,2 so that A(X> m ;Ao) + K = V m 
(mod A). Before doing this, however, we will first select a specific path of integration used to define the 
Abel-Jacobi mapping itself. Given a point P e X, this is done by specifying a path from P = A to P 
modulo homotopy. 

Definition 4.3.2 Let P S X . By Cp we mean any element of the homotopy equivalence class of paths from 
Ao to P on X such that the following three things are true: 

1. Each point on Cp lies on the same sheet as P (being a branch point the base point is considered to lie 
on both sheets). 

2. Cp completely avoids the whole portion of the contour from X* G through to Xq ■ 

3. Cp begins on the "+ " side of the base point Ao on the contour. 

Note that to define the path Cp it is essential to view X as two copies of the plane cut along the jump contour 
of the model Riemann- Hilbert Problem 1^.2.^ . 



Using the path Cp in the Abel-Jacobi mapping, and recalling that the same path is used in the integration 
of the differential O, we see that 



/ Sl(P') = h(X(Pj) - h+{X ) , P on the first sheet of X , 

JCp 

/ fi(P') = -/i(A(P)) + h+(Xo), P on the second sheet of X . 



Note that it is sufficient here for Cp to be defined modulo homotopy because the meromorphic differential 
fi(P) has no residues. To give representatives V m for A(2? m ;Ao) + K, we first choose to represent the 



Riemann constant vector K in C G exactly by the vector K defined by ( 4.85 ). To represent A(2?i;Ao) 
and A(X>2;Ao) in C G , it suf fices by Abel's Theorem to represent respectively A(2?°;Ao) — A(oo2; Ao) and 
A(2?°; Ao) — A(ooi; Ao) (cf. ( 4.66j )). To begin with, we define A(oo m ; Ao) for m = 1 and m — 2 by setting 



A fc (co m ,A ) - / v k {P), (4.87) 
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with the path C 00m on X chosen according to Definition 4.3.2. 

It then follows that for these representatives A(oo2; Ao) = — A(ooi; Ao). Finally, to represent A(2?°; Ao), 
we associate with each branch point in T>° a point on the first sheet of X immediately on the "+" side of the 
contour, and compute A(2?°; Ao) as a sum of integrals with paths determined according to Definition 4.3.2] . 
Each such integral may be realized as lying on the "+" side of the contour, and by the scheme described in 
Figure 4.6, can be identified with a specific half-period in A/2, where the lattice A is defined by ( 4. 63] ). To 
be quite precise, let A cut (A) denote the Abel mapping with base point and contour Cp chosen according to 
Definition 4.3.2| for the point P on the first sheet of X for which A(P) = A. Then 

V ltk = (A^(X* 1+ )+A^(X 2+ )+A%^(X* 3+ ) + . 1 1 ' ' // '"'' 



A l ut 



2. A- 



(At»\\* 1+ ) + A^(A a+ ) + A^(X* 3+ ) + 



A c k ut (X G . 



-)) 
-)) 



2 

Hkk 



where k varies between 1 and G. 

In terms of these gauge choices, we find 



9(A cut (A(P)) - V m + iU/fi) 



y m (P) = < 



e( 



-A cut (A(P)) - V m - 



.) 



e ih(\(P))/H e -ih+(x,t,\o)/h _ 



iU/h) 



e(-A™*(A(-P)) - V m ) 



e -ih(\(P))/h e ih+(\ )/h 



A C k Ut {00)+TTi + 

P on first sheet , 
P on second sheet . 



(4.88) 



(4.89) 



The normalizing constants N m defined by (4.74) are easily obtained from (4.89), since p(X) — h(X) + 0(1/ A) 
as A tends to infinity. Thus, 



N 2 = 



e(A^(oo)-Vi+»UA) -ih, 
9(A cut (oo) - Vi) 

e(-A cut (c») - v 2 + iu/H) 



(\ )/h 



(4.90) 



9(_A cut (oo) - V 2 ) 



,ih+(\a)/h 



Combining these with the sheetwise formula (4.89) for y m (P) gives a similar sheetwise formula for the 
functions z m (P). From these, one obtains sheetwise formulae for the functions v m (P) defined originally in 
(4.52) by introducing 

± .^_R(X)±(X-X* )(X-X 1 )...(\-X* G ) 



&*(A) 



(4.91) 



2R(X) 

and then observing that for P on the first sheet of X, /i(P) = 6"(A(P)) and / 2 (P) = 6+(A(P)), whil e 
for P on the second sheet of X, f x (P) = 6 + (A(P)) and ) 2 (P) = b (X(P)). Since according to (jjU^), 
the first (respectively second) column of Q is simply the vector (vx,vo,) restricted to the first (respectively 
second) sheet of X, we have thus obtained an explicit representation of the matrix Q. By the elementary 
transformations at the beginning of this section, we see that we have proved: 



Theorem 4.3.1 For even G > 0, the unique solution of the outer model Riemann-Hilbert Problem 1.2.S is 
given by the formulae: 

b-(X) 9(A cut (oo) - Vi) 6(A cut (A) - V x + iU/fi) 



On (A) 
612(A) 
621(A) 
6 22 (A) 



/3(A) 9(A cut (A) - Vi) 6(A cut (oo) - Vi + M/h) ' 

b + W 2ih+i x )/H e(A cut M - Vi) 6(-A cut (A) - Vi + iU/h) 
/3(A) 6(-A cut (A) - Vi) 9(A cut (oo) - V x + iU/h) 

6+(A) 



-2ih + (X )/h 



9(-A cut (oo) - V 2 ) 9(A cut (A) - V 2 + iU/fi) 



(4.92) 



/3(A) 9(A cut (A) 
6- (A) 9(-A cut (oo) - V 2 ) 9(- 



-V 2 ) 9(-A cut (oo) - V 2 +iU/h) ' 
-A cut (A) - V 2 +iU/h) 



/3(A) 9(-A cut (A) - V 2 ) 9(-A cut (c») - V 2 +iU/h) 
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Note that from the jump relations for h(X), 

2h+{\ ) = -0! - a . (4.93) 

The matrix O(A) therefore has the property that it is uniformly bounded as H tends to zero in any fixed 
closed set that does not contain an endpoint Aj, or A£ . This kind of behavior is crucial for controlling the 



error of these approximations in §4.5. Moreover, away from the endpoints all derivatives with respect to A 
are uniformly bounded as h tends to zero. The h dependence is totally explicit, and contributes only global 
phase oscillations. 



4.3.4 Properties of the semiclassical solution of the nonlinear Schrodinger equa- 
tion. 



Consider the function ip defined from the solution of the outer model Riemann-Hilbert Problem 4.2.3 by 



ip := 2i lim AOi 2 (A) . (4.94) 

A — >oo 



Since by direct computation, 



we find 



G . 

6+(A) = A- 1 ^^(-l) fc+1 3(A fc )+0(A- 2 ), A^oo, (4.95) 

k=Q 



where 

^ ' fe=0 

and 

E/ = -(01 +«()), (4.98) 

with 

Y = -A cut (oo) — V\ , Z = A cut (cx))-V 1 . (4.99) 



Subject to finding an appropriate complex phase function g" (A) as described in §4.2, we will prove in § |4.5| 
that the function ip captures the leading order behavior of the true solution ip of the nonlinear Schrodinger 
equation as H tends to zero. Here, we show simply that this asymptotic solution is locally a slowly modulated 
G + 1 phase wavetrain. To see this, set x = xq + hi and t = to + ht, and expand ip using Taylor series for 
small h, recalling that all quantities depend parametrically on x and t: 

ip = a°e lU ° /R e l[k ° x <V)^ L ^ -LL.n+o(h)), (4.100) 

where 

k n = d x U n , Wn = -d t U n , n = 0,...,G, (4.101) 

and the superscript indicates evaluation for x = xo and t = to- As a generalization of the exponential 
function, the theta function is 2tt periodic in each imaginary direction in C G . Therefore, for fixed xo and 
to, we see that the leading order approximation is a multiphase wavetrain with wavenumbers . . . , Kq and 
frequencies Wq, . . . , Wq with respect to the variables x and t. It is a simple consequence of the definition of 
the wavenumbers and frequencies that the modulations of the waveform due to variations in xo and to are 
constrained by conservation of waves: 

d t k n + d x w n = 0. (4.102) 
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4.3.5 Genus zero. 



For G = the whole construction given in this section degenerates somewhat and theta functions are not 
required. For completeness we give all details here for this special case. The function k(X) can be evaluated 
explicitly by residues: 



fc(A) = 



«o 



2R(X) 



Therefore 



(4.103) 



(4.104) 



and p(\) is simply a constant (with respect to A) function ho. It follows that the functions v\(P) and V2(P) 
that we seek on the compact Riemann surface X of genus zero are in fact meromorphic functions on the 
whole of X. These functions each have a single simple pole at the point Ao, and then 111(002) — while 
^2(001) = 0. To give explicit formulae for vi(P) and V2(P), we use the "lifting" Rx(P) of the function R(X) 
to X. This meromorphic function satisfies Rx(P) ~ —X(P) as P — ► 00 1 and Rx(P) ~ A(P) as P — > 002. 
We then have 



vi(P) 



1 



iho I h 



HP) - K 

Rx(P) 



- 1 



MP) = \e 



iho I h 



A(P) - A 



Rx{P) 



1 



(4.105) 



Restricting respectively to the first and second sheets of X gives an explicit formula for the matrix Q(A) in 
the cut plane: 

" -A + A?;+i?(A) X-X*+R{X) 



Q(A) 



1 



2iZ(A) 



e-xp(ia 3 h /h) 



(4.106) 



A-A*+i?(A) -A + A*+i?(A) 
Finally, in terms of the function /3(A) we see that we have proved the following. 

Theorem 4.3.2 For G = 0, the unique solution of the outer model Riemann- Hilbert Problem 4-2.^ is given 
explicitly by 

6(A) 



2R(X)P(X) 



-X + X* + R(X) (A — Aq + R(X)) exp{-ia Q /h) 

(A- A*+ R(X))exp(ia /K) -A + A* + R(X) 



(4.107) 



It is then a direct matter to compute the corresponding semiclassical asymptotic description of the 
solution of the nonlinear Schrodinger equation: 

i> := 2i lim AO i2 (A) = %(X )e- iao/h , (4.108) 

A — >cxd 

where we recall that generally Ao and ao will depend on x and t. 
4.3.6 The outer approximation for N CT (A). 

As a final step in this section, we use the solution of the outer model problem to construct an approximation 
of N CT . This approximation is obtained from O by redefining the matrix within the lenses on either side of 
the bands, and is given explicitly by: 

N* ut (A) :=6(A)D CT (A)" 1 , (4.109) 
where D CT (A) is the explicit piecewise analytic "lens transformation" relating N <T (A) and O ct (A): 

O ct (A) = N <T (A)D cr (A) . (4.110) 
Recall that the matrix D ff (A) is equal to the identity outside of all lenses. In between the contours Gjl + and 



D CT (A) 



1 — i exp(— i J oik /ft) exp(— ir^{X)/K) 
1 



(4.111) 
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while in between the contours if and C~t_ , 



D CT (A) := a[ 



1 iexp(— iJotk/K) exp(irfc(A)/?i) 
1 



(4.112) 



and for all A in the lower half-plane, D CT (A) = a 2 'D' T (X*)*(J2- Here, the functions rj,(X) are defined by 
Definition 4.2.4 . It is easy to check that from the properties of O(A), the approximation of N <T (A) defined 
above is analytic on the real axis. Also, we have the following useful fact, whose proof is immediate. 

Lemma 4.3.1 The outer approximation Nq u1 .(A) is analytic in the complex X-plane except for A € C U C* 
and the boundaries of the lenses C^"_j_ and C^_. In each closed subinterval of the interior of any one band 
or gap of C a or [C*] CT , Ng Ut (A) takes on continuous boundary values. In each band these boundary values 
satisfy exactly the jump relation relation 



N" 



-(A) = N- (A)v^(A) 



(4.113) 



whereas in the gaps. 



Nout,+ (A) = N V_(A)exp(zjr(AW£) , 



(4.114) 



where we recall that in each gap the function a (X) is a real constant. On the lens boundaries the jump 
relation is 

N- Ut . + (A) = N- ut( _(A)D-(A), AeC± + , 
NoV+( A ) = N- uti _(A)D-(A)- 1 , AeC±_. 



(4.115) 



Finally, for A in any h-independent closed set that does not contain Ao, . . . , Ac or Xq, . . . , \* G , No Ut (A) is 
uniformly bounded as h tends to zero. 



4.4 Inner approximations. 



As pointed out in §[L2|, the ad hoc approximations made in obtaining the outer model problem from the 
original Riemann-Hilbert problem for N°"(A) given a complex phase function g° '(A) clearly break down in the 
neighborhood of each endpoint Ao, . . . , Aq, its complex conjugate, and also near A = 0. Therefore, we now 
turn our attention to these troublesome neighborhoods, and develop inner model problems to approximate 
N CT (A) locally in each case. It will suffice to construct approximations of N CT (A) near Ao,Ai,...,Ag and 
near A = 0, because we may then use complex-conjugation symmetry to obtain approximations near the 
conjugate points. 

In this section, we work under one further assumption about g a {X) that will be justified generically (with 
respect to the parameters x and t) in Chapter ^. Thus we have: 

Working assumption: the density p a {X) vanishes exactly like a square root, and y\r\ 
not to higher order, at each endpoint A& for k = 0, . . . , G. 



The generic nature of this assumption is clarified somewhat in Lemma 5.1.2. Higher-order vanishing of 
p a (X) at an endpoint corresponds to the intersection of two curves in the real (x,t)-plane: a curve where 
the inequality in a gap fails and a curve where the inequality in an adjacent band fails. So in making this 
assumption we are omitting from consideration a set of isolated points in the (x, i)-plane. The nature of 
the local approximations near the endpoints depends crucially on the degree of vanishing of p a {X) and we 
want to consider here only the most likely case. For details on the analogous construction necessary for less 



generic cases, see section 5 of [DKMVZ98B 



4.4.1 Local analysis for A near the endpoint \ 2 k for k — 0, . . . , G/2. 

Near an endpoint X2k for k = 0, . . . , G/2, the approximation of replacing N CT (A) by N^A), the continuum 
limit, is expected to be valid; the trouble is with the approximation of the matrix O^A) by the matrix O(A). 



Locally, the contour of the Riemann-Hilbert problem for O ff (A) looks like that shown in Figure 4.7. Recall 
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Figure 4.7: The jump matrix near X2 k differs from the identity on a self-intersecting contour with X 2 k at the 
intersection point. 



the jump relations for O ct (A). For A e V£, 1 , 



for A e /+, 



and for A € C~£ ± , 



0+(A) = 0!(% 



OT(A) = (AK 



exp(iJ6 k +i/h) 
— i exp(0 cr (A)/fi-) exp(—iJ8k+i/h) 



— i cxp(— i Jctk/h) 

— i exp(j Jctk/K) 



1 i exp(— i Jctk/h) exp(=Firfe(A)/fi) 
1 



(4.117) 



(4.118) 



(4.119) 



The constants and 0fe+i are related to the functions 4>" (A) and rfc(A) (recall that the latter is the analytic 
continuation of ^(A) off of l£ according to Definition 4.2.4[ ) by 



r k (X 2k ) = J6*fe+i 



(4.120) 



Recall also that by the conditions imposed in §4.2 on the complex phase function g a (X) via its density 
function p a (X) (cf. Definition |4.2.5| ), we have that 3f?(0 CT (A)) < for A S r£ +1 \ {A 2 fc}, and similarly that 
zrfc (A)) < for A € \ {A2fc} and 3?(irfc(A)) < for A € C^"_ \ {A2A;}. Also, the working assumption 
( 4.11 6| ) that p a (X) vanishes like a square root at A = A2A; implies that the function r k (X) di ffers from J9 k +i 
by a quantity that vanishes like (A — A2fc) 3 / 2 . In fact, the analytic continuation formulae ( 4.32 ) and ( 4.35 ) 
imply that for A 6 Ci_ we have 

r(X) - Ua k = *(r k (A) - J6 k+ i) , (4.121) 

where r k (X) is the continuation of ^(A) from l£ to the left, and where 4> a (X) is the continuation of the 
function with the same name from rjj" +1 to the left. Similarly, for A € we have 



<^(A) - iJa fe = -i(r k (A) - J9 k+1 ) 



(4.122) 



where here r k (A) is the continuation of a (X) from l£ to the right, and ^> CT (A) is the continuation of the 
function with the same name from to the right. 

These facts suggest a local change of variables. Let £ = £(A) be defined by 



C(A) := 



r fe (A)- J6 k+1 \ 2/3 



(4.123) 
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and note that £ e R + when A € l£. Since by assumption rfc(A) approaches its value at A 2 fc like (A— \2k) 3 ^ 2 , 
this change of variables is an invertible analytic map of some sufficiently small (but with size independent of 
K) neighborhood of A& containing no other endpoints into the £-plane. In terms of this change of variables, 
the discussion preceeding (4.32) and ( 4.33| ) implies that for A G f^, x , 



4> a (\) -iJa k 



-(-0 



3/2 



(4.124) 



The transformation A 1— > C(A) maps the local contour diagram shown in Figure 4.7 into the C-plane as shown 
in Figure 4.8. We now center a disk D 2 k in the A-plane at A = A 2 fc, and we choose the radius of the disk to 




Figure 4.8: The image of the local jump contours in the Q-plane. The point A = X 2 k is mapped to £ = 0, and 
the contour it is mapped to the positive real (^-axis. 

be sufficiently small so that D 2 k contains no other endpoints and so that the map £(A) is a biholomorphic 
map of Z?2fc to theC-plane. We consider this radius to be independent of H. We also exploit the fact that, 
as remarked in §4.2, the contours r^" +1 and Cjy. are not specifically determined, to choose them within the 
disk Dik (taken here to be sufficiently small independent of ti) so that C(Ifc +1 H D 2 k) lies on the negative 
real £-axis, and C(Cfe± ^ D 2 k) lies on the straight ray on which arg(£) = This choice straightens out 

the contours shown in Figure 4.8. The image C,(D 2 k) is a domain containing C, = and expanding as h tends 
to zero. 

For expressing the exact jump conditions of the matrix O ct (A) in terms of the new variable £, it is 
convenient to introduce a matrix S 2 fc(A) defined by: 



S 2fe (C) := 



Cr(A(C)K 2 exp(Uv 3 (0. 



k+l 



a k )/{2h)) 



C g / u 11 , 



CT(A(C)K 2 expHJa 3 (0 fc+ i + a fc )/(27i)), (elllUlV. 
Then, the exact jump relations for O ct (A) become quite simple. For ( 6 CO^t+i)' 



(4.125) 



for C G C(4t), 



and for ( e C(C+ ± ), 



S 2fc+ (C) = S 2fc _(C) 



1 

-zexp(-(-C) 3/2 ) 1 



s 2fe+ (0 = s 2fc _(0-H^), 



s 2fc+ (o = s 2fc _(o 



1 iexp(=FiC 3 ^ 2 ) 
1 



(4.126) 

(4.127) 
(4.128) 



We want to view this as a Riemann-Hilbert problem to be solved exactly in C(-D2fc), but to pose this problem 
correctly, we need to include auxiliary conditions to ensure that the local solution matches well onto that of 
the outer model problem. 
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By way of comparison to the solution O(A) of the outer model problem obtained in jj |4.q , we may introduce 
an analogous local representation of O(A) in terms of the variable £. Define the matrix S2fc(C) by 



s 2fe (C) 



6(A(C)K~^ exp(iJa 3 ( 



'fc+i 



a k )/(2H)). 



C g I u II , 



(4.129) 



6(A(C)K 2 expH Ja 3 (6 k+1 + a k )/(2H)) , Q&IIIUIV. 



Clearly, this matrix is analytic in ((D2k) except for positive real C, where it has continuous boundary values 
for C 7^ that satisfy the jump relation S2/c+(C) = ^2k-(C) ' ( — ifi). 

Lemma 4.4.1 The matrix S2fe(C) determined from the solution of the outer model problem has a unique 
representation 

S 2fc (C) = S^(C)S loc ^ c "(C), (4.130) 



where 



gloc,even^£^ f—{£\ a &/^ 



1/V2 -1/V2 
1/V2 l/y/2 



(4.131) 



and where S^S (C) * s holomorphic in the interior of Q(I)2k)- 



Proof. Observe that by direct calculation, the matrix s loc ' cvcn (£) is analytic for all C, except on the 
positive real axis, where it satisfies the jump relation s^ c > evcn (£) = gioc,cvcn^ Since both S2fc(C) 

and s loc > evcn (C) have determinant one and have smooth boundary values except at £ = 0, it follows that the 
quotient S2fc(C)S ' even (C) _1 is analytic in C(Z?2fc) \ {0}. But by construction, the matrix O(A) obtained in 
§4.3 is C((A — A2fc) -1 / 4 ), and consequently S(£) is 0(|£| -1 / 4 ) at the origin since £(A) is an analytic mapping. 
Therefore, the quotient is bounded at ( = and hence analytic throughout the interior of ((D2k)- n 

The main idea of this result is that the matrix S2/c(C) has a representation in terms of an analytic piece 
that contains all of the complicated global information and is defined only in ((D2k) and a local piece that 
is actually defined for almost all £ G C and is of a canonical form, satisfying very simple jump relations. In 
particular, the local piece s loc ' cvon (£) does not depend on h even though S2fc(C) does. We now seek a similar 
decomposition of the matrix S 2 fc(£)- 

Let £/ denote the positive real axis in the £-plane, oriented from infinity into the origin; let Sr denote 
the negative real axis in the C-plane, oriented from the origin to infinity; finally let T,^ denote the rays with 
angles arg(£) = ^ir/i, both oriented from infinity to the origin. Denote the union of these contours by E loc . 
See Figure |4.9| . Consider the following Riemann-Hilbert problem. 

Riemann-Hilbert Problem 4.4.1 (Local model for even endpoints) Find a matrix s loc > cven (£) sat- 
isfying 

1. Analyticity: S loc > cvcn (C) is analytic for ( G C\ S loc . 

2. Boundary behavior: s loc ' even (£) assumes continuous boundary values from within each sector of 
C\ S loc , with continuity holding also at the point of self-intersection. 



3. Jump conditions: The boundary values taken on S satisfy 



iloc.cvcn 



iloc.i 



\0 



iloc.cvcn 



(C) = s loc ' cvcn (c) 



l (0 



(0 = s 



loc,even 



1 o 

-zexp(-(-C) 3/2 ) 1 



1 i exp(=Fi£ 3 / 2 ) 
1 



(C)(-^l): 



C g E ± 



(4.132) 
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Figure 4.9: The oriented contour E loc . All rays extend to ( = oo. 

4. Norm alization: S loc < cvcn (C) is similar to S loc < cvcn (C) at C = 00, where S loc ' ovcn (C) is defined by 
fijJSl ). Precisely, 

lim S loc ' even (C)S loc ' even (C) _1 = 1, (4.133) 

£ — >oo 

with the limit being uniform with respect to direction. 



Lemma 4.4.2 The Riemann-Hilbert Problem 1-4-.1 has a unique solution, with the additional property that 
there exists a constant M > such the estimate 



(c)s ioc ' even (0" 1 - in < Aficr 1 



(4.134) 



holds for all sufficiently large |£|. The solution s loc ' ovcn (C) is universal in the sense that it does not depend 
on h. 



Proof. We first intr oduce an auxiliary Riemann-Hilbert problem. Let El be the oriented contour 
illustrated in Figure Pi) . For C e S L \ {0, 1/2, -1/2, exp(i7r/3)/2, exp(-i7r/3)/2}, we define a jump matrix 
v L (C) as follows. For < |C| < 1/2, set 



vl(C) := 



-iai , 

1 -iexp(±< 3 / 2 ) 
1 

1 

iexp(-(-C) 3/2 ) 1 



arg(C) =0, 
arg(C) = ±tt/3 , 

, arg(C) = 7T , 



(4.135) 
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— > — ( — ^— 




< 1 




> 



Figure 4.10: The contour El is the union of a circle of radius R= 1/2, the real axis, and the rays arg(£) 
±(7r/3), oriented as shown. 



for |C| > 1/2, set 

r i, 

Cloc.cvcn/'/-\ 
v L (0== { (0 

gloc.cvcn^^ 

and, for \(\ = 1/2, set 



1 icxp(±< 3 / 2 ) 
1 



arg(C) -0, 

gloc,even(£)-l _ aig(C) = ±7r/3 , 



(4.136) 



1 

-zexp(-(-C) 3 / 2 ) 1 



Sloc,cvcn (C) -l ; arg ( C ) = ^ 5 



(4.137) 



v <C) ■= ! S loc ' ovm (C)- 1 , < arg(C) < tt/3 and - it < arg(C) < -tt/3 , 
■ \ gioccvon^) ) tt/3 < arg(C) < tt and - tt/3 < arg(C) < . 

Consider the following problem. 

Riemann-Hilbert Problem 4.4.2 (Auxiliary local problem) Find a matrix L(£) satisfying: 

1. Analyticity: L(£) is analytic for ( € C \ El iafces continuous boundary values on Ej, including 
self-intersection points. 

2. Boundary behavior: L(£) fafces continuous boundary values from each connected component ofC\ 
El, continuity holding also at corner points corresponding to self-intersections of El- 

5. Jump conditions: TTie boundary values taken on El \ {self-intersection points} satisfy 

L + (C)=MC)v L (C), (4.138) 
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with the jump matrix vl(C) defined by (4.131), \^.13(\ ), and (4-137) 



4- Normalization: L(£) is normalized at infinity: 

L(C) -> I as C^oo, (4.139) 

uniformly with respect to direction. 

Observe that the jump matrix vl(C) has the following properties: 
1- v l(C) has determinant one for all C € El- 

2. vl(C) is smooth on each open arc, and in particular is Lipschitz. 

3. At each point £o of self-intersection of El, let the intersecting arcs be enumerated in counterclockwise 
order (beginning with any arc) as E L , ■ ■ • , E^™ where n is even. The limits v L " := lhru^ . ^ e s (,c) v l(0 
exist and satisfy 

(1) (2)-l (3) (n-1) (ra)-l „ 1 

V L V L V L ••• V L V L =I - (4.140) 

4- vl(C) — I = C( | CI 1 ) as ICI ~> 00 • I n f act ; the decay is exponentially fast in \(\. 

The first two conditions are obvious. Checking the third condition is a direct computation that we omit, 
and the fourth condition follows from the fact that the ICI 1 ^ 4 growth of the conjugating factors s loc ' cven (£) 
and s loc ' even (C)~ 1 is controlled easily by the exponential decay of exp(±i£ 3 / 2 ) for arg(£) = ±7r/3, and of 
exp(-(-C) 3 ^ 2 ) for arg(C) = n. 



of the Ricmann-Hilbcrt problem 4.4.2 that additionally satisfies 



It then follows from Theorem A. 1.1 proved in the appendix that there will exist a unique solution L(£) 



1. L(C) is uniformly bounded and satisfies ||L(£) — I|| = 0(|£| p ) as |£| — ► oo for all /j, < 1, and, 

2. the boundary values L±(C) taken on each component of C\ El are Holder continuous for all exponents 
strictly less than 1, 

if and only if the corresponding homogeneous Riemann-Hilbert problem has only the trivial solution, i.e. 
the Fredholm alternative applies. If there exists a solution L(£), then define s loc ' evcn (£) by 

sl oc,evc„ (c) ;= L(c) . | l;^ ^^^ ^ JCj < J/2 , (4141) 

The function so defined has a holomorphic extension through the circle |£| = 1/2, since it takes boundary 
values there from both sides that are continuous and equal. It is easy to check that it solves the Riemann- 



Hilbert Problem 4.4.1. Uniqueness follows from the analogous property of L(£). 

So, we must now show that such a matrix L(£) exists by proving that all solutions of the homogeneous 
problem are trivial. Let us define this homogeneous problem. 

Riemann-Hilbert Problem 4.4.3 (Homogeneous auxiliary local problem) Let /x € (0, 1) be given. 
Find a matrix Lo(C) satisfying 

1. Analyticity: Lo(C) is analytic for ( € C\ El- 

2. Boundary behavior: Lo(£) takes boundary values from each connected component of its domain of 
analyticity that are Holder continuous with exponent fi, including at self-intersection (corner) points. 

3. Jump conditions: The boundary values Lo±(C) that Lo(£) assumes on any smooth oriented compo- 
nent of El \ {self-intersection points} satisfy 

L 0+ (C)=L _(C)v L (C). (4.142) 
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4- Homogeneous normalization: The matrix function Lo(0 vanishes for large £, satisfying the precise 
estimate 

IMOH <M\C\~», (4.143) 
holding for some M > and all sufficiently large |£|. 



Thus, a solution of the homogeneous Riemann-Hilbert Problem 4.4. 3| , is similar to L(£), but vanishes 
for large £. The identity matrix in the normalization condition for L(£) is replaced with the zero matrix. 
Note that, according to the discussion following the statement of Theorem |A.l.l| in the appendix, it su ffices 
to find a /io < 1 such that all nontrivial solutions of the homogeneous Riemann-Hilbert Problem 4.4.2 with 
exponents fi > can be ruled out. Unfortunately, the jump matrix vl(() lacks the symmetry needed to 
apply the general theory described in the appendix, so we must construct a specific argument. We will 
suppose that the Holder exponent satisfies \i > /io = 3/4. Let Lo(C) be a corresponding solution of the 
homogeneous Riemann-Hilbert Problem 4.4.3. First, set 



\0 :=Lo(C) 



jloc.even 



(0, 



ICI < 1/2, 
ICI>l/2. 



(4.144) 



This matrix is analytic in each sector for |£| = 1/2, and on the real axis and the rays arg(£) = ±7r/3 satisies 
the same jump conditions as S loc > cvcn (£). As £ — ► oo, we have for some M > the estimate 



gloc,cvcn 



(Oil < IMOH ■ lis 



loc.cvcn 



(Oil <M|C| 



(4.145) 



Next, set 



r i, 



A(0 = S oc < cvcn (C) • i 



1 





-i exp(iC 3 / 2 ) 
1 



1 iexp(— iC?/ 2 ) 
1 



-7T < arg(C) < -7r/3 , 
tt/3 < arg(C) < 7T , 

< arg(C) < tt/3 , 
-tt/3 < arg(C) < . 



(4.146) 



Since the matrices multiplying S ° c ' ovcn (0 above are uniformly bounded, A(0 retains the decay properties 



of S ' 



jump condition 



'(0- Also, A(C) is analytic for ( 6 C \ I. On the real axis, oriented from right to left, there is the 



A + (C)=A_(C) 



-iexp(-(-C) 3/2 ) 1 
1 

—i exp(-i( 3 / 2 ) 
exp(iC 3/2 ) 



C€K_, 



(4.147) 



Now, the matrix function Q(£) := A(C)A(C*)^ is also analytic for £ e C \ K, and since |A(C)j = 
C(|C| 1 ^ 4 ~ M ) for large |C|, we can apply Cauchy's theorem for all jj, > (1q = 3/4 to deduce that 



/oc 
Q+(C)dC = 0. 
-oo 



(4.148) 



Since for ( real, Q+(C) = A + (C)A_(C) t , ( ^.148[ ) becomes, using the relations Q4.147| ) 



A-(0 



ex p(_(_ C )3/2 ) i 

i 



A_(C) T dC 



A-(0 



1 iexp(— i( 3 ^ 2 ) 

iexp« 3 / 2 ) 



A_(C) t dC = 0. 

(4.149) 
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Adding this equation to its conjugate-transpose, and looking at the (1, 1) entry of the resulting matrix 
equation, one finds 



|A (1) (C)ll^exp(-(-C) 3/2 )dC + 



\aW(0\\1<K = o, 



(4.150) 



where A( fe )(C) is the fcth column of A(C), and consequently A^(C) = fo r 3(Q > 0. From ( 4.147 ), it then 
follows immediately that A^(() = for 3(C) < 0. The jump relations (4.147) then relate the boundary 
values of the remaining, possibly nonzero, entries of A(C) by 



a?>(0 = 



.(2) 



exp(zC 3/2 )A (2) (C) 



So, defining scalar functions a k (£) for ( S C \ M by 

a*(C) -I A ^ )(C) ' 
afe(0 -\ Ai 2 )( C ), 



3(C) < . 
3(C) > . 



(4.151) 



(4.152) 



we see that both functions are analytic for C £ C \ M+, both are C(|C| 1,/4 M ) for large |C|, and both take 
continuous boundary values on R + , where they satisfy 



a k+ (C) =exp( i C 3/2 )a fc -(C) 



(4.153) 



with the ray considered oriented from infinity to the origin. 

We now show that necessarily a&(C) = 0. Given a(C) := afe(C) satisfying the above properties, define a 
scalar function 6(C) that is analytic in the extended plane — 7r/3 < arg(C) < 2tt + 7r/3 by setting 



«(C), 

K0-={ a([C])exp(z[C] 3 / 2 ), 
a([C])ex P H[C] 3 / 2 ), 



< arg(C) < 2tt , 

2tt < arg(C) < 2ir + tt/3 , [C] := |CI exp(i(arg(C) - 2tt)) 
-tt/3 < arg(C) < , [C] := |CI exp(i(arg(C) + 2tt)) . 



(4.154) 



We are using the notation [C] for the class representative of C with < arg([C]) < 2tt. From the jump 
relation for a(Q it follows that 6(C) is analytic for arg(C) = and arg(C) = 2tt. In the extended plane 
where 6(C) ^ o(C); we have |6(C)| < |a([C])|; moreover, from the mere algebraic decay of a(C) for large |C|, 
we find that 6(C) decays exponentially for large |C| in these regions, and in particular on the boundaries 
arg(C) = — 7r/3 and arg(C) = 2ir + tt/3. Finally, define an analytic function of w for SR(iu) > by 



c{w) := b{-w 8/3 ) . 



(4.155) 



From the exponential decay of 6(C) for arg(C) = —tt/3 and arg(C) = 2tt + tt/3, it follows that |c(iy)| < 
Mexp(— y 4 ) < M'exp(— \y\) for all y € K. Also c(u>) is uniformly bounded for all $t(w) > 0. Now, we recall 



Carlson's theorem [RS78|: Suppose that f(z) is a complex-valued function defined and continuous 
for 5R(z) > and analytic for 3?(z) > 0. Suppose that \f(z)\ < Mexp(A|z|) for R(z) > and 
\f{iy)\ < Mexp(— B\y\) for all y £ K, where B > 0. Then f(z) is identically zero. 

Applying this result of complex analysis for A — and B — 1, we deduce that c(w) = 0. This in turn 
implies that Ofe(C) = 0, and in conjunction with our eariler results that A(C) = 0. Consequently we find 
that Lo(C) = 0. Therefore all solutions of the homogeneous Ricmann-Hilbcrt Problem 4.4.3| with Holder 
exponents \x > /io = 3/4 are trivial, and the required function L(C) exists by the Fredholm alternative (cf. 
Theore m |Al.l| ). Because L(C) has Holder continuo us bou ndary values, the matrix s loc ' even (C) defined by 
(4.141) is a solution of the Riemann-Hilbert Problem 4.4.1 taking uniformly continuous boundary values on 
S loc . 

Finally, we notice that since the jump matrix vl(C) is analytic on each ray of Sl and decays exponentially 
to the identity as C — * oo, all of the order C moments vanish, and it follows from Theorem A. 1.3 that 
||L(C) — I|| is uniformly order |C| _1 for large C- Using the formula (4.141), we see that this in turn implies 
the decay estimate (4.134), which completes the proof of Lemma 4.4.2. □ 
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< Remark: While it is sufficient for our purposes to present an argument for the existence of the matrix 
function s loc ' ovon (£) based on abstract Fredholm theory as done here, the solution to the Ricmann-Hilbcrt 
Problem |4.4.1| can even be given explicitly in terms of Airy functions. See JDKMVZ98A[ pKMVZ98B| , p99fl 
for these formulae. In those papers, it was essential to have an explicit accurate description of the local 
behavior near the endpoint, whereas we require only qualitative properties sufficient to establish ultimately 



that the explicit approximation afforded by the solution of the outer model Riemann-Hilbert Problem 4.2.3 



is part of a uniformly valid approximation to N CT (A). Indeed, it is only the expansion of N CT (A) for sufficiently 
large A that we need to compute asymptotics for the focusing nonlinear Schrodinger equation. 



On the other hand, using the explicit solution, it is possible to refine the decay estimate (4.134) even 
further, to C ( | C I 3 / 2 ) . This decay estimate can also be obtained by working with the differential equation 
that the matrix s loc ' cvcn (£) satisfies by virtue of an explicit transformation that reduces the jump matrices 
to constants. Then it follows that the ratio of s loc ' cvcn (£) with its derivative with respect to £ is a ratio of 
entire functions, which implies a linear differential equation for s loc ' cvon (£) from which one may obtain an 
asymptotic expansion for large £. We leave this calculation to the interested reader. t> 

As wa s the case with the matrix s loc ' cvcn (C), the matrix s loc ' cvon (£) solving the Riemann-Hilbert Prob- 
lem 4.4.1 is independent of all parameters h, x, and f, of our asymptotic analysis. We now propose a 
factorized representation of an approximation to S2fe(C) by setting for £ 6 C(^2fe) 



S 2fc (C) := 



ghol (c) loccvcn 



(4.156) 



This matrix depends on x, t, and h through the holomorphic prefactor 
relations within Q(D2k) as does S2fe(0- 

Finally, we use the matrix S2fe(C) to construct a local approximation of N CT (A) valid within D^k 
we apply to the matrix S2fc(C) the change of variables (4.123) and (4.125) connecting S 2 fc(£) to O ct (A). This 



It satisfies exactly the same jump 

First, 



yields a matrix that exactly satisfies the jump relations for O ct (A), and that by construction matches well 
onto the matrix O(A) at the boundary of D 2 fc. To recover the approximation for N CT (A) one multiplies by the 
explicit triangular factors D <T (A) relating, by definition, the matrices N CT (A) and O ct (A) in the lens halves, 
when C(A) is in regions I and IV of the £-plane. Thus, for A 6 D^k the local approximation is defined as 
follows. For C(A) in region I of the ^-plane, 



N? fc (A) :=S^(C(A))S 



aloe, i 



1 (C(A))expHJa 3 (^+i -a k )/(2h))x 



1 — iexp(— iJa.k/K) exp(irk(X)/H) 
1 



for C(A) in region II of the £-plane, 

N2 fc (A) := S^(C(A))S loc ^ c "(C(A))exp(-*J ( 7 3 (^ +1 -a k )/(2h))a^ 
for £(A) in region III of the £-plane, 

N2JA) := S' 2 f (C(A))S loc ^ cn (C(A))exp(zJa 3 (^ +1 + a k ) / (2h))a^ 
and for £(A) in region IV of the £-plane, 

N^(A) := Sh°'(C(A))S 1 ° c '— (C(A))exp(iJ<7 3 (0 fc+ i +a k )/(2h))x 



1 iexp(— iJak/K) exp(— irk(X)/H) 
1 



(4.157) 



(4.158) 



(4.159) 



(4.160) 



Here the function r^(A) is defined in Definition 4.2.4 



We finish our local analysis near the endpoint A 2 fc by recording several crucial properties of this local 
approximation. 
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Lemma 4.4.3 The local approximation N^A) is analytic for A G D 2 k \ (D2k H C), and takes continuous 
boundary values on C a that satisfy exactly N 2fc+ (A) = N| fe _(A)v^(A). 

Proof. This is an elementary consequence of the fact that for all £ € ((T>2k), ^2k(0 satisfies the exact 
same jump relations as S 2 k (C) ■ a 

Lemma 4.4.4 There exists some M > such that for all A £ D 2 k and all sufficiently small H, 

||N£ fe (A)|| < Mhr 1 ' 3 . (4.161) 
T/ie same estimate holds for the inverse, since the local approximation has determinant one. 



Proof. Recall the exact representation (4.130) of the function S 2 k(C) related to the outer solution O(A) 
obtained in <JO by a change of variables. It follows from the construction in §4.3 that S 2 fc(C(A)) blows up 
like (A — A2fe)~ x / 4 with a leading coefficient that is uniformly bounded as fi tends to zero. Now for A — A 2 fc 
small, the Taylor expansion for the analytic map £(A) gives £(A) = Af'fir 2 / 3 (A — \ 2 k) + C((A — Afc) 2 ), where 
M' is a constant that is bounded as h goes to zero. Approximating £(A) on the right-hand side of ( |4.13C ) 
by such a formula, one sees that the holomorphic prefactor S 2 £'(£(A)) must be of the form 



S^ ol (C(A)) 



T(A)fir 173/6 , 



(4.162) 



with T(A) being a matrix analytic in D 2 k that is uniformly bounded as h tends to zero. Now, since s loc ' cven (C) 
is bounded only by |C| 1/4 for large £, we get a uniform estimate for all A €E D 2 k of the form ||S loc ' oven (£(A))| = 
©(fir 1 / 6 ) as well. These bounds, along with the definition of N 2fc (A) yield the desired estimate. □ 

Lemma 4.4.5 There exists some M > such that for all A € dD 2 k, and for all sufficiently small h, 

l|N2 fc (A)N CT ut (A)- 1 - I|| < Mh 1 ' 3 , (4.163) 



where N^ ut (A) is defined by (f.lOi) in §^.3.6. 



Proof. By definition, we have for all A € D 2 k, 

N^WN^A)" 1 = S^ 1 (C(A))S loc ' CTCn (C(A))S 1 ° c ^ cn (C(A))- 1 S^ 1 (C(A))- 1 . (4.164) 
Now, as fi tends to zero, £(A) — > oo for all A € dD 2 k\ in particular \(\ ~ ft -2 / 3 for all A S dD 2 k- Therefore, 



directly from the large £ asymptotic properties of the matrix S loc ' even (£) in the estimate (4.134), we have 
for A G dD 2k , 

N^AfctA)- 1 = I + S^( C (A)) [G(|C(A)r 1 )] ^(C(A))- 1 . (4.165) 
From the proof of Lemma 4.4.4, the conjugating factors are each uniformly bounded for A € D 2k by ©(fir 1 / 6 ). 



Using this fact in ( 1.165| ) yields the desired bound. □ 



4.4.2 Local analysis for A near the endpoint A2&-1 for k — 1, . . . , G/2. 



The analysis near A 2 ^_i proceeds in a similar manner, beginning with the exact jump relations for the matrix 
0°"(A). The local contour structure is illustrated in Figure 4.11. The exact jump relations for O ct (A) in a 
neighborhood of X 2 k-i are 



o;(A) = cr(A)<v 



exp(iJ9 k /h) 
-iexp(</> J ^(A)/fi) exp(-iJ6» fe /fi) 



(4.166) 



for A e r+, 



0;(A) = 0-(A)a^ 



— i cxp(—i Jctk/h) 

—iexp(iJak/h) 



(4.167) 
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Figure 4.11: The jump matrix for O ct (A) near A 2 /c-i differs from the identity on a self-intersecting contour 
with \2k-1 at the intersection point. 



for A € it, and 



0° + (\) = 0<L(\)o- 1 



1 i exp(— i Jctk/h) exp(^fir k (X) / h) 
1 



for A £ Ct± ■ Here, we have the identifications 



r k (A 2 fc-i ) = J9k , <T (A 2 fe-i) = iJa k 



(4.168) 



(4.169) 



Once again, analytic continuation arguments using the complex phase function g a {X) yield useful relations 
between the function 4> a (X) continued from and the function r k (X) continued from it- One finds that 
for A e (7 



CT (A)-iJa fc =i(r fc (A)- J0 fc ) , (4.170) 
where <p a {X) and ffc(A) are continued respectively from and it to the left, and for A £ Ct_, 



4>°(X)-iJa k = -i(r k (X)- J0 k ) 



(4.171) 



where here 4> a (X) and r k (X) are continued respectively from and it to the right. 

The appropriate analytic change of variables A 1— > £(A) suggested by these continuation facts and the 
degree of vanishing of r k (X) — J9 k at A = A 2 fc-i now is specified by 



C(A) := - 



r fe (A) - J9 k 



2/3 



(4.172) 



and we note that f £ R+ when A € I k ■ It follows from the analytic continuation properties described above 
that 

4>°(X) - iJa k 



-(-0 



3/2 



(4.173) 



The transformation £(A) takes the local contours illustrated in Figure 4.11 into the £-plane as shown in 
Figure 4.12. We fix a disk Di k _\ centered at \% k -\ of sufficiently small radius independent of h. As before, 
we choose the contours 1^ , C£,, and within Z?2/c-i so that their images in £(_D 2 fc_i) lie respectively on 
the straight rays arg(£) = it, arg(£) = 7r/3, and arg(£) = — 7r/3. These choices straighten out the contours 
in Figure 4.12 within the expanding neighborhood C(D 2 fc_i). 
We make the change of dependent variable 



'2fc-l 



(0 := 



O a (X(Q)a 1 2 exp{iJa 3 {6 k -a k )/(2h)), (elUH, 
O CT (A(0)a 1 1 ^ exp(-Ua 3 (e k + a k )/{2H)) , (elllUlV. 



(4.174) 
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C(0 




C(0 



Figure 4.12: T/ie image of the local contours in the £ -plane. The intersection point is ( = 0. and the image 
of IT is the positive real (,-axis. 



Consequently, the matrix S 2 fc_i(£) satisfies locally simple jump relations. For £ <E ((T^), 

s afc _i, + (0 = s 3fc _i 1 _(c) 



1 

-*exp(-(-C) 3 / 2 ) 1 



for C e C(tf), 

and for C G C(C&). 



'2fe- 



. 1 , + (C) = S 2fe _ 1 ,_(().(-M) 



S 2fe _ 1)+ (C) = S 2fc _i,_(C) 



1 iexp(±iC 3 / 2 ) 
1 



(4.175) 

(4.176) 
(4.177) 



Along with t his, we consider the matrix Safe— i(C) defined for ( G £(-D 2 fc_i) in terms of the solution O(A), 
obtained in §4.3, of the outer model problem by 



>2fc-l 



(0 := 



6(A(C)V 1 2 eMiJo- 3 (9 k -a k )/(2h)), (eJU/J, 
6(A(C)K^ exp(-*Jos(0* + a k )/(2h)) , (elllUlV. 



(4.178) 



As before, this matrix is analytic in ^(D^h-i) except for £ G K+, where it takes continuous boundary values 
for all £ ^ that satisfy S 2 fe_i ! +(C) = S2k-i,-(C) • (— ioi). Although the jump relation for S 2 fc-i(C) is 
formally the same as for S 2 /c(£) in § |4.4.1 , one should keep in mind here that according to Figure 4.12, the 
orientation of R + has been reversed, and is oriented here from the origin to £ = oo. As before, one can prove 
the following decomposition result. 

Lemma 4.4.6 The matrix S 2 fc_i(C) determined from the solution of the outer model problem has a unique 
representation 

S 2fc -i(C) = S^ 1 _ 1 (C)S loc ' odd (C) , (4.179) 



whe 



jloc.odd 



(0 := (-cr ff3/4 



l/y/2 -l/y/2 
l/y/2 l/y/2 



(4.180) 



and where S 2 1 ^!_ 1 (C) is holomorphic in the interior of QiD^k—i 



This exact local representation of the outer model problem solution is thus written in terms of a complicated 
analytic part and a simple explicit local part that is a function of £ alone (and is in particular independent 
of ft). 

We obtain a similar factorization of S 2 fe_i (C) as follows. Recall the oriented contour S loc defined in §|4.4.1 
and illustrated in Figure |4.9|. Consider the following Riemann-Hilbert problem. 



Riemann-Hilbert Problem 4.4.4 (Local model for odd endpoints) Find a matrix s loc > odd (£) satis- 
fying 
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1. Analyticity: S 



loc,odd 



(C) is analytic for Q G C \ E loc 



2. Boundary behavior: S locodd (C) assumes continuous boundary values from within each sector of 
C \ £ loc , with continuity holding also at the point of self-intersection. 



3. Jump conditions: The boundary values taken on E loc satisfy 



s ioc,odd (c) 



gloc,odd^ ^ 



gloc,odd ( y-^ Qloc,odd j 



1 

zexp(-(-C) 3/2 ) 1 

1 -iexp(=Fi^ 3 / 2 ) 
1 



s+ c,odd (C) 



Sloc.odd//.\/- \ 



(4.181) 



I Normalization: S loc ' odd (C) is similar to S loc ' odd (C) at ( = oo, w/iere S loc ' odd (C) is de/med fey ( Rjgfij ). 

.Precisely, 

lim s 100 ' ^^)^ 00 ' ^^)" 1 =1, (4.182) 

£ — >oc 

wii/i the limit being uniform with respect to direction. 



Lemma 4.4.7 The Riemann-Hilbert Problem 4-4-4 h as a unique solution, with the additional property that 
there exists some M > such that the estimate 



-iloc,odd 



(C)s 



loc.odd 



cc)- 1 -in < A^icr 1 



(4.183) 



holds for all sufficiently large |£|. The solution s loc > odd (£) is universal in the sense that it does not depend 
on h. 



Proof. Rather than repeating similar arguments to those used in the proof of Lemma 4.4.2, we simply use 
the matrix si° c > cvcn (£) whose existence is guaranteed by that same lemma to construct a solution s loc ' odd (£) 
of the Riemann-Hilbert Problem [4.4.4|. For C G C \ S loc 



set 



2 loc.odd 



(C) := • S loc ' cvcn (C) ■ (w 8 ) ■ 



(4.184) 



It is a direct matter to check that the jump relations and normaliza tion c ondition for s loc ' cvcn (C), along with 
the smoothness and decay of the boundary values given in Lemma 4.4.2 imply that the matrix so-defined is 
a solution of the Riemann-Hilbert Problem 4.4.4 with the desired properties. Uniqueness follows from the 
uniform boundedness for finite ^, continuity of the boundary values, and Liouville's theorem. □ 



We now propose an approximation to S2/c-i(£) defined for £ G C(^2/c-i) by 



S 2fe _!(C) := 8^(08 



2 loc.odd 



(0 



(4.185) 



When we take into account the fact that the contour E loc is the union of ({I k ), C^^T), C(Cfe+) an d C(Cfel) 
with the orientation reversed, we see that Stafc— i(C) satisfies exactly the same jump relations as Safc— i(C)' 

As before, we may use this matrix to define a local approximation of N <T (A) valid for A G D^k-i- We 
define this approximation as follows. For £(A) in region I, set 



N^_x(A) :=S^x(C(A))S 



^loc.odd 



(((\))ex V (-iJa 3 (e k -a k )/(2K))x 



1 «exp(— iJctk/h) exp(— ir k (X)/h) 
1 



(4.186) 
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for £(A) in region II, set 

N? fe -i(A) := Sh°L 1 (C(A))S loc ' odd (C(A))exp(-zJa 3 (^ - a k )/(2h))a^ 
for C(A) in region III, set 

N 2 Vi(A) := S^_ 1 (C(A))S loc ' odd (C(A))exp( l J ( T 3 (^ +a,)/(2ft))a 1 i ^ 
and for £(A) in region IV, set 

N^-i(A) :=Sh° 1 _ 1 (C(A))S 1 °^ dd (C(A))exp(zJa 3 (0 fe + a fe )/(2ft))x 



1 — i cxp(— i J oik /K) exp(irfc(A)/S) 
1 



(4.187) 



(4.188) 



(4.189) 



As in § 4.4.1 , we can characterize the local approximation of N CT (A) near the endpoint \2k-1 by the 
following results, all of which are proved in exactly the same manner as their analogues for the corresponding 
approximations valid near A2fc. 

Lemma 4.4.8 The local approximation NJ^^A) is analytic for A € T>2k-\ \ (^2/c-i H C), and fafces con- 
tinuous boundary values on C a that satisfy exactly NS^-i + (A) = ^ffc-l -(A) V ^(A). 

Lemma 4.4.9 There exists some M > swc/i i/iai for all A £ D2k-i and aZZ sufficiently small h, 

l|N^_ 1 (A)|| < A^-V3 . (4190) 

The same estimate holds for the inverse matrix, since the local approximation has determinant one. 



Lemma 4.4.10 There exists some M > such that for all A £ dDik-i, and for all sufficiently small h 

l|N2 fe -i(A)N^ ut (A)- 1 - I|| < Art 1 / 3 . (4.191) 



4.4.3 Local analysis for A near the origin. 

Near the origin, the ad hoc replacement of N CT (A) with the "continuum limit" approximation N CT (A) breaks 
down for two reasons. First, at the level of the Riemann-Hilbert problem for the matrix O ct (A), the function 
a (X) is not analytic at A = and therefore the origin must lie at the junction of two lenses, one corresponding 
to the band 1$ connecting the origin to Ao, and the second being Iq , the reflection of Iq in the real axis. 
Furthermore, the terminal portion of the loop contour C a , namely the gap Fg/ 2+1 , and its complex conjugate 

^G/2+1 mee t a t the origin. Although ^R(cf>' y (X)) is negative by assumption on the interior of this gap, it always 
vanishes at the origin, which means that significant errors may be introduced by simply replacing the jump 
matrix on ^q/ 2 +i the identity on a neighborhood of the origin. The breakdown of the approximations 
leading to the outer model Riemann-Hilbert Problem 4.2.3| by these mechanisms is thus similar to the 
corresponding breakdown near the endpoints Ao , . . . , Aq . 

On the other hand, a second mechanism for failure of our formal approximations at the origin is unlike 
what happens at the nonzero endpoints. There is additional difficulty at the origin entering at the level of the 
"discrete" (referring to a discrete WKB eigenvalue measure d^ KB in the logarithmic integral) Riemann- 



Hilbert Problem 4.1.1 for N <T (A). Namely, the replacement of the function <j> a {\) by </> CT (A) is not valid in 
any neighborhood of the origin. Here, an additional contribution coming from the function W(w) defined 
by ( [3.64 ) must be included in any uniformly valid approximation. 

The situation near the origin is more complicated than near the endpoints Ao, . . . , Xg because analytic 
continuation properties of the functions appearing in the jump matrix do not favor the sort of convenient 
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change of variables that yields a model Riemann-Hilbert problem that does not involve H and yet captures 
the asymptotic behavior of the solution in a local neighborhood of fixed size independent of h. Thus, we 
are led to work in a shrinking neighborhood of the origin, and to introduce a less elegant local change of 
variables. 

The procedure we use is to consider the local error between the matrix N CT (A) satisfying the phase- 
conjugated Riemann-Hilbert Problem |4.1.l| and its outer approximation N£ ut (A) defined in §4.3 by (4.109). 
Thus, near the origin, set 

E ff ' loc (A) := N ,T (A)N^ ut (A)- 1 . (4.192) 



Near the origin, this matrix is analytic except on the contours shown in Figure 4.13. On these contours, we 




r + 

L G/2+1 




G=+l 



G=-l 



Figure 4.13: The support of the jump matrix for E CT ' loc (A) near A = 0. The picture depends on the index a . 
Left: a = +1. Right: a = — 1. The real and imaginary axes of the X-plane are shown with dashed lines. 



have jump relations of the form 



E 



fT, loC 



(A) = E^ loc (A) (6_(A)Dl(A)- 1 vS I (A)D;(A)6 + (A)- 1 



(4.193) 



Recall that 6(A) is the matrix obtained as the solution of the outer model Riemann-Hilbert Proble m |4.2.3| 



in §4.3, and D <T (A) is defined to be the identity outside all "lenses" while inside the lenses is given by (4.111) 
and (4.112). Therefore, the boundary values of D <T (A) are equal for A G ^q/ 2 +i an< ^ the boundary values of 

6(A) only differ for A € 2^. Also, recall that v§f(A) differs from the identity matrix only for A 6 and 
A G r Finally, the jump matrix in the lower half-plane is determined from that in the upper half-plane 

by the symmmetry that E CT > loc (A) satisfies by construction: E CT ' loc (A*) = o- 2 E ff ' loc (A)*o- 2 . 

Let Uh be a sufficiently small disk neighborhood of the origin, whose radius we will specify later. For 
A e Un, we introduce a change of variables of the form 

F ff (A) := C T (A)- 1 E^ loc (A)C' T (A) 



The conjugating factors are specified as follows. Let U£ (respectively U h 
the left (respectively right) of Iq U Iq . Then, we set 

I, 

C CT (A) := 0(A)ar" J 



(4.194) 

denote the part of Uh lying to 





— «<rexp(iJa /S) 



-ia exp(—iJao/h) 




A e Ul , 



(4.195) 



x exp(-z(Ja + ar (0))a 3 /(2hj) 
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Recall that 7"o(0) and «o are purely real constants, and that the function r(A) is defined in Definition 4.2.4. 
This, along with the properties of the solution O(A) of the outer model problem developed in §4.3, implies 
that the matrices C a (X) and their inverses are analytic and uniformly bounded in any sufficiently small 
neighborhood of the origin. 

The exact jump relations for F + (A) (by which we mean F <T (A) for a = +1) on the contours in the upper 
half-plane are as follows. For A G ri, 2+1 , 



F|(A)=Fl(A) 



1 

-i exp(<5+ IK) exp((0+ (A) - 0+ (0))/ft) (1 - d+ (A)) 1 



for A G C, 



0+) 



for A G C t, 



F+(A)=F±(A) 
F+(A)=F±(A) 



1 iexp(-i(r (A)-r (0))/ft) 
1 



1 

iejtp(*(r (A)-ro(0))/ft) 1 



and for A G Iq , 

F+(A)=Ft(A) 
These are expressed in terms of the quantities 



1 - d+(\) ie*p(-i(r (A) - r o (0))/ft)rf+(A) 

iexp(«(r (A)-r (0))/?i)(i+(A) l + d+(X) 



and 



cT(A) :=l-e*p((^(A)-^(A))/ft), 



S a := (f> a (0) - iJa a - iar (0) , 



(4.196) 



(4.197) 



(4.198) 



(4.199) 



(4.200) 



(4.201) 



where by ^> CT (0) we mean the limit as A — * in the gap rJ/2+i' and where we recall that J"o(A) is defined as 

the analytic continuation of a (\) from the band Iq . 

Similarly, the jump relations for F~(A) (i.e. for F CT (A) in the case when a = —1) in the upper half-plane 
are as follows. For A G T~i 



- G/2+1' 



F7(A) = FI(A) 



1 

-i exp(6-/h) exp((4>~ (A) - 4>~ (0))/h)(l - d~ (A)) 1 



for A G C, 



0+' 



for A G C+_, 

and for A G Iq , 

F7(A)=F7(A) 



f;(A) = f;(A) 



F7(A) = F7(A) 



1 

iexp(-i(r (\)-r (p))/h) 1 



1 texp(t(ro(A)-r o (0))/R) 
1 



l + d-(X) iexp(»(r (A) -r o (0))/n)ti-(A) 

*exp(-t(r (A) - r o (0))/fi)d-(A) 1 - d~(A) 



(4.202) 



(4.203) 



(4.204) 



(4.205) 



In both cases, the jump relations on the corresponding contours in the lower half-plane are obtained by the 
symmetry F CT (A*) = cr 2 F CT (A)*f72. 

We now observe a consequence of the fact that we are considering only values of h in the "quantum" 
sequence h = Hn, for TV = 1, 2, 3, . . . (cf. the definition ( |3.9[ ) of Tl/v)- Consider first the case a = +1. We 
know that in this case the function a (\) — i(j>' T (X) is analytic on the bounded interior of the loop C, except 
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on the support of the asymptotic eigenvalue measure p°(rj) drj, namely the imaginary interval [0, iA}. If we 
orient this interval from the origin to iA, then we can calculate the explicit jump relation: 



r (A)- i( ^(A)) + -r(A)-^(A))_ 



•2nj p°(v)dv- 



(4.206) 



Applying this relation to the limiting values of 6' <T (A) and <^ CT (A) taken as A — > along the boundary in either 
Iq or ~F~q/2+\i we take advantage of the fact that throughout Jq , we have the identity CT (A) = iJao, and 
throughout r^ 2+1 , we have the identity 9 a (X) = 0. Along with similar reasoning for the case a = — 1, we 
finally obtain the formula 

*i A 

S" = 2-nio I p°(r)) d v = -2maNH N , (4.207) 



where the second equality follows from the definition (3.9) of the quantum sequence of values of h. Conse- 
quently, whenever H = Hn for any N — 1, 2, 3, . . ., we conclude that exp(6' 7 /h) = 1. 

As in the local analysis near the nonzero endpoints, we again use the freedom of placement of the contours 
^G/2+i' anc ^ ^o± t° ensure that in some fixed disk neighborhood U of the origin, these contours are radial 
straight lines in the A-plane with slopes independent of h. Let Iq' and r < ty 2+1 respectively denote the tangent 
lines to 1^ and rJ/2+1 a ^ ^ ne or ig m - Note that the tangent line Tg^+i is confined to some sector for the 
inequality $t(<ff (X)) < to be satisfied, but is otherwise arbitrary, while the tangent line Iq' is not free, 
being fixed by the measure reality condition. For concreteness, we choose the contours so that for a = +1, 
Cq, n U bisects the sector between Iq' at the origin and the positive imaginary axis while Cq_ H U bisects 
the sector between the positive real axis and Iq at the origin. For a = — 1, we arrange that Cq + n U bisects 
the sector between the negative real axis and 1q , while Cq_ U bisects the sector between Iq' and the 
positive imaginary axis. Let n denote arg(J^"'), and £ denote arg(r^ 2+1 ). For a = +1, we have < n < 7r/2 
and 7r/2 < £ < ir, while for a = —1, we have < £ < ir/2 and ir/2 < k < ir. 

Our strategy is to approximate the exact jump relations for the matrices F CT (A) in terms of a crude 
rescaled local variable £ = —ip°(G)X/H, combining careful asymptotic analysis of d <7 (\) with elementary 
Taylor approximations of ro(A) — ro(0) and <jf {X) — (jf(Q). First, note that the definitions of 4>° '(A) and 
<^(A) imply 



1 — d a (A) = 



N ~ 1 \ \WKB* 
A ~ A h N ,n 



n 



\ _ \ WKB 

n=0 h N ,n 



exp 



1 



'A' 



iA r 



L°(A)p°fa)*;- 



-iA 



L»(\) P °(r)*)*dr) 



(4.208) 



so that in particular we see that d a (X) is independent of a. Recall now Theorem 3.2.1, which gives 



l-d^\) = m ^- ) (l + 0(h^)), 



(4.209) 



uniformly for bounded A outside any sector including the imaginary axis, or equivalently for £ = 0{h~^ 1 ). 
Now, the function W{w) defined by (3.64) has a cut on the positive real w axis, which corresponds to the 
positive imaginary £ axis. Thus, we find that 



l-d° 



(A) = ^Bg (-^C)-^ex P (2z£) (l + 0(4 /3 )) 



exp(7r£), < arg(£) < - 



exp(-7r£), - < arg(£) < tt. 



(4.210) 

To compactly express these asymptotics we define the analytic functions /i CT (£) for Sy(£) > and arg(£) 7^ tt/2 
by setting 



h°(Q := 1 



r(i/2 + i0, __ 2iC 



r(i/2-*o 



(-i£)-^ex P ((2i + (T7r)£). 



(4.211) 
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These functions are uniformly bounded if £ is bounded away from a sector containing the positive imaginary 
axis. From Stirling's formula, we deduce their asymptotic behavior for large C in the upper half-plane: 



1 



odcr 2 ). 



12< 

l + 0(exp(27r3fi(C))) : 



< arg(C) < 



2 ' 



< arg(C) < 7r. 



(4.212) 



1 + 0(exp(-27rR(O)) , < arg(C) < 



h-(C) 



12< 



< arg(C) < 7T. 



Next, define the constants u and v by: 



ip°(0) 



lim 

+o,Aer+ /2+1 



(A). 



-ip°(0) x- 



lim 



dr 
d\ 



(A) 



lim p' 



"(A). (4.213) 



These constants are of course independent of ft. For A E Iq', v( = —ip o (0)v\/h~N is real and negative. 
Likewise, for A € u ^ = — ip°(0)uX/h,N is real and negative. For A 6 we therefore have 



exp((^(A) - r(0))/h N ) = ex P K)exp(0(A 2 /^)) • 
Similarly, for Ae/ + U C^ + U C$_, 

exp(± i (r (A) - r (0))/h N ) = exp(±™C) exp(0(A 2 /ftjv)) 



(4.214) 



(4.215) 



We are now going to use these results to propose a model Riemann-Hilbcrt problem for an approximation 
to F CT (A). The range of validity of the asymptotic formulae (4.214) and (4.215) places restrictions on the 
size of the neighborhood U%. In fact, the radius of must shrink as ft j 0. If R is the radius U^, we will 



need to have R 2 /h <C 1 in order for the error factors in the Taylor approximations (4.214) and ( 1.215| ) above 
to be negligible for A 6 U%. On the other hand, to characterize the local behavior in a universal way (so 
that H enters into the local approximation in the form of a simple scaling) we will need the image in the 
C-plane of the boundary dUn to be expanding as ft j 0. This requires R/h ^S> 1. The radius R is therefore 
asymptotically bounded above and below: Scfi< ft 1 / 2 . Thus, let S be a number between 1/2 and 1, and 
fix the size of Un by setting R — ft 5 . We reserve the choice of a particular value of S for later optimization 
of our estimates. Note that for all sufficiently small ft, Un is contained in the fixed neighborhood U. 

By keeping the leading terms of the jump matrices for F CT (A) in an expansion for £ held fixed as ft tends 
to zero, we are led to propose a local model Riemann-Hilbert problem. First, we introduce a contour. Let 



£7 be the oriented contour shown in Figure 4.14 for both signs of a. Next, we define on the contour a jump 



matrix v£(C). For a = +1, and ( E £T with 3(C) > 0, set 



1 
-i(l-ft+(C))exp((u-27r)C) 1 



v£(C) := { 



1 iexp(— ivQ 

1 

1 " 

1 exp(ii>C) 1 



l-ft+(C) ift+(C)exp(-roC) 
ift+(C) exp(wC) l + ft + (C) 



arg(C) = £ , 
arg(C) - k/2 + tt/4 . 
arg(C) = k/2 , 
arg(C) = K . 



(4.216) 
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arg(Q = k 



arg(0= I 




arg(Q = k 



arg(Q = \ 




Figure 4.14: The contours for the model Riemann-Hilbert problems near the origin. Left: a = +1. 

r 

Right: a = — 1. In the upper half-plane, the unmarked contours bisect the angles between arg(0 = k and the 
boundaries of the quadrant. Although the orientation is as shown, both contours are symmetric with respect 
to complex- conjugation as sets of points. All rays extend to ( = oo. 

For £ e £t with 3(0 < 0, we set v+(0 := <72vt (0)*<72. For the opposite parity, a = —1, define for ( € £7 

F F F F 

and 3(C) > 0, 



1 

-i(l-fc-(C))exp((u + 27r)C) 1 



1 

iexp(—ivQ 1 



1 iexp(ivQ 
1 



1 + MC) i/i-(C)exp(wC) 
ift-(C)exp(-i<) l-/i"(C) 



arg(C) = £ , 
arg(C) = k/2 + tt/2 , 
arg(C) = k/2 + tt/4 , 
arg(C) = k . 



(4.217) 



Again, for (eE- with 3(0 < 0, we set v- (O := C2V- (C*)*<72. 



Riemann-Hilbert Problem 4.4.5 (Local model for the origin) Find a matrix function F CT (0 satis- 
fying 

1. Analyticity: F CT (0 is analytic for ( e C \ 

2. Boundary behavior: F CT (0 assumes continuous boundary values on from each sector of the 
complement, with continuity also at the self-intersection point. 

3. Jump condition: On the oriented contour £7 minus the origin, the boundary values satisfy 



n(o = F-(Ov-(o. 

[. Normalization: F CT (0 is normalized at infinity: 

F CT (0^I as C^oo. 



(4.218) 



(4.219) 



74 



CHAPTER 4. ASYMPTOTIC ANALYSIS OF THE INVERSE PROBLEM 



Lemma 4.4.11 Let the parameters u, v, n, £, and a he fixed. Then, the Riemann-Hilbert Problem (.4-5 
has a unique solution with the additional property that there exists a constant M > such that the estimate 

||F CT (C)-I|| <M|Cr X , (4.220) 

holds for all sufficiently large |C|- The solution is universal in the sense that it is independent of K. 



Proof. We begin by introducing an auxiliary Riemann-Hilbert problem. Let ££ be the contour illustrated 
in Figure 4.15 for both choices of the parity a. We define a jump matrix for ( <E ££\{self- intersection points} 



arg(Q = k 



arg(0= % 




arg(Q= k 



arg(0= I 




Figure 4.15: The contour ££ for a = +1 (left) and a = —1 (right). In each case, the contour contains a 
circle of radius 1/2 as well as the real axis. Outside the circle, the rays extend to C = oo and the orientation 
is as shown. Inside and on the circle, the orientation is determined so that the contour forms the positively 
oriented boundary of a multiply connected open region and the negatively oriented boundary of the closure of 
its complement in C. 



as follows. 



v£(C) 



I, 

v|(C), 



v^(C)- 1 



v£(C), 



[<72V£(C*)V 2 ] 



CGRor|C| = l/2, 

arg(C) =fcand \£\ > 1/2, 

arg(C) f K and \(\ > 1/2 and 3(C) > , 

arg(C) = k and |C| < 1/2 , 

arg(C) + k and |C| < 1/2 and 3(C) > , 

3(C) <0. 



(4.221) 



Riemann-Hilbert Problem 4.4.6 (Reoriented local model for the origin) Find a matrix L CT (C) sat- 
isfying 

1. Analyticity: L CT (C) is analytic for C € C \ ££. 

2. Boundary behavior: L CT (C) assumes continuous boundary values from each connected component of 
C \ ££ that are continuous, including corner points corresponding to self -intersections. 

3. Jump condition: On the oriented contour ££ minus the origin, the boundary values satisfy 

LT(C)=L-(CK(C). (4.222) 
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4- Normalization: L <T (C) is normalized at infinity: 

L CT (C) ->I as C^oo. 



(4.223) 



The Riemann-Hilbert Problem 4.4.6 differs from the Riemann-Hilbert Problem 4.4.5 of interest only in 



the orientation of the contour and the introduction of some contour components supporting identity jump 
matrices. Therefore, the solutions of these two problems are in one-to-one correspondence: F <7 (£) = L <T (C). 
The re-orientation of the contour and introduction of the real axis and the circle are simply to rewrite the 
problem in precisely the form to which the general results from the appendix can be applied. 

We now proceed to apply the Holder theory developed in the appendix. First observe that on smooth 
component of ££, and for each v < 1, the jump matrix v£(£) is Holder continuous with exponent v. 
Indeed, in the interior of each component, the jump matrix is analytic, and it is easy to see that the only 
obstruction to arbitrary smoothness is in the limiting behavior at the origin. Here, the term that determines 
the smoothness is the factor (— iQ^ 21 ^ in h a ((). But at C = 0, this term is in all Holder classes with 
exponents v strictly less than one. Next, note that on each ray of ££, the jump matrix decays to the identity 
matrix as £ — > oo at least as fast as 0(|£| _1 ). Indeed, from the asymptotic formulae ( 4.212| ), we see that 
for arg(C) = k, the decay to the identity is C ( | CI 1 ) - On the two rays on either side of arg(£) = k in the 
same quadrant, the decay of the jump matrix to the ide ntity is exponential for large |£| since v£ is real and 
negative for arg(£) = n. For arg(£) = £, one sees from ( 4.212 ) that the jump matrix decays exponentially 
to the identity like 0(exp(u£)). The symmetry that determines the jump matrix in the lower half-plane in 
terms of that in the upper half-plane ensures that similar decay properties hold in the lower half-plane, and 
of course on the real axis the jump matrix is exactly the identity. 

Next, we observe that the jump matrices are consistent at the origin, in the following sense. If we 
number the rays in counter-clockwise order starting with the positive real axis as £W,...,£( 10 ), and define 



:= lim 



V S(C)> then the cyclic relation 



v (i) v (2)-i v (3) v (4)-i 



>v (9) v (10)-l 



(4.224) 



holds for all values of the parameters u, v, k, £, and a. It is easy to see that the same property holds at each 
intersection point £o of the circle with a ray (i.e. |Co| = 1/2): since by definition, 



limv£((l + e)Co) ■ I" J v£((l - e)Co)r 1 = I . 
40 



(4.225) 



Finally, we observe that for all C € ££ with $s(Q ^ 0, the relation v£(C*) = [cr 2 v£(C)*cr 2 ] 1 implies that 



<(C)=<(0 t 



(4.226) 



This is not a general fact, but a consequence of the special structure of the jump matrices for this Riemann- 
Hilbert problem. Also, since the jump matrix is the identity on the real axis, v£(C) + v l(C)^ is strictly 
positive definite for real £. 



These facts allow us to apply Theorem A. 1.2 proved in the appendix to deduce the existence of a matrix 
L <T (C) that is analytic in C \ ££, that for each /i < v takes on boundary values on ££ th&t are uniformly 
bounded and Holder continuous with exponent /i, that for each /i < v satisfies L CT (£) — I = 0(|£|~ M ) as 
£ — > oo, and whose boundary values satisfy the jump relation LT(£) = L1(£)v£(£). Note that the meaning 
of the subscripts "+" and "— " in regard to the boundary values of L CT (C) refer to the contour ££ oriented as 
shown in Figure 4.15. Since the boundary values are uniformly continuous and since v£(£) = I for all real 
C 7^ and for all £ on the circle of radius 1/2 (except at the self-intersection points where the jump matrix 
is not defined), the matrix function L ff (C) is in fact analytic at these points. 

The function defined by F CT (C) := L <T (C) is easily seen to be the unique solution of the Riemann-Hilbert 
Problem 4.4.5, since it is analytic in C \ £|,, and since it has Holder continuous and uniformly bounded 

boundary values that satisfy FT(£) = F^(^)v?(C). Note that here the subscripts "+" and "— " of the 



boundary values refer to the orientation of Yf~ as shown in Figure 4.14 
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It remains only to obtain the decay estimate (4.220). For this, we return to the auxiliary problem for 
L CT (^), and we compute the moments (c/. formula (A. 7) in the appendix) of the jump matrix v£(£). First, 
observe that as ( tends to infinity along any ray of except those satisfying arg(£) = ±/c, 



V L (0=1+ exponentially small . 



(4.227) 



Now when a = +1 we can use ( 4.212 ) to obtain 

1 



v£(C) = 



12i( 
1 



^+ o(icr 2 ). 
odcr 2 ). 



On the other hand, when a = —1, (4.212) implies that 



1 



vE(C) 



12< 
1 



<T3+0(\(\- 2 ). 

^ + o(icr 2 ). 



£ — * oo with arg(e) = k , 

e — > oo with arg(e) = —K. 

e — > oo with arg(e) = k , 

£ — > oo with arg(e) = —K. 



(4.228) 



(4.229) 



Therefore in both cases, the higher-order compatibility condition (A. 8) holds, and since the jump matrix on 
each ray is uniformly analytic in a sufficiently thin parallel strip surrounding the ray, Theorem A. 1.3 gives a 
uniform decay rate for ||L <7 (e) — I|| of 0(|£| _1 ). This implies the decay estimate ( 4.220] ) and completes the 
proof. □ 

< Remark: Note that the construction of F CT (£) presumes that the angle K is not equal to tt/2. Ulti- 
mately this is because the asymptotic approximation of the discrepancy between the discrete sum and the 
integral given in Chapter || is not uniformly valid in any sector containing arg(£) = ir/2 (cf. Theorem |3.2.1 ). 
t> 

Now, we use the matrix F CT (£) to build an approximation No rigin (A) of the matrix N CT (A) for A G U%. 
Since F CT (£) has jumps on the rays arg(C) = ±k, which do not quite coincide with the contours Iq and Iq 
in the A-plane, we want to make one final deformation. For sufficiently small h, the tangent Jq meets the 
contour 2q within Un only at the origin. Denote the wedge-shaped subset of Un between these two curves 
by SIq . See Figure 4.16. The jump matrix v^(— ip (0)A/Sjv) for arg(A) = k has an analytic continuation 



to A € 5Iq for H sufficiently small, which we denote by u CT (C). If Iq lies to the right of the ray arg(A) = K 
in Uh for h small enough, then we set 



G CT (A) := F°(-ip\0)\/h N ) 



u°(-ip°(0)\/H N ), 
I, 



A e si+ , 



'C 2 



A e 5L 



{) • 



\eU h \(5I+(J5Iv), 



(4.230) 



and if 1$ lies to the left of the ray arg(A) = n in U% for h small enough, then we set 



u"(-i P °{o)x/n N )- 1 , 

G CT (A) := F°(~ip°(0)\/h N ) ■ I [a 2 u°(-ip°(0)\*/H N y 



0"2 



A e 51+ , 
A S 5Iq , 

Ae U h \(5I+U5Io). 



(4.231) 



Note that the constant — ip°(0) is always manifestly real according to (3.1). 
We now record several consequences of this definition. 

Lemma 4.4.12 There exists some M > such that for all A € U% and all sufficiently small h. 



G CT (A)|| < M. 



(4.232) 
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Figure 4.16: The regions SIq 



id SI Q as defined for sufficiently small h. 



Proof. It follows from Lemma 4.4.11 that the factor Y a (\/K) is uniformly bounded for all A. Next, we 
study the behavior of u a (X/h) in SIq. Along with its inverse, this matrix is bounded for arg(A) = n. To 
deform into SIq, we need only consider the behavior of the exponential factors exp(±iv(), since h a {Q) is 
uniformly bounded. Now, since Iq is smooth and tangent to the ray arg(A) = k, it will be the case for 
sufficiently small h that < ^s(—ip°(0)vX/hN) — 0{h 2 ^ 1 ) uniformly for A £ SIq because the radius of Un is h s N , 
and Q(—ip°(0)v\/HN) = for arg(A) = k. Therefore, uniformly for A £ SIq we have exp(±p°(0)wA/fijv) = 
(1 + Olh^^ 1 )) exp(±i3i(— ip°(0)v\/hN))- Similar arguments hold for A £ SIq, and the proof is complete 
since we always have S > 1/2. □ 



Lemma 4.4.13 The matrix G CT (A) has the same domain of analyticity for A £ Un as F CT (A) ; bounded 



by the contours Iq , T 



G/2+V 



and the corresponding contours in the lower half-plane as illustrated in 



Figure Define jump matrices for X £ Un relative to the oriented contour of Figure J^AS by F^(A) = 

F°;(A)vp(A) and G+(A) = G^(A)v£,(A). Then, there exists some M > such that for all X £ Un and all 
sufficiently small H, 



||v|(A)v^ (A)" 1 -!!! <Mti 



min(l/3,2<5-l) 
N 



(4.233) 



Recall that the neighborhood Un has radius h N for 1/2 < 8 < 1. 



Proof. From the definition of G CT (A), we have G+(A) = G^(A) for arg(A) = k. The continuity of the 
boundary values then implies that G <T (A) is analytic for arg(A) = n in Un- This latter statement assumes 
that Iq does not agree identically with its tangent line, in which case the regions SI^ 1 would be empty and 
we would have G <T (A) = F CT (— ip°(0)X/hjy). The remaining contours of nonanalyticity for F <T (A) have all 
been taken to be straight line segments within the fixed disk neighborhood U, and therefore agree with the 
corresponding contours for F CT (— «p°(0)A/?ijv)- The statement carries over to G CT (A) because for sufficiently 
small H the regions SIq where G^A) differs from F" T (— ip°(0)X/hpf) will only meet these contours at the 
origin. This proves that the domains of analyticity for F cr (A) and G CT (A) agree within Un- 
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The estimate (4.233) follows from our asymptotic analysis of the jump matrix vf (A). On the straight line 
segments Cq± and their images in the lo wer h alf-plan e, we have G CT (A) = F <T (— ip (0)A/7i/v), and therefore 
the simple Taylor approximations ( 4.214[ ) and ( [4.215 ) give 



v^A)v^(A)- 1 - I|| = ||v^(A)v;(- l p°(0)A/^)- 1 - I|| = exp(~\%(~ip°(0)v\)\/h N )O(\ 2 /h N ) , (4.234) 



which is 0(h 2S x ) for all A G U^. On the two straight line segments Tg^+i' we a § am find that G CT (A) = 

F ff (— ip°(0)A/?i7v)j but we have an additional contribution from the asymptotic approximation of gF(A) 
to take into account. The errors that dominate are determined by the choice of 5 since for a = +1 and 



A G T+ +1 n U H , we have (using (|4.196| ), fl4.210|) , (|4.214| ), and (|4.216| )) 



||v^(A)v^(A)- 1 -I|| = (l-^+Hp (0)A/^))expHp°(0)(7i-2 7 r)A/ft A ,)(l + O(? l ] v /3 ) + O(4 5 - 1 )), (4.235) 



with the first error term coming from Theorem 3.2. 1| and the second error term coming from the Taylor 
approximations (4.214) and ( 4.215| ). Similarly, for a — — 1 and A G ^ we h ave 



I|vf(A)v^(A)- 1 -I|| = (l-^-(-zp (0)A/%))expHp (0)( M + 27r)A/ft A r)(l + O(ft] v /3 ) + O(^- 1 )). (4.236) 

That both of these estimates are uniformly small in Un now follows from the boundedness and asymptotic 
properties of h (C)- By symmetry of the definition of th e jump matrices, both of these estimates also hold on 
/ 2 _|_ i nJ7ft. Finally, we note that to verify the estimate ( 4.233 ) for A G I^DU^ requires the same sort of anal- 
ysis as above, with the additional observation that the jump matrix for G CT (A), denoted by u CT ( — ip°(0)\/hjy) 
above, is uniformly bounded in Un according to the arguments in the proof of Lemma 4.4.12. □ 



Now, we give the local approximation for N CT valid near the origin. We define, for A G Un, 

NodgiJA) := C CT (A)G CT (A)C CT (A)- 1 N D ff ut (A) . 
The essential properties of this approximation are the following. 



(4.237) 



Lemma 4.4.14 Norigin(A) * s uniformly bounded independent of H for A G U%. Since det(NQ rigin (A)) = 1. 
this property is also held by the inverse matrix. 

Proof. The factors C T (A), C T (A) _1 , and NQ Ut (A) are clearly all uniformly bounded in Un, essentially 
since the solution 6(A) of the outer model Riemann-Hilbert Problem 4.2.3| obtained in §4.3 has bounded 
boundary values at A = on Iq. To analyze G CT (A), we observe that the factor F" T (— ip a (Q)X/h^) is uniformly 
bounded for all ( = —ip°(0)X/hj^ 1 and in particular for A G Un- The remaining factor in the definition of 
G CT (A) is controlled as described above, essentially because of the small size of the neighborhood Un- The 
fact that det(NQ rigin (A)) = 1 follows from the analogous properties of the individual factors, and that the 
determinant is unchanged by conjugation by C CT (A). □ 



Lemma 4.4.15 Let the jump matrix for NQ rigin (A) for A near the origin on the oriented contour shown in 
be denoted VQ rigin (A). Then, for some M > 0, 



Figure 



11, 



^^(^v^^A)- 1 -!!^!^ 173 ' 2 ^^ 
for all A on the contour in Un, and for all sufficiently small h. 



(4.238) 



Proof. Using the fact that C CT (A) is analytic in Un, we find 

v? J (A)v CT 1 . igin (A)- 1 = C CT (A)G- (A)v^(A)v^ (A)- 1 G^(A)- 1 C-(A)- 1 . (4.239) 

The estimate ( 4.238 ) then follows from Lemma 4.4.13| , Lemma [4.4. 12] , and the uniform boundedness in Un 
of C cr (A) and its inverse. □ 
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Lemma 4.4.16 There exists a constant M such that for all A £ dUn, and for all sufficiently small h, 



;|No riK in(A)N CT ut (A)- 



< Mh 



1-5 
N ' 



(4.240) 



Proof. From the definition of the local approximation, we have for |A| = 



= ||C CT (A) • [G ff (A) - I] • C ff (A)- 1 | 

< \\C(X)\\-\\C a (X)-^\-\\G"(X)- 

< M'-||G ff (A)-I||, 



(4.241) 



for some M' > where we have used the uniform boundedness of C a (A) and its inverse. Now, for all A € dUn 
that are not on the boundary of 51$ , we have G <T (A) = F <T (— ip°(0)A/fi.Ar), and then from the decay property 



( [4.220D of F" 7 (() established in Lemma |4.4.1l| the estimate fl4.240|) follows from ( [4.24l[ ) . For the other values 
of A € dUfr where G CT (A) ^ F CT (— ip a (0)A/h~N), we have to take into account an additional factor. But for 
| A| = h 5 N on the boundary of SIq 1 , it follows from the asymptotic behavior (4.212) of /^(C) and the geometry 



of the region SI^ 1 that this factor is uniformly I + 0(1%^ s ), and again (4.241) yields the required estimate 
(p~240|), □ 



4.5 Estimating the error. 



We have now completed our analysis of the Riemann-Hilbert problem for the matrix N CT (A) corresponding 
to arbitrary soliton ensembles connected with initial data ipo(x) = A(x) via formal WKB theory. We are 
now in a position to prove that the various approximations we have constructed in different parts of the 
complex A-plane are indeed valid. We begin by patching together the various approximations to obtain a 
global approximation that we will establish is indeed uniformly valid. Such a global approximation is called 
a parametrix. 

4.5.1 Defining the parametrix. 

We define the global parametrix, a model for N CT (A) in each part of the complex plane, as follows: 
' Nf fe (A), A : Lhi 0. 



N CT (A) 



a 2 N- fc (A*)V 2 , 
(XaN^A*)*^ : 

-^origin (A) ) 

N* ut (A), 



A 6 D 2 k , 

A 6 D *2k ' 

A e D 2k -i , 
A e D* 2k _ x , 



= 0,... 

k = 1, 
k= 1, 



,G/2 (cf. (4.157)-d4l60D), 

,G/2, 

...G/2 + 1 (cf. (p86|)-(p89|)), 
. . , G/2 + 1 , 



(4.242) 



XeU n (cf. (p37|)), 
otherwise (cf. ( |4.109| )). 



The parametrix N CT (A) so-defined is analytic except on a complicated union of contours that we refer to 
simply as So- The contour Eo is illustrated qualitatively in Figure 4.17 for a = +1 and G = 2. See the 
caption for details about the orientation. By contrast, we recall that the matrix N CT (A) is analytic for all 
AeC\CuC*. 

Along with the contour Eo> we consider a "completed" contour £ defined as follows. As a set of points, 
£ is the union of So with the restrictions of the lens boundaries C^ ± and C^T, to the interior of the disks 
Dk and D^. The contour S now can easily be seen to divide the plane into two disjoint regions f2 + and 
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Figure 4.17: The domain of analyticity of the parametrix N <7 (A) is C\£q. The dashed circle is the boundary 
of the disk U and is not considered to be part of So- The contour So is oriented as follows. The loop 
components C and C* have orientation a, the lens boundaries C^j_ (respectively C^_) are all oriented parallel 
to Co- (respectively [C*]^), and all disk boundaries are oriented in the clockwise direction. 



£l~ , and consequently the orientation of each smooth arc of S may be chosen so that S forms the positively 
oriented boundary of fl + and therefore also the negatively oriented boundary of f2 _ . The orientation of 
corresponding arcs of S and So will not necessarily agree. The parametrix N CT (A) may also be considered to 
be analytic for A 6 C \ £, with a jump matrix on £ \ So equal to the identity matrix. 

4.5.2 Asymptotic validity of the parametrix. 

The error in replacing N CT (A) by its parametrix is the matrix defined for A G C \ S by 

E(A) := N <T (A)N <T (A) _1 . (4.243) 

This matrix depends on a, as does the contour S, but we suppress this dependence in this section. Note that 
for each Hn, E(A) assumes boundary values on S that are uniformly continuous on the boundary of each 
connected component of C \ S, since this is a property of both N <T (A) and of all approximations making up 



the sectionally holomorphic definition (4.242) of the parametrix. Therefore, we may define a jump matrix 



relative to the oriented contour S by setting 

v(A) :=E_(A) _1 E + (A), AeS. (4.244) 
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Under the conditions we assumed in the analysis of §4.3 and §4.4, we can easily establish the following. 



Lemma 4.5.1 The matrix v(A) defined by (4-244) * s uniformly bounded on E and there exists an M > 
such that for all sufficiently small we have the estimate 



sup ||v(A) - I|| < Mh N 

AGE 



1/3 



(4.245) 



Proof. We begin with the smaller oriented contour Eo and consider its smooth arc components one type 
at a time. For all A £ Eo, let vo(A) denote the jump matrix for E(A) relative to the orientation of Eo rather 
than that of E. On each arc of Eo, we have either v(A) = vo(A) or v(A) = vo(A) -1 . 

First, consider the clockwise-oriented boundaries of the circular disks Un, Do, ■ ■ . , Dq, and Dq, 
On these boundaries, the jump matrix is simply 



n* 

i G' 



v (A) = (A)v?,(A)v^(A)- 1 N- (A)" 1 = N^(A)N^(A)~ 1 



(4.246) 



since N CT (A) is analytic at these boundaries and thus the corresponding jump ma trix i s the identit y. The 
plus boundary value refers here to the exterior of the disk and therefore by Lemma 4.4.5 and Lemma 4.4. 1C| , 
we obtain 

||v (A) -I|| < Mh 1 ^ , Ae<9DoU...U<9L> G , (4.247) 
with similar estimates holding for the clockwise-oriented boundaries of Dq, . . . , Dq. Likewise, by Lemma [4.4. 16 , 

||v (A) - I|| < M% l - & , A G dU h . (4.248) 



Next, we consider the parts of Eo in the interiors of the various circular disks. First consider one of the 
fixed disks £>, . Here we obtain 



IMA) -I|| 



||N-(A)v-(A)v-(A)- 1 N-(A)- 1 



< 



N-(A)||.||N-(A)- 1 ||.||vS J (A)v-(A)- 1 
= ||N-(A)||.||N-(A)- 1 ||.||v^(A)v^(A)- 1 
< M^ 2/3 ||v^(A)v^(A)- 1 -I||, 



(4.249) 



where we have used Lemma 4.4.3 and Lemma 4.4.4 (or their counterparts for odd numbered endpoints 
Lemma 4.4.S a nd Le mma 4.4.9). Now, since each disk is bounded away from the origin as H j 0, it follows 

a . A e E n Dj . (4.250) 



from Theorem 3.2.2 that 



l|v^(A)v^(A)- 1 -I|| <Mh 



Consequently, we have 



MA) 



< Mh 



1/3 



A e E n Dj , 



(4.251) 



with same estimate holding in D* . Next, we examine the interior of the shrinking disk XJn- For Eo n Un, we 
find, applying first Lemma 4.4.14 and then Lemma 4.4.15 that 



MA) -I|| 



||N-(A)v-(A)v^(A)- 1 N-(A)- 1 



< ||N-(A)||.||N-(A)- 1 ||.||vg J (A)v^(A)- 1 -: 

< Af 2 ||vS J (A)v^(A)- 1 -I|| 

A e E n u h . 



(4.252) 
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It remains to examine the components of So that lie strictly outside the closures of all disks. We call this 
exterior component Sq 11 *. In all of £g ut we have a uniform bound on N CT (A) = Nq U( .(A), and in particular on 
the boundary values, that is independent of H. Therefore, we have 



||v (A) - I|| < AJ|| V ^(A)v^(A)- 1 - I| 



A e £g ut . 



For A in a band of (CUC*)n Eg, we have from Lemma 4.3.1 that 



IMA) -I|| ^AfHv^A^A)- 1 - 



A e if n ss 



(4.253) 



(4.254) 



This quantity i s O(h ) for fixed A, but becomes larger near the outer boundary of the shrinking disk Un- 
From Theorem 3.2.2, we see that the error achieved at the cost of the shrinking radius of Un is the estimate 



||v (A)-I|| <M'h]i s . 



Xeitn ££ ut . 



(4.255) 

For A in a gap of (C U C*) n Sg ut , we have from Lemma [4.3.1| that 

||v (A) - I|| < M|K(A) cxp(-ije°(\)a 3 /h N ) - I|| , A e T± n Eg* . (4.256) 
The function ^(A) evaluates to a real constant in each gap. Using the definition of v£,(A), we find that 



v£f(A) expH J0° (A)<7 3 /fijv) - I = e(A) • a l 





1 



0-1 



where the scalar e(A) is defined by 

e(A) := i exp(-i0 ff (A)/ftjv) expffiW/htr) exp((^(A) - ^{\))/h N ) . 



(4.257) 



(4.258) 



Now exp(—i9 a (X) / Hn) is uniformly bounded, and by Theorem (3.2.2 , we find that for A 6 Sg ut we have 
exp(((j) a (\)-4> a (\))/h N ) = l + 0{h} N 5 ). The term exp(0 CT (A)//iAr) is, however, exponentially small with its 
maximum size C(exp(— M'K^ 1 )) being attained on the outside boundary of U%. Consequently, we have the 
estimate 

Er±nsg ut , (4.259) 

" !t the matrix N <T (A) is analytic, so we 



|v (A)-I|| < A/expt-M'^ 1 ), 



for some M ' > 0. Similarly, on the boundaries of the "lenses" in £' 
have 

||v (A)-I|| < M||v^(A)- 1 -I|| 



A/||D^(A)D^(A)- 1 - 



A e {lens boundaries} D Sg u 



(4.260) 



Here, D cr (A) is the explicit "lens transformation" matrix which differs from the identity matrix only inside 
the lenses, where it is defined by ( 4.111 ) and ( 4.112| ). These factors are exponentially small perturbations 
of the identity matrix away from the endpoints and the origin. It is again the proximity of the origin at the 
outside boundary of Un that dominates this error; ultimately we obtain an estimate of the form 



||v (A) - I|| < A/exp(-A/'^- 1 ) , A € {lens boundaries} n 



(4.261) 



for some M' > 0. 

We now combine the estimates ( |4.247j ), fl4.24Sj ), ( |4.25l| ), ( |4.252| ), (f4.255| ), ([4.259| ), and ( |4.26l| ). The overall 
bound is optimized by taking <5 = 2/3, which determines the radius of the neighborhood U^ as R = h 2 / 3 . 
With this choice, all bounds except for the exponentially small contributions ( 4.259| ) and (4.261) are 0(h]( 3 ). 
Finally, we note that the required estimate for the jump matrix v(A) for A in the completed contour £ follows 
from the corresponding result for S along with the facts that det(v (A)) = 1 for all A S So an d v(A) = I 
for all A e £ \ So- This completes the proof. □ 

Using the matrix v(A) and the contour S, we can pose a final Riemann-Hilbert problem. 

Riemann-Hilbert Problem 4.5.1 (Global Error Problem) Find a matrix function R(A) satisfying 
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1. Analyticity: R(A) is analytic for AeC\E. 

2. Boundary behavior: R(A) assumes continuous boundary values on S from each component of the 
complement, with continuity also at self- inter section points. 

3. Jump condition: On the oriented contour £ \ {self-intersection points}, the boundary values satisfy 

R+(A) = R_(A)v(A). (4.262) 

4- Normalization: R(A) is normalized at infinity: 

R(A) -> I as A -> oo . (4.263) 



On the one hand, we already "have" the solution to this Riemami-Hilbcrt problem. 



Lemma 4.5.2 The global error Riemann-Hilbert Problem 1.5.1 has a unique solution, namely 

R(A) = E(A) , 



where E(A) is defined by (4.24c ) 



(4.264) 



Pro of. T he analyticity, boundary behavior, and normalizatio n prop erties follow directly from the defi- 
nition ( 1.245 ). The jump condition is equivalent to the definition ( 4.244 ) of the matrix v(A). Uniqueness of 
the solution follows from the continuity of the boundary values and Liouville's theorem. □ 

But o n the other hand, we can consider constructing the solution R(A) of the global error Riemann-Hilbert 
Problem 4.5.1 directly, using only the available information about the the jump matrix v(A) contained in 
Lemma 4.5.1 . Whatever we learn about R(A) in this pursuit is then trivially a fact about the error matrix 

E(A) - 

In order to construct R(A) and obtain the desired estimates, we need to establish a uniformity result 
concerning the ^-dependence Cauchy integral operators on the contour £ entering through the shrinking 
circle dUn of radius h s . The main result we need is Lemma 4.5.4 , but in order to prove this we will first need 
the following technical lemma. 

Lemma 4.5.3 Let I(s), < s < s max < oo be a C 2 curve in the complex plane parametrized by arc length, 
and suppose that 1(0) = and 7(s max ) ^= 0. Let C e denote the clockwise-oriented circle centered at the origin 
with radius e. See Figure 4.1b . Then, for f £ L 2 (C e , |<iz|) and w £ I , the Cauchy integral 



{C c 'f)(w) :=^- I (z~w)- 1 f(z)dz 
2™ Jc t 



(4.265) 



defines a bounded operator from L 2 (C t , \dz\) to L 2 (I,ds) with a norm that is uniformly bounded above by a 
constant for all sufficiently small e. Similarly, for f £ L 2 (I,ds) and w £ C c , the Cauchy integral 



(C'f)H :=^~ r*\l(s)-w)- l f(I(s))f(s)ds 
2m J as 



(4.266) 



is a bounded operator from L 2 (I, ds) to L 2 (C e , \dz\) with a norm that is uniformly bounded above by a constant 
for all e sufficiently small. 



Proof. For e sufficiently small there is a unique s e > such that |/(s e )| = e. This value satisfies 
s e /e — > 1 as e J. 0. Let (f> := arg(/'(0)). We divide each contour into two pieces as follows. Let 7™ 
denote the contour parametrized by 7(s) for s £ [0, s e ] and 7° ut denote the contour parametrized by 7(s) for 
s £ [s e ,Smax]- Then, let C+ denote the part of C e with <f> — it < arg(z) < arg(s e ) and C~ the part of C e 
with arg(sc) < arg(z) < cj> + 7r. Note that arg(s e ) tends to as e tends to zero, so for small e we are nearly 
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Figure 4.18: The contours of Lemma 1.5.S 




Figure 4.19: The subdivided contours. 



dividing the circle in half along the tangent line to I at the origin. These subdivisions of the contours are 



illustrated in Figure 4.19 



Let x[E](z) denote the characteristic function of a contour segment £; then for f G L 2 (C £ ) and w € I, 
the Cauchy operator C Ce is decomposed as: 



(c^f)H = x [/ e out ]H • (c°-(x[c+](-)f))W +x[/ e out ]H • (c c «( x [c e -](-)f))M 

+ x [if]H • (c c -( x [c+](.)f))H + x[4 n ]H • (c^( x [c e -](.)f))H . 

Likewise, for f £ L 2 (I,ds) and w 6 C e , we have 

(Cf)M = x [c+](«o • (c^PlOfMW+^lM • (e J (x[/f](0f))H 

+ x[cr](w) • (^(x[/ e out ]0)f))H + x[^-]H • (c J (x[/f](-)f))H. 



(4.267) 



(4.268) 



It is therefore sufficient to prove the uniform boundedness of each operator on the right-hand side of each 
expression. Below, we will give details only for the terms involving C+, since the reader will see that the 
bounds involving C~ are obtained in exactly the same way. 

We now introduce arc length parametrizations of C+ , I™ and I° ut , and at the same time use the invariance 
of the Cauchy integral under translations and rotations to bring the intersection point I(s e ) to the origin 
and to make tangent to the positive real axis there. Therefore, using tildes to denote the translation 



and rotation (see Figure 4.20), for we have the parametrization: 

C+{y) := ie(exp(-iy/e) - 1) , < y < e£ e + , 
where := tt + arg(7(s e )) — <f> is an angle converging to it as e J, 0. For I™ we have 
Il n (x) := (I(s £ -x)- I(s e ))i exp(-z arg(/(s e ))) , < x < s e , 

and for I° ut we have 

I° ut (x) := (I(s e +x) - /(*))* exp(-targ(J(s e ))) , < x < S e , 



(4.269) 
(4.270) 
(4.271) 
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where 5 e := s max — s e converges to s max > as e J, 0. Note that at the origin, I™ is tangent to a ray making 
an angle of Q u := — ir/2 + arg(/'(s e )) — arg(I(s e )) with the positive real axis, and I° nt is tangent to a ray 
making an angle of £° ut := tt/2 + arg(I'(s e )) — arg(/(s e )) with the positive real axis. These angles converge 
to —tt/2 and tt/2 respectively as e J, 0. The reader should note that the scales have not been changed by 
these transformations. The circle U C~ still has radius e, and the subsequent estimates will be uniform 
for e sufficiently small. 

For f £ L 2 (C+ , dy) and < x < s e , we define a kernel K m (x, y) by writing 

ctt 1 



1 

2tH 



{Ct{y) - r?{x))-H{Ct{y))cr{y)dy 



1 

2t7i 



(y-xexpiiOr^UJXy) dy 



(i 



1 

2tH 



(4.272) 



K™{x,y){Uxf){y) dy . 



where the map defined by (U\f){y) :— f(C+ '{y))Cf' '(y) is a unitary isomo rphism between L 2 (C+,dy) and 
L 2 (\0, et;j~], dy ). Th e reader will observe that the left-hand side of ( 4.272 ) is the third term on the right- 
hand side of (4.267). Therefore wc have written this term as a sum of an explicit Cauchy integral in the 
new coordinate system, plus an error term involving the kernel K ln (x 1 y). Then, for f S L 2 (/ £ n ,dcc) and 
< y < c£,t -i we have an expression in terms of the same kernel of the "reciprocal" Cauchy integral: 



1 

2i7i 



{if{x) - ct(y)r i m a (x))ir(x)dx 



i 

27ri 



(zexp^Cn-j/rWH^dx 



o 



- / h t "(.r. !l )[U>f)U)d.r. 



(4.273) 



where the map (U2i)(x) := f(Il a (x))P e n '(x) is a unitary isomorphism between L 2 (P e n , dx) and L 2 ([0, sj, da;). 
The left-hand side of ( 4.273| ) is just the second term on the right-hand side of (4.268) written in the new 
coordinates, which has similarly been split into a Cauchy integral and a remainder term involving K ln (x, y). 
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Similarly, we define a kernel K out (x, y) by writing for f G L 2 (Cf , dy) and < x < S e 



2m J 



(C+(y) - ir\x))-'f(Ct(y))Cr(y)dy 



2m J 



(y-xeMK^r'im^dy 



(4.274) 



1 

2?ri 



K^ix^iUJ^dy, 



from which we then obtain for the reciprocal Cauchy integral, for f G L 2 (I° ut ,dx) and < y < e£+ 



1 

2nd 



(JT\x) - Ct{y))-H{IT\x))I^'{x)dx = 



2m 



(xeMiQ^-ytHu^Wdx 



(4.275) 



2m 



K° ut (x,y)(U 3 i)(x)dx, 



where U 3 denotes the unitary isomorphism from L 2 (I° ut ,dx) to L 2 ([0, S e ], dx) defined by (U 3 f)(x) := 
f(I° ut (x))I° ut '(x). The decomposition (4.274) is a representation of the first term on the right-hand side of 
( 4.267| ). Likewise, (4.275) is a representation of the first term on the right-hand side of (4.268). 

Having represented each term involving on the right-hand sides of (4.267) and ( 4.268| ) as a sum of a 
Cauchy integral operator in the new coordinate system and a remainder type integral operator, we now need 
to prove that these are in fact all bounded operators. The Cauchy operators are handled by an argument 
of Beals, Deift, and Tomei [BDT8S] that uses the theory of Mellin transforms in L 2 spaces on straight rays. 
Their methods show that regardless of the value of e, 



dy 



2m J y — xex.p(iQ n ) 



1 



dy 



2ni J y — xexp(iQ ut ) 
dx 



1 



2m' J Q xexp(iQ n ) — y 



1 



dx 



2m J xexp(i£° ut ) — y 



{Uxf){y) 



{Uxf){y) 



(U 2 f)(x) 



(U 3 f)(x) 



dx 



dx 



\\f(C?(y)Wdy, VieL 2 (C?,dy) 



||f(C+(y))|| 2 ^, VfeL 2 (C+,dy) 
dy < i \\f(li a (x))f dx , Vf G L 2 (ll n : dx) 



(4.276) 



dy < 



|f (7° u (aO)|r dx, Vf G L z {I° n \ dx) 



as long as Q n and £° ut are both nonzero. Since these angles converge to —ir/2 and 7r/2 respectively as e j 0, 
this will be the case for all sufficiently small e. Thus, the Cauchy integral operators appearing as the first 
terms on the right-hand sides of (4.272), (4.273), (4.274), and (4.275) are bounded, with bounds that are 
independent of e. 

We now turn to the estimation of the "remainder" operators with kernels K ln (x,y) and K ont (x, y). In 
this connection, we first note that these kernels, which are explicitly written as 

K in (x,y):= / . - , K^(x,y) ' ' 



Ct{y)-fy (x) y-xeM<i n )' 



C+ (y) - I° ut (x) V-x ex P (zC° ut ) ' 

(4.277) 



are bounded functions on their respective domains of definition, and 

limsup \K m (x,y)\ < 00, limsup \K° nt (x, y)\ < 00. 

x,y — >Q x,y — >0 



Therefore, for all f G L 2 (C+,dy), 
K^y^UJ^dy 



2 




dx < I 


f ' dx f 




y Jo Jo 



dy\K in (x,y)f 



(4.278) 



\f(C?(y))\\ 2 dy, (4.279) 
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and 



K™\x,y){m){y)dy 



2 




dx < I 


f ' dx [ 




Jo Jo 



dy\K out (x,y)\ 




f(Ct{y))\\ 2 dy, (4.280) 



while for f G L 2 {T™,dx), 



K m (x,y)(U 2 i){x)dx 



dy< 



dx 



dy\K in (x,y)\ 




\f(P«(x))\\ 2 dx, (4.281) 



and for f G L 2 {I° ut ,dx), 



K° ut (x,y)(U 3 f)(x)dx 



dy< 



dx 



dy\K™\x,y)\ 




\\f(I° nt (x))\\ 2 dx. (4.282) 



These norm estimates are finite for all e > 0, and we must control their dependence on e as e J, 0. 
We now claim that 



lim 

eio 



lim 

ej.0 



dx 



dx 



dy\K m (x,y)\ 2 = 



dz I dw 



1 



1 



dy\K°^(x,y)\ 2 = 



dz 



dw 



i(exp(— iz) — 1) + iw z + iw 
1 1 



i(exp(— iz) — 1) — iw z — iw 



< oo 



< oo . 



(4.283) 

These limits are finite because the integrands are bounded near z = w = (in particular they arc both 
less than 1 for all z < 1), decay like w~ A for large w, and are uniformly bounded elsewhere. To prove the 
claim, first rescale in both integrals by setting z — y/e and w — x/e. This modifies the integrand through 
the Jacobian by multiplication by e 2 . For the K ln (x, y) integral, the region of integration tends to the fixed 
rectangle [0, 1] x [Q,w], while for the K° ut (x,y) integral, the region of integration tends to the semi- infinite 
strip [0, oo] x [0,7r]. Using the fact that the curve I(s) is twice differentiable, one sees that the integrands 
e 2 \K m (ew, ez)\ 2 and e 2 \K out (ew, ez)\ 2 converge pointwise as e J. to the integrands on the right-hand side of 
( 4.283| ). The convergence is in fact uniform for the K m (x,y) integral, and therefore this part of the claim 
follows immediately. For the K ont (x 7 y) integral the claim follows from a dominated convergence argument. 

Since the limits (4.283) exist, the operators having kernels K m (x,y), —K ln (y,x), K out (x,y) and finally 
— K ont (y,x) are bounded in the appropriate L 2 spaces, uniformly as e J. 0. Combining these estimates with 
the Beals-Deift-Tomei estimates of the Cauchy kernels and the results of a parallel analysis involving the 
circular arc completes the proof of the lemma. □ 

For each fixed value of h, we can define operators C± on L 2 (T,) taking a function f(z) to the boundary 
values taken on each oriented segment of E from the + and — sides respectively of the Cauchy contour 
integral 

(C S f)H := — f (z-w)- 1 i(z)dz. (4.284) 

With a suitable interpretation of convergence to the boundary values, for each fixed h, these operators are 
bounded on L 2 (S). 

Lemma 4.5.4 There exists an M > such that for all sufficiently small K, 



IC 



< M . 



id ||C S || L 2 (S) < M. 



(4.285) 



Proof. We first note that, modulo self-intersection points, the contour T, can be written as a union of 
an ^-independent part E \ dlln, and several arcs making up the shrinking circle dUn- Let f G L 2 (E), and 
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decompose it into a sum g + h where the support of g is contained in E \ dUh and that of h is contained in 
dUfr. Then, for almost every z £ £ \ dUn, 



(C*f)(z) = (cf dU *g)(z) + (C dU *h)(z), 

and for almost every z £ dUh, 

(C£f)(z) - (Cf *h)(z) + (C E \^g)( 2 ) . 
Integrating to compute the norm, we first estimate 

£ || (C| f)(z)|| 2 \dz\ < I gg + I gh + I hg + I hh . 



(4.286) 



(4.287) 



(4.288) 



where 



Ihg 



I ||(C^ W »g)(z)|| 2 |dz|, I gh := / \\(C du -h)(z)f\dz\ 



(4.289) 



dUn 



||(C s \^g)(z)|| 2 |dz|, I hh := / ||(Cf«h)(z)|| 2 |dz| 



dUn 



First, we estimate the "diagonal" terms I gg and Ihh- Because the contour E \ dUh is independent of H, 
there is some ^-independent constant C gg > such that 



t < n 

1 gg — ^99 



[ ||g(z)|| 2 Mz|<C 99 / \\{(z)\\ 2 \dz\ 



(4.290) 



Now for the integral Ihh the contour depends on H, but in a simple way that can be scaled out. Thus, 
rescaling, 



hh = K 5 I ^~ I (t- w±)- 1 h(^t) dt 
Jam lm Jaut 



\dw\ 



(4.291) 



With the contour rescaled to a radius independent of H, we see that there exists an ^.-independent constant 
Chh > such that 



hh < h d c, 



hi, 



[ \\h(h s t)\\ 2 \dt\ = C hh I ||h(z)|| 2 \dz\ < Chh I \\t{z)f \dz\ 
Jaux Jaun Jt, 



(4.292) 



Next, we turn to the estimation of the "cross terms" I g h and Ihg- For this purpose, we again decompose 
the ft-independent contour £ \ dUh into two fi-independent parts by cutting it at the boundary of the fixed 
but small disk U (this disk is illustrated in Figure 4.17). Thus, let r m (respectively r out ) denote the part of 
E \ dUh inside (respectively outside) U. With this decomposition, we have by Cauchy-Schwarz, 



Igh - 



||(C^h)(z)|| 2 |dz|+ / ||(C^h)(z)|| 2 H 



pout 

ft 5i r out 



< / ||(C^h)(z)|| 2 |dz| + ^^ sup \s-z\^f ||h( S )|| 2 |d S | 



(4.293) 



where |r out | is the ^-independent total arc length of r out . The supremum in the last line is bounded as 
h tends to zero because distance between r out and dUh increases as h decreases. Therefore, there is an 
^-independent constant C°^ ss > such that 



||(c a ^h)(z)f \dz\ + h d c; 



5 /^yout 

cross 



\f(z)\\ 2 \dz\ 



(4.294) 
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S!) 



for all sufficiently small h. We momentarily delay the estimation of the term involving T 
same decomposition to Ii ig and using Cauchy-Schwarz, we find with the same constant C\ 



Applying the 



out 

cross 



h a < I HC 1 s)(zW\dz\+ / \\(C l g)(z)\\ 2 \dz\ 

IdUn JdU h 

• / \\(C rin g)(z)\\ 2 \dz\+h s C^ ss [ \\t(z)\\?\dz\. 

IdUn JT, 



(4.295) 



Finally, to estimate the remaining terms in I g h and I^.g, we appeal to Lemma 4.5.2| . Note that r m is a 
union of eight smooth curve segments (in fact all but two of the segments are exactly straight ray segments) 
meeting at the origin. Therefore the lemma applies to the interaction of each curve segm ent w ith the circle 
dUn of radius e = h s . Summing the h- independent estimates guaranteed by Lemma 4.5.3 finally gives 



constants C g n h > and C™ g > such that 



\\(C du *h)(z)\\ 2 \dz\ < C; 



pin 



gh i \\Hz)\\ 



\dz\ < C. 



\t(z)\\ 2 \dz\ 



and 



\(C rin g)(z)r\dz\<CZ \\ \\ % {z)f\dz\<Ct g \ \W)f\dz\ 



(4.296) 



(4.297) 



idu R Jr^ 
Assembling the estimates of the diagonal terms and the cross terms finally completes the proof. □ 

With these results in hand, we can estimate the error E(A) under the condition that we have found a 
complex phase fu nction g a {\). We do this by constructing the solution R(A) of the global error Riemann- 
Hilbert Problem 4.5.1 directly from its jump matrix v(A), for which we have a uniform estimate from 



Lemma 4.5.1 



Theorem 4.5.1 (Conditional Error Bound) Given the existence of a complex phase junction g a {\), 
there exists some M > such that for all sufficiently small Hn, the error satisfies the estimate 



|E(A)-I|| < Mh]( 3 sup\s- Al" 1 



(4.298) 



Proof. For A S S, set w + (A) := v(A) — I and w (A) := 0. Then from Lemma 4.5.1 and Lemma 4.5.4 



we observe that the conditions of Lemma B.0.2 in the appendix are met. This guarantees the existence of 
a matrix R(A) s atisfying the global error Riemann-Hilbert Probl em 4.5.1 in the £ 2 (E) sense. According 
to Lemma B.0.2, this solution R(A) satisfies the error estimate (B.ll), which by virtue of the bound on 
||v(A) — I|| afforded by Lemma 4.5. l| and the fact that the total length of the contour £ remains uniformly 
bounded as hjy tends to zero implies (4.298) via the equivalence E(A) = R(A). □ 



<i Remark: In principle, the representation E(A) = R(A) and the asymptotic control on w ± (A) implies 
not only the estimate given here, but also an explicit series representation of R(A) obtained via the solution 
of the associated singular integral equation (c/. Lemma B.0.1) by Neumann series. Making the calculation 
of correction terms in the expansion R(A) = I + . . . effective requires explicit knowledge of the matrices 
w ± (A). Because the matrix v(A) is constructed in terms of boundary values of the parametrix N CT (A) 
on E, the practical computation of higher-order corrections for R(A) amounts to representing the various 
approximations of N CT (A) in terms of known functions. Such a representation is of course available for 

Ct(A). 



and §4.4.2 it is possible to obtain explicit 



the "outer" approximation Nq U( .(A). Also, as remarked in §4.4.1 
formulae for the approximations N^A) and N^.j^A) in terms of Airy functions (although we did not pursue 
this particular path). Therefore, the obstruction to calculating explicit higher-order corrections to R(A) is 
really an explicit special function representation of the matrix F <T (A) used to build the local approximation 
No ri • (A) near the origin. > 



90 



CHAPTER 4. ASYMPTOTIC ANALYSIS OF THE INVERSE PROBLEM 



Recall the definition ( [2.28 ) of the exact solution ip of the nonlinear Schrodinger equation corresponding 
to the semiclassical soliton ensemble that is the nonlinear superposition of the individual solitons indexed 
by the WKB eigenvalues A^ K ^, as well as the definitions ( |4.96| ) and (4.108) of the explicit approximation -ip 
obtained in §4.3. Using the relation between N CT (A) and M(A) given in (4.1), we obtain 



Theorem 4.5.2 (Conditional strong asymptotics for semiclassical soliton ensembles) Given the ex- 
istence of a complex phase function g a {X), there exists a positive constant M such that for all sufficiently 
small hff, 

(4.299) 



\il>-$\< Mh 1 ^ . 



The asymptotics are strong because x and t are held fixed. 



Proof. Start with the exact representation of M(A): 

M(A) = E(A)N CT (A) exp(g°(\)<T 3 /h N ) , (4.300) 

which implies for the (1,2) entry 

Mia(A) - N? 2 (\)exp(-g°(\)/h N ) + |~(E(A) - I) • N CT (A)1 exp(-g°(X)/h N ) . (4.301) 

L J 12 

Multiplying by 2iX and passing to the limit A — > oo for fixed Hn using the fact that for large A, N <T (A) = 
N£ ut (A) and the fact that g a (X) = 0(\X\- r ) yields 



V> = ^+ lim f2Uexp(- 5 ff (A)/^jv) (E(A) - I) • N CT (A) 

A — > DC V 



(4.302) 



The theorem is thus established upon using the estimate stated in Theorem 4.5.1 



□ 



<i Remark: Theorem 4.5.2 presumes the existence for fixed x and t of an appropriate complex phase 
function g a (X) characterized by an admissible density function p a (r)) as in Definition 4.2.5 for which 



1. The contour C is smooth except at the origin, where it has well-defined tangents on both sides, neither 
vertical nor horizontal. 



2. The density p a (i]) vanishes like a square root at the endpoints Aq, 



,A, 



Under these conditions, Theorem 4.5.2 shows that the function tj) provides explicit, strong asymptotics for ip 
at the particular x and t values under consideration. Uniformity with respect to x and t in certain compact 
sets can be obtained from continuity properties of g"(X), which will soon be established. > 

The utility of these results in the semiclassical analysis of semiclassical soliton ensembles rests upon 
finding the complex phase function (^(A), a task we now pursue. 



Chapter 5 

Direct Construction of the Complex 
Phase 



In this chapter, we turn to the question of reducing the Riemann-Hilbert Pr oblem [j.0.2 for the matrix M(A) 



ultimately to the simple form of the outer model Riemann-Hilbert Problem 4.2.3 for the matrix O(A) which 



was solved exactly in §4.3. Achieving the reduction required finding an appropriate complex phase function 
g a (X) on an appropriate contour CUC*. We will describe below a construction of good "candidate" complex 
phase functions. It is then often possible to prove directly that an appropriate candidate actually satisfies 



all of the criteria (c/. Definition 4.2.5) required for reducing the Riemann-Hilbert problem to an analytically 
tractable form as in Chapter |J. 

5.1 Postponing inequalities. General considerations. 

We will try to construct a complex phase function g a (X) on the basis of two ideas: 

1. Suppose the number of bands that will ultimately lie on the yet-to-be determined contour C is given 
as G/2 + 1 for some even integer G > 0. Suppose further that the initial part of C coming out of A = 
is part of a band, and that the final part of C going into A = is part of a gap. Here, "initial" and 
"final" are defined by the index a. 

2. Ignore, for the moment, all inequalities that go into the specification of <? CT (A). They will be checked 
later. 

So, for each fixed x and t we can try to use the remaining conditions on g a {\) to construct a "candidate" 
phase function for each nonnegative even integer G. It will soon be clear that this construction of the 
candidates is completely systematic. Later, we will need to determine which of the candidates, if any, satisfy 
the necessary inequalities that we are about to throw out. Motivated by the exact solution of the outer 



model problem presented in §4.3 which involved hyperelliptic Riemann surfaces of genus G, we will refer to 



a candidate complex phase function corresponding to some even integer G as a genus G ansatz. 
5.1.1 Collapsing the loop contour C. 

The first step in constructing a genus G ansatz for the complex phase is to temporarily assume that the 
contour C passes through the point A = iA, which is the top of the support of the asymptotic eigenvalue 
measure p (rj) dij on the imaginary axis. This effectively divides C into two halves: an "initial" half Cj and 



a "final" half Cp. See Figure 5.1. We will suppose for the time being that the support of the function p a (ri) 
on C is contained in Cj. This means that the entire contour Cp U C* F is being assumed to be part of a 
gap of C U C* . The gap condition p a (rf) = in Cp U C* F is satisfied by assumption, and the remaining 
gap condition 5R(0 CT ) < is an inequality that we are temporarily putting aside. Therefore, until we restore 
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Figure 5.1: The contour C is temporarily assumed to pass through X = iA. 

the inequalities, we will concern ourselves strictly with the contour Cj U Cj. Note that Cj will always be 
considered to be oriented from to iA, and that Cj will be oriented from —iA to 0. 
The function that is our main concern is defined for A e Cj as 

1-tA M 



= f L n (X)p°(r ] )dr 1 + f L°(A)pV)*d»7 

JO J -iA 

+ J ^2iXx + 2iX 2 t - (2K + 1)»tt J p°(ri) dr] - g\(X) - g a _(X)\^ . 



(5.1) 



If we define for A € Ci 

L^(X)= lim L°'°(jj), (5.2) 
indicating the nontangential boundary values from the left (+) and right (— ) sides of C ai and set 



L°'°{\) = -{L%{\) + L°?{\)), (5.3) 

to denote the average, then for A e Ci we can use the presumed complex-conjugation symmetry of p a {r]) to 
write 

r(X) = f L®(X)p°(ri) drj — f (A) p° fa) d V 

JO ' JCi 
r 



+ 



f L%{X)p\rrrdn- I L%°{\) P °{rrydn (5.4) 

J-iA JC* 



+ J I 2iXx + 2iX 2 t - (2K + l)m 



Hit J p°(ri)dr^j 
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Now, we need to suppose that the asymptotic eigenvalue density p (rj) is analytic in the region bounded by 
the imaginary interval [0,iA] and the curve Cj. From the formula ( |3.l| ), this amounts to the condition that 
the function A{x) characterizing the initial data for (1.1) is real-analytic (in addition to being bell-shaped 
and even, and having nonzero curvature at the peak and sufficient decay in the tails). Singularities of p°(rj) 
off of the imaginary interval (0, iA) represent obstructions to the free positioning of the contour C. However, 
we choose to neglect the possibility that these singularities could constrain our analysis at this point; of 
course there are nontrivial cases (like the case of the Satsuma-Yajima soliton ensemble, for which p°(rf) = i) 
where p°{rf) is entire. With the assumption that p°(r]) is analytic, we may rewrite the integrals over the 
imaginary axis for A S Cj as follows: 



iA 



L°JX)p (r,)dr,= < 



Ci 



(5.5) 



L^f(X)p°(r]) dr\ , 



and similarly, by symmetry, 



l°(a)pV)*^ = 



iA 



C? 



J V+ 



L^(X)p u (v*Tdr 1 , 



a = +1 . 



(5.6) 



L°f(X)p u (r)*)* dr] 



Next, note that (A) = L^f(X) for all r? S C/ U Cf "below" A e C/ (that is, all 77 G O? and all 77 in the 



oriented portion of C7 from to A), and at the same time L^f{X) = 2iri + L^'f {X) for 7/ e Cj "above" A 
(that is, in the oriented portion of Ci from A to iA). This means that for A £ C 1 /, 



Ci 



L^(X)p°(r,)d V + / L%(\)p°(r,*)*dr, 



(5.7) 



L^(X)p u ( V )dr]+ I I%< a (\) P \rfydn±m I p»(v)d V 

c* 



Ci 



with the final integral being taken along Cj. Assembling these results gives the expression 

r(x) - 



Ci 



L^(X)r(v)dv 



+ J(2iXx + 2iX 2 t) - (J(2K + 1) + o-)mt / p°(ri) dr] , 



i.4 



(5.8) 



valid for A € Cj, where we have introduced the complementary density for 77 G C/: 



(5.9) 



As a matter of future convenience, we now determine the arbitrary integer K that indexes the interpolants 
of the proportionality constants by choosing 



K~-\{Jo+l) 

Since J = ±1 and a = ±1, one is taking either i<C = or i'C = 
simply 



(5.10) 

T. Consequently the function <fi becomes 



r(x) 



L%'° (X)p° '(77) dn + I L^' a {X)-p' 7 {ri*ydr, + J{2iXx + 2iXH). 
Ci Jc* 



-C,er/->\_, 



(5-11) 
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< Remark: Note that the relation (5.10) implies that for all four combinations of values for J and a, 
we have 

i J (-l) K a = -i, (5.12) 



which we assumed in stating the outer model Riemann-Hilbert Problem 4.2.3 . > 

Until we restore our interest in the inequalities, our task is to find a system of Gjl + 1 bands and G/2 + 1 
gaps on Ci such that 

1. The initial part of Ci is contained in a band, and the final part of Ci is contained in a gap, 

2. In each band of Cj, </> CT (A) is pure imaginary and independent of A, while p° '(rj) dn is a real differential, 
and 

3. In each gap of Ci, p a {n) = 0, or equivalently, p CT (r?) = p°(rj) ■ 

5.1.2 The scalar boundary value problem for genus G. Moment conditions. 

Let us begin by imposing just two of the conditions: 

——(A) = 0, A in a band of Cj , 

dX (5.13) 
p a (A) = , A in a gap of Cj . 

In the first condition, by the derivative with respect to A we mean the derivative along the contour Cj. We 
want to think of these as equations for the unknown function ~p a (r\) for r\ € Ci . What auxiliary properties 
do we demand of any solution ~p y {rf)l We recall that the analysis in Chapter || required of p a {r]) that 

1. p a (ri) should admit analytic continuation to the left and right of any band or gap (this is of course 
trivial in the gaps where p a {r\) = 0), 

2. p a (rj) should take a finite value in the limit rj — > for r\ £ Ci, and 

3. p a {ii) should vanish exactly like a square root at each band endpoint A& and A£. 

We now recall the fact that our assumption that the function A{x) decays sufficiently rapidly for large \x\ 
guarantees via the definition ( 3A_ ) that the function p° (n) is bounded as n — > for r) S Cj. Then, conditions 
1-3 above on p a (r\) imply in particular that 

~p° (rj) is uniformly Holder continuous on Cj with exponent 1/2. (5-14) 

We further impose the condition that the limit as n tends to zero along Cj of J> a (n) is real: 

p CT (0)eIR. (5.15) 

In this case, p CT (r?) extends by the definition J) a (r/*)* for n £ Cj to a function that satisfies the Holder 

condition with exponent 1/2 on the whole contour Cj Li Cj. 

Suppose that a function p~ a {rj ) is given f or n £ Cj satisfying (|5.14j) , ( pM5| ), and for which the corresponding 
function (jf{\) defined by ( 5.11 ) satisfies ( 5.13 ). Let F{\) be the Cauchy integral: 

F{X):=[ m^L + [ rivrdrj 
Jd A-77 J c , A -n 

Then, from the Plemelj-Sokhotski formula the function p CT (?7) is recovered as: 

r(v) = -^- i (F + {ri)-F_{r,)), (5.17) 
and F{\) has the following properties: 
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1. F(X) is analytic for A e C \ (Cj U C|). 

2. F(A) satisfies the decay condition 

F(A) = C(l/A) , A^oo. (5.18) 

3. For all A in the domain of analyticity, F(X) satisfies the symmetry property 

F(X*) = —F(X)* . (5.19) 

4. The boundary values taken by F(X) on both sides of Cj U CJ are Holder continuous with exponent 1/2 
and for A £ Cj satisfy 

F + (X) + F-(X) = -4iJ(x + 2Xt), A in a band, 

(5.20) 

F + (X) - F-(X) = -2mp°{X), A in a gap. 



These properties follow from well-known properties of Cauchy integrals for Holder continuous functions | M53| ] 
and from the Plemelj-Sokhotski formula. 

Conversely, we define a boundary-value problem as follows. Seek a function F(X) that satisfies conditions 
1, 2, and 4 above, and additionally takes Holder 1/2 boundary values for A 6 CJ that satisfy the conjugate 
boundary conditions: 

F+(A) + F_(A) = -(F+(A*)* + F_(A*)*), A*inaband, 

(5.21) 

F+(X) - F_(A) = -(F+(X*)* - F_(A*)*), A*inagap. 
We call this the scalar boundary-value problem for genus G. 

< Remark: Although the complex phase function g CT (A) depends on the index a, this parameter enters 
into the properties of F(X) only in that for a = +1 (respectively a = —1) the contour Cj lies to the right 
(respectively left) of the imaginary interval [0,iA]. Thus to simplify notation we will not reproduce the 
superscript a on the function F(X). > 

Lemma 5.1.1 There exists at most one solution of the scalar boundary-value problem for genus G. If it 



(5.17) gives rise to a function </> CT (A) via (5.11) that satisfies (5.15) and p a (0) € 



exists, the solution satisfies the symmetry property (5.11), and the function p a (rj) defined for X G Cj by 



Proof. The uniqueness and the symmetry condition ( 5.19| ) are proved in exactly the same way. Consider 



the related boundary value problem of seeking a function Z(X) that is analytic in Cj U Cj and satisfies 
( |5.18 ), and takes Holder continuous boundary values on both sides of Cj U CJ with exponent 1/2 that satisfy 



Z + (X) + Z_(X) = for A or A* in a band of Cj and Z + (X) - Z_(X) = for A or A* in a gap of Cj. Recall 



the function R(X), first used in §4.3, that satisfies 

G 



R(X) 2 = Y[(X-X k )(X-X* k ), (5.22) 



k=0 

is analytic except at the bands of C/UCj (where the branch cuts are placed), and satisfies R(X) ~ — A G+1 as 
A — > oo. With this choice, the boundary value R+(0) relative to the oriented contour Cj U C| is the positive 
value 

G 

i?+(o)=ni A *i 2 - ( 5 - 23 ) 

fe=0 

The function defined from any solution of this boundary value problem by the formula W(A) := Z(X)/R(X) 
is again analytic in C\ (C/UCJ) with at worst inverse square-root singularities at the endpoints of the bands 
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and gaps on Cj U C\. The boundary values on Cj U Cj, continuous except possibly at the isolated band 
and gap endpoints, satisfy W+(\) = W-(X). The function W(X) decays like 0(A" (G+2) ) as A -> oo. The 
relatively mild nature of the singularities, together with the agreement of the boundary values where they 
are continuous implies that W(A) is actually entire, and then by Liouville's theorem the decay condition 
implies that W(A) = 0. It then follows that Z(X) = 0, so that all solutions are trivial. To use this result 
to prove uniqueness for F(X), one considers Z(X) to be the difference of two solutions and finds that this 



difference satisfies the above problem and is therefore zero. Similarly, to prove the symmetry property (5.19), 
one considers the function Z(X) = F(X) + F(X*)* and again finds that Z = 0. 

Now, the function defined for 77 £ Cj U Cf by 1/(77) := ~[F+{v) ~ ^ 7 '— C 7 ?) ) / (27rz) is by construction Holder 
continuous on Cj U Cj with exponent 1/2 and satisfies u(r]*)* — u(rj). It follows that u(0) S K. The proof 
is complete upon observing that by continuity of boundary values and decay at infinity, F(X) necessarily 
agrees with the Cauchy integral of the function u(rj). That is, the relation 

F{X) = I ^ (5.24) 
is a consequence of Liouville's theorem. It follows that the function p CT (?7) := u(jj) for rj E Cj leads to a 



solution of (5.13) as required. □ 



So, it is sufficient to seek a solution to the scalar boundary-value problem for genus G, and we know that 
the solution will be unique if it exists. This will only be the case if the endpoints of the bands and gaps 
satisfy certain explicit conditions. 

Lemma 5.1.2 Fix J — ±1, a — ±1, and an even integer G > 0. Let a contour Ci be given in the upper 
half -plane that connects to iA and whose interior points all lie to the right (respectively left) of the vertically 
oriented segment [0, iA] for a = +1 (respectively a = — 1), and let points Ao, . . . , Ag be given in order on Cj. 
Let the ba nds and gaps on Cj U C\ separated by these points be denoted according to the scheme illustrated 



in Figure 4-4 > an d ^ T/ denote (UfcT^) n (Cj U Cf). Then, there exists a unique solution to the scalar 



boundary value problem for genus G if and only if for p = 0, . . . , G, the endpoints satisfy the real equations 
M p :=jf n^M + Otlf ^^)= . (5.25) 



Moreover the function p CT (77) defined from the solution F(X) by (5.17) is analytic in the interior of each band 
it and each component of Tj . 



Proof The proof is by direct construction. In the scalar boundary-value problem for genus G, use R(X) 
to make the change of variables 

H ^'=Wj- (5 ' 26) 

Note that R(X*) = R(X)* , and since R(X) is analytic in the gaps while in the bands satisfies R+(X) + R-(X) = 
0, the conditions satisfied by the boundary values of -ff(A) on the oriented contour G/ are then 



H+(A)-ff-(A) 



-UJ{x + 2Xt) 

R+(X) 

2TTip°(X) 

R(X) ' 



A in a band . 



A in a gap , 



(5.27) 



while for A £ Cj, the conjugate boundary conditions hold: 

H + (X) - H_(X) = -(H + (X*y - H_(X*y) ■ 



(5.28) 



Since the quotient H(X) defined by ( 5.26| ) necessarily decays at infinity if .F(A), exists, and has at worst 
inverse square-root singularities at the isolated endpoints Afc and A£, by the same kind of reasoning as in 
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the proof of Lemma 5.1.1 it follows that H(X) must agree with the Cauchy integral of the difference of its 
boundary values (5.27) and ( 5.28) ) . That is, H(X) must be given by 



H(X) 



1 

ni 



2i J(x + 2r)t) 
(X-r))R + (ri) 



drj 



1 

n i 



drj 



r 7 nc f ( A - v)R(t]) ™ J rinC * (A - rf)R(rf) 



irip (n* 



drj . 



(5.29) 



Now, the function F{X) defined from such a solution H{X) by (5.26) will only satisfy the decay condition 
F(X) = 0(1/ X) as A -> oo if H{X) = C(A" (G + 2 )) in the same limit. Expanding the explicit formula ( |5.29| ) 
for large A gives a Laurent series whose leading term is C(l/A). Therefore, for existence it is necessary 
that the first G + 1 coefficients in this Laurent series vanish identically. These coefficients are computed as 
moments of the densities. Expanding (A — rf)^ 1 inside the integrals in geometric series, one sees that the 
Laurent series of H(X), convergent for |A| sufficiently large, is 



oo 

tf(A) = -£ 



m " A p+1 

p=0 



(5.30) 



where the quantities M p , easily seen to be real- valued by using the complex-conjugation symmetry of the 



contours, are defined in (5.25). Thus, the conditions for existence are exactly the moment conditions recorded 
in fl5~2i| . 

When the moment conditions are satisfied, the function F(X) := H(X)R(X) is the solution (unique, by 
Lemma 5.1.1) of the scalar boundary-value problem for genus G. The claimed analyticity of ~p a (rf) defined 
by ( |5.17 ) then follows from the explicit formula (5.29) for -ff(A) and the analyticity of the boundary values 
of R(X). □ 



<i Remark: Given the endpoints Ao , . . . , Xq , the moments M p have the same value for any contour Cj 
that connects to iA in the domain of analyticity of p (rf) and interpolates these points in order. This 
follows because the integrands have analytic continuations to either side of the contour Cj U Cf . Therefore, 
the moments M p are functions of the ordered sequence of endpoints Ao, . . . , Ag alone and thus the moment 
conditions are only constraints on the endpoints and not on the interpolating contour. This statement will 
be strengthened in §5.4, when we show that the ordering is irrelevant; the moments will in fact be seen to 
be symmetric functions of the endpoints. > 



< Remark: The moment conditions amount to G + 1 real equations for G + 1 complex unknowns. 
Intuitively, one expects the solution space is expected to be G + 1 real-dimensional. On the other hand, 
proving the existence of solutions is a nontrivial analytical issue. Indeed, in the simplest of cases solutions 
can fail to exist for given x and t except for certain values of the parameters J and a. > 



< Remark: Even when the endpoints do not satisfy the moment conditions ( 5.25| ), we will still consider 
a fun ction F(X) to be defined by the relation F(X) := H(X)R (X) w ith H (A) given by the explicit formula 



(HH). Exactly the same arguments as in the proof of Lemma |5.1.l| then show that the function so-defined 
for arbitrary endpoints is the unique solution of the corresponding boundary-value problem in which the 
decay condition ( |5.18| ) is replaced with the growth condition 



F{X) = 0(X G ). 



(5.31) 



with all other conditions on F(X) exactly as before. The moment conditions (5.25) are then interpreted 
as the conditions that must be satisfied in order for F(X) to have the form of a Cauchy integral ( 5.1 C| ) 
corresponding to the complementary density ~p a (rf) . > 



The solution p a (X) given by (5.17) can be calculated explicitly. One can check that, as specified, the 
formula gives ~p a (X) = p°(X) for all A in Tj n Cj. For A in any band l£ of Ci, the same formula (5.17) gives 



r(A) 



AJt 



R+(X)S G fi 



R+(X) 



fP(Tj)dri R+(X) 



p°(rf)*dr] 

r nCj (A - v)R(v) ™ 7 rjnc; (A - rf)R(rf) 



(5.32) 
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Using the symmetry relation (5.23), it follows from this formula that the condition ( 5.15| ) holds. 
< Remark: This latter calculation takes advantage of the useful fact that: 

for all meromorphic f(rj) where the integral on the right hand side is over a closed counterclockwise-oriented 
contour surrounding all the bands. This allows such integrals to be evaluated in many cases exactly by 
residues. Such a procedure can be applied to the first term in M p , for example. > 

From these explicit formulae for the complementary density p^(X), we can of course write down the 
corresponding formulae for the density p a (X). In the gaps of Cj one verifies that p a (X) = 0, while in the 
bands of Cj, 

P W—P W K + {X)d Gi0 -\ — / — H — / — . (b.6A) 

n ™ J TinCl (A - rj)R{rj) m J ri nc; (A - V)RW 

For A on the conjugate contour Cj, the function p a (X) is defined by conjugation: p"{X) :— p a (X*)* . 
This formula has the following useful property. 



Lemma 5.1.3 The formula (5.34) can be written in the form 

p°{\) =R + (X)Y(X), (5.35) 

where Y(X) is analytic in a simply- connected region of the upper half-plane containing all bands l£ in Ci , 
including the endpoints Ao, • ■ • , Xc, provided Xg ^ iA. 



Proof. It suffices to show that the sum of the first and third terms in (5.34) have this property. Consider 
the integral 

P°(v)dr] 



/(A) :- 1 / 



;nCi (A - v)R(v) ' (5 ' 36) 

This integral defines an analytic function of A S C \ (Tj n Cj). Therefore for A in a band Iz, we have in 
particular 

I(X) = lim I(p) , (5.37) 

— > A 

where for concreteness we suppose p to lie to the left of the band ii'. For such p, we can augment the 
contour of integration by writing 

p°(T})dr) < 1 f p°(v)dv , 1 f P {v)dij , g 3g . 



= i_ r p^^dn + J_ f P u (v)dy + J_ f 
iriJrinCi (A* - V)R(V) 2 ™ Ju k i+ (p - v)R+(v) 27ri Ju k 



it (p-v)R-(v) ' 



since p is not contained in any band Jj~ and since R+(t]) + R-(i]) = 0. By standard analyticity deformations, 
this expression can be written as 

VW 2m J Cl+uCl _ (p - v)R(v) V ' 

where Cj± are contours lying just to the left and right of C/ (see Figure 5.2). Now, passing to the limit 
( ^37|) , there is a residue contribution as p crosses Cj+, and one obtains the formula 

'W-M^f jf^-y (5-40) 

R+(X) 2m J Cl+uCl _ (A - rj)R{rj) 



Using this expression for J(A) in the formula (5.34) for p a (X), we finally obtain the desired representation 
with 

Y (X):=-—5 G0 + — [ P ° {7l)dv I 1 [ IMX^L. (5.4i) 

7T G '° 27ri J Cl+uCl _ (A - rj)R{ri) m J VlUC * (A - rj)R{rj) ' 
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Figure 5.2: The contours C[±. The point p is outside the enclosed region and A G l£ is inside. All three 
contours Ci, Ci+, and Ci- are oriented from to iA. 

This function is clearly analytic for all A in between C/+ and C7_, which completes the proof. Note that 
the final term in this formula for Y(X) can be rewritten: 

1_ I P (v*)*dv = J_ f gVT dy (5 42) 

where the conjugate contours are presumed to be oriented from —iA toward the origin. With this subsitution, 
the function Y(X) is also defined and analytic for A in the lower half-plane between C/+ and C7_, where it 
satisfies F(A*) = Y(A)*. □ 



<i Remark: Since it will turn out that when x = t = the G = ansatz satisfies Ao = iA, this 
representation of the density p a (X) does not hold at this point in the (x, t)-planc. > 



From the formula ( 5.35 ), it is clear that p a (X) vanishes at least like a square root at the band endpoints. 
Higher-order vanishing of p <T (A) at an endpoint A& corresponds to a zero of the analytic function Y(X) at 
A = Afe. Since p CT (A) is identically zero in the gaps, the candidate density p a { X) is continuous at the nonzero 
endpoints Ao, . . . , Xg- These formulae therefore desingularize the expression (5.34) for the candidate density. 

Finally, recall that p^(A) satisfies flj.lS ) and therefore extends by the definition ~p a (X*) = J) a (X)* to a 
continuous function on Cj U Cj . Similarly, being a density function for a real measure on the imaginary axis, 
the function p°(X) satisfies p°(0) E iM. and therefore does not generally extend in this way to all of Ci U C|. 
Consequently, the symmetric extension of p a (X) to the contour C7 U Cf is generally discontinuous at A = 0. 
The origin is its only point of discontinuity. 



<i Remark: An important observation that goes back to the papers of Lax and Levermorc [LL83 is 
that the partial derivatives of the function F(X) with respect to the parameters x and t satisfy very simple 
boundary value problems. As an application we will refer to in Chapter [fj, let us obtain simple formulae for 
the functions dF/dx and dF/dt valid for the assumption of G = 0. 



First consider dF/dx. By differentiating the jump relations (5.20), one observes that dF/dx is analytic 
in the whole A-plane except for A € Jo, where we have 



dF + 
dx 



(A) 



dx 



(A) 



AiJ. 



(5.43) 
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Also, dF/dx has at worst inverse square-root singularities at Ao and Ag, and decays like 1/A for large |A|. 
This simple problem is solved by defining a new unknown AT (A) according to 



where R(X) is the square-root function first defined in § fl.3| . Then, X(X) is analytic except for A € Iq where 
it satisfies the jump relation 

X+(X) - X_(A) = -UJR + {\) . (5.45) 
This problem is solved by a Cauchy integral that can be evaluated explicitly by residues: 

X{\) = ~~r [ 4lJR +^) d V = _2iJR{\) + iJ(X + X* Q - 2A) . (5.46) 
2™ J Io X-r) 

Here, the term proportional to R(X) comes from a residue at rj = A, and the remaining terms come from a 
residue at r\ — 00 tailored for the special case of genus G — 0. Therefore, we find the formula 

+ jlV (5.47) 



dx. ' R{X) 

It is easy to verify that this simple formula satisfies the jump relations exactly. Now, using the explicit 
formula for R(X) valid for genus G = 0, one sees that in fact, 

f(A) = -2a(l + f(A)). (5.48) 

Next, consider dF/dt for G — 0, which is analytic except for A € Jo? where 

-^±(A) + — (A)^-8zJA. (5.49) 

Again, dF/dt can have at worst inverse square-root singularities at Ao and Xq and must decay like 1/A. One 
solves this problem in a similar way, introducing a new unknown T(A) by 

^ (A)= i?(A)' (5 ' 50) 

and then expressing T(A) in terms of a Cauchy integral over Iq that one evaluates by residues. The final 
result one obtains for G — is the formula 

BF ( B \ 

— (A) = -U i^X + — [(2A + A + A*)i?(A)]J . (5.51) 

These formulae show that the partial derivatives of F with respect to x and t actually decay faster at 
infinity than originally supposed; they are both C(l/A 2 ). By following similar reasoning, explicit formulae 
may be obtained easily for derivatives of F with respect to x and t for larger values of G. > 



5.1.3 Ensuring 5R(0 fT ) = in the bands. Vanishing conditions. 

We now turn to the question of determing what additional constraints are required to ensure that the 
constant value of CT (A) in each band 1^ is in fact purely imaginary. Since p CT (?7) satisfies the condition 
(5.15), it follows from ( |5.11 ) that (ff (A) has a finite limit as A tends to zero in Cj. It then follows directly 
from ( |5.11 ) that this limiting value is purely imaginary. Consequently throughout the band Iq = Iq U Iq , 
CT (A) is automatically a purely imaginary constant. If one is constructing a genus zero ansatz, then there 
are no more bands to consider. However, generally one must enforce the condition 3t((f)' 7 ) = in the other 
bands. This amounts to further conditions on the endpoints Ao, . . . , Ag, conditions we refer to as vanishing 
conditions. 
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Lemma 5.1.4 Assume all the conditions of Lemma 5.1.0. and suppose also that the endpoints Aq,...,Ag 
satisfy the additional constraints 



2iJx + AiJXt + -(F + (X) + F-(X)) 



d\ =0, fe = 0,...,G/2-l. 



(5.52) 



Then, the complementary density function p° (rj) characterized by Lemma S.l.i has the property that the 
associated function <jf (A) defined by (5.11) agrees with a purely imaginary constant in each band ofCi. 



Proof. Starting from a terminal endpoint X2k of a band it in which the condition is satisfied, we 
can ensure that the condition is satisfied as well in the next band along Cj by integrating dc^f along the 
intermediate gap T^ +1) and insisting that the real part vanish. It is easy to see that since ^(A) is defined 
in terms of the average of the boundary values of a logarithmic integral, its derivative with respect to A is 



the average of boundary values of a Cauchy integral, which explains the integrand in the expression (5.52) 
Although the integral is taken over the gap r^ +1 of the contour Cj between the endpoints X2k and A2fc+i, 



the conditions ( |5.52 ) depend only on the ordered sequence of endpoints Ao, . . . , Xq and not on the particular 



contour gaps I^, v This is because the integrand has an analytic continuation from each gap of Cj to either 
side; using the jump condition satisfied by the boundary values of -F(A) in the gaps, one finds that 

i(F+(A) + F_(A)) = F±(A) ± Trip (A) . (5.53) 

Therefore, the integrand continues to the left as 2iJx + AiJXt + F(X) + irip (X) and to the right as 2i Jx + 
AiJXt + F(X) — irip°(X). □ 

<i Remark: Taken together, the moment conditions and the vanishing conditions place 3G/2 + 1 real 
constraints on the G+l complex endpoints Ao, . . . , Xq- Intuitively, one expects the set of admissible endpoints 
to be G/2 + 1 real-dimensional. Existence of solutions remains to be shown, but certainly at this point the 
solution is not expected to be unique without imposing further conditions. [> 



5.1.4 Determination of the contour bands. Measure reality conditions. 

Given G, and the choices of J = ±1 and a = ±1, there still remains some freedom in specifying the endpoints, 
and still the contour bands and gaps that connect the endpoints remain completely unspecified. Now, we turn 
to the question of identifying further constraints sufficient to ensure that the differential measure p a (rj) dr] is 
real- valued in the bands, where it does not vanish identically. As remarked in the discussion of the conditions 



on the complex phase function in §4.2, the reality of this differential is as much a condition on the contour 
bands (making up its support) through the differential dr/ as on the function p a (r]) itself. We therefore expect 
that we may have to choose the bands carefully in order to achieve the required reality. In fact, the reality 
condition further constrains the endpoints as well. 

The function ^(A) is defined in the bands of Cj. But in each separate oriented band l£, it has an 
analytic continuation to the left and right sides. To extend to the left, write 

p-(A) = p°(A) + (F + (A)-F_(A)) 

= p °(A) + 1f + (A)--^(F + (A)+F_(A)) (5.54) 
m Zm 

n,,, 1 2Jac iJXt 
= p°(X) + -F + (X) + + , 
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while to extend to the right, 



(f{\) = p°(A) + — (F + (A)-F_(A)) 



p°(A) - -F_{X) + — (F + (X) + F_(A)) 

7TZ 27TI 



(5.55) 



= p o (A) _I F(A) _^_l^ 

7TI 7T 7T 



These calculations use the fact that -F+(A) + F-(X) is given in ( 5.20| ) as an explicit analytic function in the 
bands. Since p a (X) is the same analytic function no matter what precise contour is taken to be the band 
it , the reality condition 



3(p CT (77) drj) = 3? (p"(u + iv) {du + idv)) = : 



(5.56) 



may be viewed as a differential equation for the band contour l£ in the real (u, v) plane. Given the endpoints, 
the differential equation ( 5.5(f ) is explicit, with p CT (77) being given by ( [5.34 ). 

The obstruction to using this differential equation to define the bands it (and thus the bands J^T by 
complex- conju gation) is simply that the two endpoints of the band l£ might not lie on the same integral 
curve of ( 5.56 ). However, we can try to exploit the remaining de grees of freedom in the choice of the endpoints 
Afc to solve a kind of connection problem for the vector field ( |5.56 ) in the (u,v) plane. Thus, we want to 
further constrain the set of endpoints A , . . . , Xq precisely so that for each band there exists an integral curve 
of ( 5. 56] ) that joins the two endpoints of the band. Each nonzero endpoint of a band is a fixed point of the 
vector field ( 5.56| ). Assuming the generic case of exact square root vanis hing of the candidate density p"{X) 
given by ( [3.34 ) at each endpoint, there are locally three orbits of ( 5.56| ) that meet the fixed point at 120° 
angles. See Figure pji. If the endpoints arc chosen correctly, each band in the upper half-plane except for 



Contours of Real Measure 
-0.5 0.5 



. 5 



-0.5 




. 5 



0.5 



Figure 5.3: The local orbit structure of the differential equation ( 5.5L ) for the bands near a nonzero band 
endpoint. 



Iq is then a heteroclinic orbit of the system (5.56) in the (u,v) phase plane. The band I^~ is exceptional 
because one of the endpoints is A = 0, which is not a fixed point of ( |5.56 ). Thus, this band can be found in 
principle by the process of shooting. That is, one solves ( 5.56| ) as a well-defined initial value problem starting 



from u = v — with the correct limiting value of p a (77) taken as 77 
terminate (in infinite "time") at An. 



within It and insists that the orbit 
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< Remark: Note that this problem is also known in geometric function theory as the characterization 
of trajectories of quadratic differentials. > 



< Remark: Note that if a single orbit of the vector field ( 5.56 ) connects two endpoints, then not only 
is the candidate measure p a (j])dri real on the orbit, but it is also strictly of one sign on the whole interior 
of the orbit. This follows from the fact that internal zeros of the candidate measure necessarily correspond 
to fixed points of the vector field ( [5.56| ). Therefore, it is possible to replace the analytical constraint that 
the inequality p a (r\) drj < hold strictly throughout the interior of each band with a kind of topological 
constraint on the orbits of ( 5.56| ), together with the verification of the inequality at an isolated interior 
point. In this sense, for steepest-descents analysis of Riemann-Hilbert problems where the correct contour 
must be determined as part of the solution of the problem, the correct generalization of the notion of 
strictness of inequality is the notion of connectivity. We will revisit this theme again shortly. > 



How does one find the endpoint configurations for which the integral curves of ( 5.56 ) form the bands in 



practice? By analyticity of p CT (A), for each band l£ C Cj, we can define an analytic function by the formulae 



-Bo (A) 



,G/2, 



(5.57) 



where p a (rj) is given by (5.34). The main point is that the contours along which the measure p a (j]) drj is real 
are exactly the zero level sets of the real analytic functions 3(_Bfc(A)). By construction, the "lower" endpoint 
of each band lies on the corresponding zero level. A necessary condition for there to exist a single branch 
of the zero level curve that connects this endpoint of each band to its partner is that the measure reality 
conditions 



R k := Q(B k (\ 2k )) =0, fc = 0,...,G/2 



(5.58) 



hold. Once again, it is clear by analyticity that the integrals are path independent, and therefore the Rk are 
manifestly real- valued functions of the endpoints Ao, . . . , Ag alone. 
We therefore have the following. 



Lemma 5.1.5 Suppose the conditions of Lemma 5.1.H\ and Lemma 5.1.4 are satisfied. Then a necessary 
condition for the candidate measure p° (77) drj to be real in its support is that the endpoints Ao, . . . , Xq satisfy 
the reality conditions Rk(Xo, ■ . . , Ag) = 0, for k = 0, . . . , G/2. 



< Remark: With the addition of the reality conditions to the moment conditions and the vanishing 
conditions, we at last have 2G + 2 real equations in 2G + 2 real unknowns, the real and imaginary parts 
of Ao,...,Ag- Intuitively, one expects the set of solutions to be discrete. Given values of J and a, the 
equations for the endpoints involve x and t as real parameters. If for some x and t a solution exists and the 
Jacobian matrix of derivatives of the conditions with respect to the endpoints and their complex conjugates 
is nonsingular, then by the implicit function theorem the endpoints will locally be continuous functions of x 
and t. This property is then inherited by the function p a {rj). > 

Note that it is by no means clear that the reality condition Rk = guarantees the existence of a real level 
connecting the endpoints of the band it ■ To establish the existence we would need to have some discrete 
topological information in addition, like the connectedness of the real level set of the analytic function 
-Bfc(A). Furthermore, if Rk = 0, then there may be more than one contour connecting the two endpoints of 
the interval, since locally there are three possible real paths emerging from each nonzero endpoint. These are 
the central difficulties in the characterization of trajectories of quadratic differentials in geometric function 
theory. We do not pursue these questions further in the general context, since it will be clear from examples to 
follow how the procedure works in practice. We will in fact be able to find the precise contours l£ connecting 
the band endpoints, as long as J = ±1 and a = ±1 are chosen correctly. Note that if the measure p^irj) drj is 
real in l£, then the conjugate measure p a (r]*)* dr\ is automatically real and of the opposite sign in 1^ = 7^~* 
with the orientation of Cf. 
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5.1.5 Restoring the loop contour C. 

Let us suppose that this construction has been successful, so that we have found a set of admissible endpoints 
Ao, . . • , Ag that satisfy the 2G + 2 real conditions we have imposed, and we have shown that for each band 
l£, the two endpoints of the band (including A — for the band Jq") are contained in the same connected 
component of the level set 3(£?fc(A)) = 0. We have then constructed a genus G ansatz. At this point, the 
bands of the contour Cj U Cj are completely specified as contours in the complex plane. But the gaps have 
not been constrained at all by this construction. In particular, as long as Xg ^ iA, the final portion of C/ is 
part of a gap that may be chosen freely. We will now show that under this generic condition the temporary 
assumption we made at the beginning of this chapter — that the contour C passes through X — iA — can 
be removed. 

Without changing the value of 4> a {X) on the contour C'i, we may rewrite it in its original form: 



4>°(X) 



iA 



L ri (X)p°(r 1 )dr 1 + L a v (X)p°(n*rdrj 



iA 



L^(X)p^(n)dr 1 - 



L% a {X)p°(rfTdr, 



u fc /; 



(5.59) 



r-iA 

+ J(2iXx + 2iX 2 t) + ina J p°(n) dn . 



But now, it is clear that the jump matrix v^(A) is analytic in A from the final interval endpoint Xq 6 Cj, 
along Ci into A = iA, and then out again from A = iA down along Cj? to A = 0. This means that in a 
distorted triangular region A (see Figure 5.4) with corners at A = Ag, A = iA, and A = 0, it is possible to 




Figure 5.4: A sketch of how the matrix N^A) is redefined as N cr (A)v^ r (A) in the region A. This sketch is 
for a genus G = 2 ansatz with orientation a = +1. In the region A* , the matrix is redefined to preserve the 
original reflection symmetry o/N CT (A). 
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redefine the matrix N CT (A) by the analytic transformation 

N ff (A)^N CT (A)v^(A), A e A . (5.60) 

In the region A*, the transformation that preserves the complex-conjugation symmetry of N CT (A) is used; 
for A e A* we set N cr (A) := o^N^A*)*^. As a consequence, the jump matrix is restored to the identity 
on the final gap portions of Cj and C|, and also along all of Cf U C f . On the third boundary curve of A, 
there is now a jump, which is given by exactly the same formula for v^.(A). This third boundary curve, that 
is shown dashed in Figure is now the final gap Tq^+i 011 ^ ne contour C that genuinely encircles the 
imaginary interval [0, iA]. The corresponding conjugated contour in the lower half-plane is F^ 2+1 . 

Thus, all reference to a contour C that is required to pass through the point A = iA disappears. It is 
important to correctly interpret this fact in the context of the various integrals that have been introduced to 
characterize the conditions on the endpoints Ao, . . . , Ag and to provide a formula for the candidate density 
p a (X). In each case that we have integrated over the set Tj n Cj, we simply have a sum of integrals 

A — ► Ai , A 2 — > A 3 , . . . , Ag — ► iA , (5.61) 

and when we have integrated over Ti PI C| , we have a sum of integrals 

— iA —> Aq , \* G _ 2 -» A G _ 3 , ■ ■ ■ , AJ - A . (5.62) 

These integrals may be taken over any paths in C\ [—iA, iA] that when combined with the precisely specified 
band contours I't make up a non-self- intersecting contour Cj. 



5.2 Imposing the inequalities. Local and global continuation the- 
ory. 

In principle, the above algorithm can be carried out for any even G, and it results in a discrete number of 
real candidate measures p G (r\) drj supported on a system of well-defined bands in the complex plane with 
endpoints (0, Ao), (A2, A3), . . . , (Ag— lj Ag) and their complex conjugates. Within each band, 4> a (X) is an 
imaginary constant. If one of these candidate measures is to generate a complex phase function g a (X) that 
asymptotically simplifies the Riemann-Hilbert problem for N CT (A), then two additional conditions need to 
be satisfied by the candidate density: 

1. The candidate measure p a {rj) drj must be strictly negative in the interior of each band 1$ , . . . , Iqi 2 of 
the loop contour C. 

2. It must be possible to choose the gaps T^, . . . ,T^^ 2+1 so that in the interior of each the real part of 
the function 4> a {X) constructed from the candidate measure p a (jj) drj is strictly negative. 

If these additional conditions can be satisfied for some genus G ansatz, and for some values of J and <r, then 
p a (77) drj is promoted from a candidate measure to a bona fide measure that generates a true complex phase 
function g (T (X), and the rigorous asymptotic analysis described in Chapter |] is valid. This in turn yields a 
rigorous pointwise asymptotic description, in terms of genus G Riemann theta functions, of the sequence of 
solutions ip(x,t) of the nonlinear Schrodinger equation that for each value Kn of h is the soliton ensemble 
connected with the WKB approximations A^™ of the true discrete eigenvalues for the initial condition 
^(x,0) = A(x). One expects that there will be only one value of G (possibly depending on the parameters 
x and t) for which a candidate satisfies the inequalities. 

In this section, we will show that under certain conditions the existence of a genus G ansatz that satisfies 
all inequalities for some x and t implies that a successful genus G ansatz in fact exists for nearby values of 
x and t. Let H denote the open upper half-plane minus the imaginary interval [0, iA]. First, we will show 
that, essentially, the existence of band contours connecting pairs of endpoints is an open condition in the 
(x, i)-plane. 
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Lemma 5.2.1 Fix a and J. Let xq and to be given in the (x,t) -plane such that: 

1. For each [x, t) in some disk E centered at (xq, to), there is a solution A(x, t) := {Xq(x, t), . . . , Xg(x, t)} 
of the moment conditions (5.21), the vanishing conditions (5.5i), and the measure reality conditions 
(5.51 ), for which 

• each Xk(x, t) lies in H for all (x, t) G E, 

• each Xk{x,t) is continuously differentiate in E, 

• the Xk(x,t) are distinct for all (x,t) G E. 

Let the candidate density constructed from the endpoints A(x,t) for (x,t) G E be denoted by p° (r);x,t). 

2. The function p a (n; xo,to) admits for all k = 1, ... , G/2 a smooth orbit l£(xo,to) of the differential 
equation ( 5.56]) connecting the pair of consecutive endpoints X2k-i(xo,to) an d ^2fc(xo,£o) ant ^ 
entirely in H, as well as a smooth orbit Iq(xq, to) of l \5.5(\) connecting the origin to Ao(a;o: to) and lying 
in iU {0}. Furthermore, the function p a (r/; xo,to) is nonzero in the interior of each band l£(xo,to) 
with p a (n; Xo,to) dn being a negative (real) differential and with 



inf 

r/£l£ (xo,to) 



p a (i];x ,t ) 



R + (n;x ,t ) 



>0. 



(5.63) 



where R{n; xq, to) denotes the square root function defined relative to the endpoints A(xo,to) and the 
given bands I^(xo,to). That is, p a (rj; xq, to) vanishes exactly like a square root at the endpoints, and 
not to higher order. 

Then, there exists a disk D C E centered at (xo,to) such that for all (x,t) G D and corresponding to the 
candidate density function p a (r];x,f), there is for each k — 1, , . . ,G/2 a smooth orbit l£ (x, t) of (5.5C) 
connecting X2k-i(x,t) to X2k(x,t) and lying in H, as well as a smooth orbit lQ(x,t) of ( 5.5(\ ) connecting 
the origin to Xa(x,t) and lying in H U {0}. Moreover, the differential p a (rj; x , i) dn is negative in each band 
7+(x,t) for all (x,t) G D. 

Proof. First observe that from the formula ( 5.35 ) for p a (n;x,t) in terms of the function Y ( cf. Lemma |5.1. 3| ) , 
the continuity of the endpoint functions Xk(x, t) in E and the continuous dependence of the analytic function 
Y on the endpoints, we immediately find that for (x, t) in some sufficiently small disk D sr C E, the statement 
that p° r (77; xq, to) vanishes exactly like a square root at all endpoints Xo(xq, to), . . . , Xg(xo, to) carries over to 
p a (r]; x,t) as well. 

Consider the deformation of a band /^(a;o,to) for k = 1, . . . ,G/2. We seek a map Tfc(ry) : l£(xo,to) — > 
l£(x,t) that satisfies the implicit relation 



p a ((;x,t)d( = a k (x ,t ,x,t) 



P a (Ci x ,t )d(. 



(5.64) 



• \2 k (x,t) 

where atk(xo, to, x, t) is a real constant chosen so that Tfc(A2fc-i(;coj*o)) = ^2k-i{x,t), that is, 



ak(xo,to,x,t) := 



p°((;x,t) d( 



(5.65) 



P a (C,x ,t )d( 



Also, we restrict attention to maps for which Tk(X2k(xo, to)) = X2k(x,t). 
First, we show that for (x — xq) 2 + (t — to) 2 sufficiently small, 



\ak(x ,to,x,t) - 1| < C a ,k\/(x ~ xo) 2 + (t - to) 2 , 



(5.66) 



for some C a ,k > 0. Since the denominator of a k is real and strictly nonzero by assumption, this will follow 
if we can argue that the numerator of ak is differentiable at (x, t) = (xo,to). Differentiating the numerator 
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with respect to x or t, we may take the derivative operator inside the integral, since the integrand vanishes 
at the endpoints for x — xq and t = to. The derivatives of the integrand with respect to x and t have 
contributions from explicit x and t dependence and from x and t dependence through the endpoints A(a;, t). 
From the explicit formula ( |5.34 ) , it is easy to see that the partial derivatives with respect to x and t are both 



integrable in I£(xq, t ) for x = Xq and t = to- Then, the chain rule terms are integrable in I^(xq, to) because 
the endpoints are continuously differentiable by assumption and because the derivatives of p a (^;x,t) with 
respect to the endpoints are integrable in ITT (xo,to), although they blow up like inverse square roots at the 
two endpoints of the contour of integration. 
Next, introduce the change of variables 

/ s My) - B k (xo,t ,x,t) 

mv) : = — ti — ; — 7\ — ' 5 - 67 ) 

A k (x ,t ,x,t) 



where 

A k (x ,t ,x,t) 
Bk(xo,to,x,t) 



A 2 fc(M) - \ 2k -l(x i t) 

A2fc(^o,^o)A 2 fc-i(x,^) - A 2 fc-i(xo,fo)A2fc(x,t) 
A2fe(a; ,to) - A 2jt _i(a;o,to) 



(5.68) 



Note that from the differentiability and distinctness properties of the endpoints in the neighborhood E, we 

have the estimates 

\A k (x ,t Q ,x,t)-l\ < C A ,ky/{x-x ) 2 + (t-t ) 2 , 

(5.69) 

\B k (x ,t ,x,t)\ < C B ,kV( x ~ x o) 2 + (* - to) 2 
f or so me positive constants C A ,k and Cb,u and all sufficiently small (x — xo) 2 + (t — to) 2 . The implicit relation 



( 5.64 ) therefore becomes 

niv) 



/ p< T (A k ( + Bk- 1 x,t)d( = ^ p°((;xa,t Q )d(. (5.70) 



'A2fe(a;o,*o) k J >*2k(xo,to) 

Now, consider the function h k (r)) defined by the integral 



h k (v) ■= [ p CT (C;x ,t )dC, (5.71) 



for 77 in a lens-shaped neighborhood of I^(xo, to). If the neighborhood is sufficiently thin, then the map h k {rj) 
is one-to-one, since by assumption p CT (?7; Xo, to) is strictly nonzero in the interior of lt{xo, to). By the reality 
condition satisfied by I k (xo,to), the image of the lens-shaped neighborhood of l£(xo,to) is a lens-shaped 
neighborhood of the open real interval 

h k (I+(x ,t ))= (0,- / p°( m x ,to)d v ) :=(p,hF*). (5.72) 

The inverse function 1 (-) is defined and analytic in the open real interval (0, h™^). Near the endpoints, 
we have h^ty) ~ Ci</> 2/3 near <j> = and h^ 1 ^) ~ C 2 + C 3 (</> - h^) 2 / 3 near = for some constants 



Ci, C2, and C3. Letting M :— h k (p k (i])) and H := h k (rj), the relation (5.70) can be rewritten as 



M = H+ I U k {4>) d<t> := T k (M) . (5.73) 



where 



u k (4>) 



p°(h k - 1 ((} > );xo,t )-—p' X (Akh k 1 (4>) + B k ;x,t) 
a k 



k ,2 . (5.74) 
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We want to consider solving this equation for M = M(H) by fixed-point iteration, i.e. by choosing some Mo 
and constructing the sequence {M n } by the recursion M n :— T k (M n _i). If this sequence converges, then we 
have a solution. 

For e k > consider the rectangular region R k with corner points — 2e k ± 2ie k and ft,™ ax + 2e k ± 2ie k . The 
interval h k (I^(xo, t )) is contained in R k . We claim that for e k > sufficiently small the function U k ((f>) in 
the integrand of ( |5.73] ) has an analytic extension as a function of to some open set containing R k for which 



lim 

X — >Xn,t — >tn 



sup \U k {</>)\ 



= 0. 



(5.75) 



To show the analyticity of £4(0) it suffices to examine the endpoints = and = ft,™ ax . On the one 
hand, dh^ 1 /d(f> in ( |5.74 ) blows up exactly like a negative one-third power at each endpoint. But on the other 
hand, the inverse map hu {•) vanishes like a two-thirds power at each endpoint, and since we are working in 
-D sr , the function p a {rj;x,t) vanishes like a square root at each endpoint; thus, the function of m square 
brackets in (5.74) vanishes exactly like a one-third power at each endpoint. Analyticity at the endpoints thus 
follows for the product U k {4>). Next, to establish ( |5.75| ), we note that by analyticity in Rk, there exists a 
uniform bound and the only question is its behavior as (x,t) — ► (xo,io)- Clearly, U k {<f>) converges pointwise 
to zero in this limit for all (f> £ R k except possibly at the endpoints = and = /i™ ax - But by analyticity 
at the endpoints and compactness of R k , the convergence to zero is in fact uniform for G R k , and the 
result follows. 

Note that for all H S hk(I^ (xo,t )) the disk \(j> — H\ < ej. is contained in R^ . We claim that for 
sufficiently small (x — xq) 2 + (t — to) 2 , the transformation Tk((j)) maps this disk into itself. Indeed 



I W) - H\ 



H+(<j>-H) 



< (Jr + e fc ) sup \U k (4>)\ 



(5.76) 



which can be made arbitrarily small and in particular less than €k for x and t close enough to xo and to 
respectively in view of (5.75). 

Let Dk C E denote the disk in the (x, i)-plane centered at (xq, to) in which the last line is bounded above 
by efe. Then, for <fii and 02 both in the disk \cf> — H\ < ek, we also have for (x,t) £ D^, 



|T fe (0 2 )-T fe (0!)| 



4>2 



u k {4>')dfi 



< |02 ~0l| SUp \U h (<f>)\ 



(5.77) 



< 



a- 



H + e k 



102 - 01 



< |02 ~0l| 



From ( |5.7q ) and ( 5.77 ), the contraction mapping theorem guarantees that the iteration M n := T k (M n _ 1 ) 
will converge when (x,t) G D k whenever M is taken i n the disk \M — H\ < e k - Moreover, the limit 
M = linijj^oo M n is the unique solution of the equation (5.73) in this disk. We therefore have a function 
M = M(H) defined for all H in the closure of the open interval h k {I^{xo, to)). This function is continuously 
diffcrcntiable in the closed interval of its definition since for all M(H) defined above and for (x, t) £ D k , we 
have 

|^(A/)|<77 £i -< 1 : ( 5 - 78 ) 



and consequently 



H + e k 



T k (M)} =l-U k (M)^0, 



(5.79) 
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holding even at the endpoints. At these endpoints, we know that the unique solution in the disk is given 
simply by M(0) = and M(h™ ax ) = /i™ ax . The curve M(H) is therefore homotopic to the closed real 
interval [O,/^*]. 

The function is defined on the closed real interval [0, /i™ ax ] and has a unique analytic continuation 

to the curve M(H). The inverse function so defined on M(H) is continuous, and we then obtain 



p k ( v ) =hI 1 (M(h k ( V )). 



(5.80) 



For each x and t in D k , we therefore obtain a curve with the same endpoints, \2k~i(xo, to) and \2k(xo,to)- 
By our estimates, the curves contract uniformly to l£(xo,to) as (x,t) — > (xo,to). Finally, set 



T k (rf) := A k (x ,to,x,t) ■ h k 1 (M(h k {n)) + B k (x , t , x, t) . 



(5.81) 



This is a continuous function of i] G I^(xo,to). Each point in the image satisfies (5.64) and consequently 



the image is a smooth curve l£(x,t) connecting \2k-i(x,t) to \2 k (x,t). Moreover, by continuity, l£(x,t) 
will lie in the set H for (x — xq) 2 + (t — to) 2 sufficiently small, and to achieve this, we restrict x and t to 
some slightly smaller disk D k C D k . Finally, to see that for all (x,t) G D k the differential p a {r\; x , t) d n is 
nonvanishing in I^(x,t) and of the same sign as p a (r/; xo,to) dij in l£(xo, to), simply differentiate ( 5.64 ) to 
obtain 

p a (r k ;x,t)dT k = p a (T k (n);x,t)T k (i])dn = a k (x , t , x, t)p a (n; x , t ) dr\ , (5.82) 



from which the required result follows from the estimate (5.66). 

To verify the continuity of the exceptional band Iq , one repeats the above arguments, substituting zero 
everywhere for \2 k -i- Thus, one uses 



P°(C,x,t) dC 



a (x ,to,x,t) := -q 



X (x,t) 



(5.83) 



p rT (C;x ,t )dC 



Ao(a;o,*o) 



and obtains an estimate analogous to ( 5.66 ). Also, one takes Bo(xo, to, x, t) :— and 

A (x ,to,a;,i) := 



A (x ,to) 



\ (x,t) 



1 



(5.84) 



and obtains estimates analogous to ( |5.69 ). By similar arguments based on contraction mapping, one verifies 
the continuity of Iq(x, t) for x and t in some sufficiently small disk neighborhood Do of (xo, to). Finally, we 
restrict (x, t) to lie in D where 

"G/2 



D = D ST n 



Ha 



(5.85) 



which is nonempty for finite G. This completes the proof. □ 



The existence of contour segments in which the gap inequalities may be satisfied is also an open condition 
in the (x, i)-plane. 



Lemma 5.2.2 Assume all the conditions of Lemma 5.2.1 , and let g (A; x, t) denote the function corre- 
sponding to the candidate density p a (j];x,t) for (x,t) G E via (5.1) with K chosen according to ( 5. It ). 
Furthermore, suppose that the bands I k (xo,to) are complemented by a system of gap contours T^(x ,to) 
making up a loop contour C(xo,to) CiU {0} such that ^R(4> a (X;xo,to)) < strictly in the interior of all 
gaps T~^(xo,to). Then, there exists a disk D' C D C E centered at (xo,to) in the (x,t)-plane such that for 
all (x, t) G D' , smooth gap contours may be chosen in H U {0} for which the relevant inequality persists. 



That is, there exist smooth paths T k (x,t) 



connecting ^2 k -2{x,t) to \2k-i{x, t) for k = 1, . . . , G/2 and 



a path T~^,^ 2+l (x,t) in iU {0} connecting Ac(x,t) to the origin such that for all A in the interior of a path 
T k (x,t), the strict inequality 5R(0 CT (A; x, t)) < holds. 
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Proof. Using the general relations (4.32) and (4.33), we see that the function ^ CT (A; x, t) may be expressed 
in terms of an integral of the corresponding candidate density p a (r);x,t). In this connection, the desingu- 
larized representation (5.35) of the density is useful. Let R(X;x,t) and Y(X;x,t) denote the square root 
function R (defined in §4.3) and the analytic function Y (cf. (5.41)) defined from the endpoints A(x,t) for 
(x, t) G E. Consider an "internal" gap Vt(x,t) intended to connect the endpoints X 2k -2(x,t) and X2 k -\(x 1 t) 
for k — 1, . . . , G/2. Since D' c D, the results of Lemma 5.2.1 hold and throughout D' the band contours 



Iu(x,t) exist as smooth curves. Therefore, in T^(x,t), the function 4> a (X; x, t) may be written as 



4> a (X;x,t) = 4> a (X;x,t) 
= CT (A;M) 



iiT i R(r];x,t)Y(rj;x,t)dr] 
\ei^_ 1 (x.t) J\ 2k - 2 (x,t) 



itt I R(r];x,t)Y(r];x,t) drj . 

Ae/+(z,t) Jx 2k _ 1 (x.t) 



(5.86) 



where we recall that by construction <jf (X;x,t) is an imaginary constant when restricted to each band 

Let A = w(s) for < s < 1 be a parametrization of the given gap path (xo,to). Therefore w(0) = 
X2k-2(xo,to) and w(l) = X2k-i(%a,to). We will show that for all (x,t) in the sufficiently small disk D', the 
path parametrized by 

A = w(s;x,t) := A k (x ,t ,x,t)w(s) + B k (x , t , x,t) , (5.87) 



where 



A k (x Q ,to,x,t) 
B k (x , h, x, t) 



A 



2 ft- 1 



(x,t) - X 2 k-2(x,t) 



X2k-l(%0>to) — X2k-2(xo,t ) ' 

A2fc-l(xo,t )A 2 fc-2(^,^) - X 2 k-2{xo,to)X2k-l(x,t) 
X2k-l( x O,to) — X2k-2(xo,to) 



(5.88) 



admits the relevant strict inequality for all s € (0,1). By continuity of the endpoints in x and t, this 
is a near-identity linear transformation. We are given that ^R(4>' 7 (w(s); xq, to)) < and must show that 
5R(0 CT (A k w(s) + B k );x, t) < for D' sufficiently small. 

First, we consider a neighborhood of the endpoint s = 0. Since by assumption we are working in the 
neighborhood D of Lemma 5.2.1, and therefore in the bigger neighborhood D sr (cf. the proof of Lemma |5 . 2 . 1 ) , 
the integrand R(X; x, t)Y (A; x, t) vanishes at X 2k ^2(x,t) exactly like (A — A 2 / £ _2( a; > t)) 1 / 2 for all (x,t) € D' . 
This implies that in a sufficiently small (independent of x and t) neighborhood Vo i n the complex plane that 
contains A = X2 k -2{x,t) for all (x,t) close enough to (xo,to), the region where 3?(0 CT (A; x, t)) < holds is a 
generalized sector whose boundary curves have tangents at X^k— \{x,t) that meet at an angle of 27r/3. The 
band contour I k _ 1 (x,t) has a tangent at its upper endpoint X2 k ~2(x,t) that bisects this angle. Without loss 
of generality, we now suppose that the given gap contour T^(xo,to) has a tangent at A2fc-2(a;o> ^o) whose 
angle lies strictly between the tangents to the boundary curves. Indeed, if this is not true of the given gap 
contour, it may be achieved sacrificing neither smoothness nor the inequality 3t(4> a (w(s); Xq, to)) < by a 
small deformation near s = 0. Now, the boundary curves in Vq satisfy 




2 {x,t) 



R(rj] x, t)Y(rj\ x,t) dr/ \ = , 



(5.89) 



and from the fixed point theory used in the proof of Lemma 5.2.1 it follows that these boundary curves 
deform continuously in (x,t) near (xo,to)- Since the same is true of the path A = w(s;x, t) by construction, 
it is clear that the disk D' can be taken small enough that the inequality is satisfied on Tt(x,t) D Vq for all 
(x,t)eD'. 

To handle the other endpoint, s = 1, choose an analogous fixed neighborhood Vi containing X2k-i(x,t) 
for all (x,t) sufficiently close to (xo,to). Then, a similar argument can be used to show that, possibly by 
replacing D' with a smaller disk, the inequality is satisfied on (a;, t) n V\ for all (x, t) e D' . 
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Let Sq(x, t) be defined so that the interval (0, sq(x, t)) parametrizes the curve T^(x, t)f] Vo by the function 
w(s;x,t). Similarly, let si(x,t) be defined so that (si(x,t),l) parametrizes T~^(x,t) n V\. Let 

so := inf so(x.t) > 0, s\ := sup si(x,£) < 1. (5.90) 

[x,t)£D< (x,t)eD> 

It remains to verify the inequality (again, possibly by replacing D' with a smaller disk) for s £ [s ,si]. 
Now, because we are avoiding the endpoints, there exists some e < depending only on sq, s\, xq, and to 
such that in this closed interval, we have 5R(0 CT (u'(s); xq, to)) < e. Consequently, it is sufficient to show that 
|3fJ(0 CT (u>(s; x, t); x, t)) — ^R.((j>' 7 (w(s); x , t j)\ < e for (x,t) close enough to (xo,to). We have 

x, t);x, t)) - $t(^(w(s);x ,t ))\ < 



w(s) 

A2fc_2(xo,to) 



A k R(A k rj + B k ; x, t)Y(A k r) + B k ; x, t) - R(r); x , t )Y(r); x a ,t Q ) drj 



< 



(5.91) 



7T SUp \w(s) - \ 2k -2(xo,t )\ 

s6[s ,si] 



• 8up sE[s0iSl] \ A k R(w(s] x, t);x, t)Y(w(s; x, t);x, t) - R(w(s);x Q ,t )Y(w(s); x ,t )\ ■ 

The first factor is uniformly bounded, and by simple continuity arguments using the fact that the map 
w(s) — > w(s; x, t) is a near-identity transformation, the second factor can be made arbitrarily small for (x, t) 
near (xo,to) and in particular the product can be made less than e. This completes the proof of existence of 
the "internal" gap r^(a;, i). 

Having established the persistence of the gaps connecting pairs of endpoints in A, we must now show that 
the "final" gap ^q/ 2 +A x ^ *)> which must connect Xg{x, t) to the origin, also persists for [x, t) near (xq, to). In 
this case, the near-identity transformation of the path r~Q, 2+1 (xo,to) parametrized by w(s) is given simply 

by 

w(s;x,t) := Xg{x ^ w(s). (5.92) 

The local analysis near s — corresponding to the endpoint A = Xc(x,t) goes through exactly as before. 

For the local analysis near s = 1 corresponding to A = for all {x, t), we first consider the definition 
(5.1) of the function <\f (A; x , t) . For A in the interior of the gap T.Q, 2+l {x,t), we can use the analyticity of 

the given eigenvalue density p°(r]) to rewrite the formula (|5.l|) for CT (A; x, t) in the form 



fr{\;x,t) 



Lf(\)ir(rr,x,t)dri+ / L^' (7 (\)p <T (r)*;x, t)* dr) 
Ci Jc* 



+ 2iJ(\x + X 2 t) + ina J p°(i]) drj , 



(5.93) 



where ~p a x, t) is the complementary density function corresponding to p a x, t) via (5.9). Now it follows 
from the boundary value problem (5.20) that the function ~p' J { , q\x,t) extended by complex conjugation 
p CT (?y*; x, t)* to Ci UCj is analytic at 77 = 0. Therefore, the first two integrals on the right-hand side of (5.92) 
can be combined and the path of integration may be deformed slightly either to the right (for a = +1) or 
left (for a = — 1) in a small neighborhood of the origin. Thus, we deduce that (jf (\ \ x, t) extends analytically 
to a neighborhood of the final endpoint A = of the gap r^ 2+1 (x, t). 
Now, for A real, it follows from reality of the logarithm that 



n((j> a (X;x,t)) = ttctA, A e M . (5.94) 

Since for a = +1 (respectively a = — 1) the portion of ^g/2+x( x °' near the origin necessarily lies in the 
second (respectively first) quadrant, this together with the analyticity of <p a (\\ x, t) at A = shows that 
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in some neighborhood V\ of the origin, the given gap contour ri, 2+1 (xo,io) nes m some generalized sector 
bounded by the real axis and some boundary curve that makes a nonzero angle with the real axis at x — Xq 
and t — to (recall that 3fJ(</>°"(0; x, t)) = 0). Without loss of generality, we may assume that T^^ 2+1 (xo,to) 
has a tangent line at the origin making a nonzero angle with both the real axis and the tangent line of the 
boundary curve. Then, since the boundary curve again satisfies 

R(ri; x, t)Y(ri; x,t)dr)) = , (5.95) 

\ G {x,t) J 

the fixed point theory predicts smooth deformation of this curve with respect to x and t near x = xq and 
t = to, which in conjunction with the continuity of the near-identity map w(s) — > w(s; x, t) gives the necessary 
inequality in V\. This concludes the analysis near s — 1 corresponding to the origin in the A-plane. 

With the endpoints taken care of in this way, the argument that the inequality holds on parts of 
^G/2+A x >t) that are bounded away from the two endpoints Ac and is analogous to the corresponding 
argument we used in proving the persistence of the "internal" gaps. Therefore, for all (x, t) in the sufficiently 
small disk D', the "final" gap contour T^^ 2+1 (x,t) exists as well. This completes the proof. □ 

Passing from the local to the global, these continuation arguments can be developed into a partial 
characterization of the boundary of the region of existence of a successful genus G ansatz in the (x, i)-plane. 
Given (xq, tp) an d a continuo us bra nch of the collection of endpoint functions A(x, t) such that the conditions 



of Lemma 5.2.1 and Lemma 5.2.2 are met, let U be the intersection of the largest open set in the (x,t)- 
plane where the selected branch of A(x,t) is differentiable and the largest open set containing (xo,io) where 
the genus G ansatz corresponding to these endpoints satisfies all of the inequalities. Let (x cr it , icrit) be a 
boundary point of U. It is necessary that at this boundary point at least one of the conditions of cither 
Lemma 5.2.1 or Lemma 5.2.2| fails. Otherwise, the open set D' guaranteed to exist by these results would 



contain (x C rit, x cr it) & n d be contained in U — a contradiction. 

To catalog the possible modes of failure of the ansatz at the boundary of U is a task complicated by the 
geometry of the cut upper half-plane H. It is possible for a point on the boundary of U to correspond to an 
ansatz for which one of the band contours meets <9H at a point, or for which a gap contour is "forced" to 
meet <9H because the boundary of the region where 5R(0 <T ) < does so. However, there are also modes of 
failure that do not involve the contour C meeting cffl. These modes can be characterized by equations for 
curves in the (x, t)-plane. 

The onset of failure of the inequality for the bands can correspond to a point A on one of the bands it 
(including endpoints) for which the function p CT (A; x cr it, t cr jt)/i?(A; x cr it, tcrit), analytic on the closure of each 
band, has a zero. Here, p" is given by the formula fl5.34| ) valid in the bands. Therefore, if the ansatz fails 
by this mechanism at the point (x C rit, icrit); then for some k = 0, . . . , G/2, the following conditions hold for 
some A 6 H: 

P°{m Scrit, *cnt) d V ) = , ^^i^crit) = Q ; (5.9(5) 




A 



>2fc(a:crit,tc 



5 X cr it , ^crit) 



and A is on the band l£. We note here that, neglecting the topological condition that X £ it (which amounts 
to the selection of a particular branch of the first relation above), and upon elimination of A, these relations 
imply one real relation satisfied by x cr it and f cr it, a curve in the (x,t)-plane. If in addition, A is actually on 
the band it , then these conditions imply that the band l£ has the interpretation of a chain of (at least) 
two connected heteroclinic orbits of the vector field ( |5.56 ). 



The onset of failure of inequality for the gaps can correspond to the pinching off of a narrow "isthmus" in 
the region di(<f> a ) < in the A-plane through which a gap curve is forced to pass. Exactly at onset, when the 
inequality first fails, the boundary curve where ^ CT (A) is purely imaginary becomes singular. The existence 
of a singular point on the imaginary level can be expressed by the equations 

^(A; Xcnt, icrit) = , 5R(0 ff (A; x crit , t crit )) = . (5.97) 

OA 

Here, (\F refers to the expression valid in the gaps. Again, observe that if A € H may be eliminated between 
these two equations, what remains is a single real equation in the two unknowns x cr it and t cr it- These 



5.3. MOD ULATION EQUATIONS 



113 



relations thus describe a union of curves in the real (x,t) plane. 



< Remark: It is a consequence of the duality of th e func tion <ff{\) evaluated in th e gap s wit h the 
function a {X) evaluated in the bands (c/. equations (4.32) and (4.33)) that the conditions ( |5.96 ) and (5.97) 
are essentially equivalent. They result in the same curves in the (cc, £)-plane. > 



< Remark: The point (a; cr it, £ C rit) being a solution of either ( |5.96 ) or ( 5.97 ) is neith er necessary nor 
sufficient for (a; cr it, i CT it) to lie on the boundary of U. Even if (aJ C ritj ^crit) satisfies ( 5.96 ), the value of A 
establishing the consistency might not lie on the ban d it , instead being contained in another of the three 
curves emanating from the band endpoint (see Figure 5.3) or even in a curve branch that is not connected to 
the endpoint at all. Similarly if (x cr it, ^crit) satisfies (5.97), the bottleneck that is created might not actually 
constrain any gap contours to pass through the point A; the pinching might occur in an irrelevant part of 
the region where 3?(<^ <7 (A)) < 0. On the other hand, even if it is known that (x cr it, t C rit) is on the boundary 
of U, the failure of the ansatz may correspond to contact of the contour with SEE, a mode of failure that is 
not captured by the conditions ( |5.96 ) or (5.97). What may be said with precision is: if the point (x cr it, tait) 
is known to be a point of failure of the genus G ansatz and the contour may be taken to avoid 9H ; then 
(a^rit, ^crit) is contained in the union of solution curves of (5.96) and (5.97) in the real (x,t) -plane. > 



One expects that for points in the (x, £)-plane on the other side of the boundary of U, the inequalities 
can be satisfied by choosing an ansatz corresponding to a different genus G. For example, in Chapter |t] we 
will prove that when the condition (5.97) holds for a genus zero ansatz, the curve defined by (|5.97j ) in the 
(x, f)-plane is a boundary between values of x and t where the genus zero ansatz is valid and values of x 
and t where a genus two ansatz is valid. It then follows from the analysis in Chapter || that the asymptotic 
behavior of the solution ip(x,t) of the nonlinear Schrodinger equation will be qualitatively different for (x, t) 
on opposite sides of the boundary of U, being described by Ricmann theta functions of different genera. The 
boundary curve may thus be given the physical interpretation of a phase transition. Such sharp transitions 



are indeed clearly visible in computer reconstructions of the Satsuma-Yajima ensemble MK9S], for example. 
They have also been seen in recent simulations of (1.1) |BK9£, CM00| for more general initial data. 



5.3 Modulation equations. 



Here, we will show that if the endpoints Ao, . . . , Xg satisfy the 2G + 2 real equations contained in ( |5.25 ), 
(5.52), and (5.58) — equations in which x and t appear analytically as explicit parameters — then it turns 
out that the endpoints considered as functions of the independent variables x and t also satisfy a quasilinear 
system of partial differential equations. This system has no explicit dependence on x and t in its coefficients, 
and also the system takes the same form regardless of the function A(x) that approximates the initial data for 
(1.1). The equations making up this quasilinear system are the Whitham or modulation equations associated 
with genus G wavetrain solutions of the focusing nonlinear Schrodinger equation. They are elliptic, which 

makes the initial-value problem for them ill-posed. 

We will begin by returning to the function F[X) guaranteed to exist by Lemma [5.1.2 because the moment 
conditions J5.25| ) are among those satisfied by the endpoints. The first observation that we make about the 
function F{X) is the following. 

Lemma 5.3.1 Whenever the endpoints satisfy the measure reality conditions \5. 5<jj ), the function F(X) 
satisfies F(X) = 0(X~ 2 ) as X — ► oo. 



Proof. From the Cauchy integral representation (5.16) of F(X), the result will follow if it is true that 

p a {n)dri+ [ p <T (n*)*dr) = 0. (5.98) 
Cj Jc* 

Now, using the conjugation symmetry of the contours, the definition ([5.9]), and analyticity of p°(r]), this is 
equivalent to the condition 

p°(v)dr]j P° '(l) d V^j = • (5.99) 
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The first term then vanishes because the given asymptotic eigenvalue measure is real on the imaginary axis, 
and the second term is equivalent to a sum of integrals of p a (jf) dr] over the bands it of Cj . The reality of 
each of these integrals is exactly the content of the equations ( |5.58| ) , which proves the lemma. □ 



By assumption, the endpoints satisfy the moment conditions M p = 
also satisfy the measure reality conditions, then slightly more is true. 



for p = 0, . . . , G. If the endpoints 



Lemma 5.3.2 Whenever the endpoints satisfy the moment conditions (5.25) for p = 0,...,G and the 
measure reality conditions (5.58), then 

M G+l = (5.100) 



well. 



Proof. This follows immediately from the series expansion ( 5.30| ) for the function H(X), along with the 
fact that F(X) — R(\) H(X) where R(X) ~ — A G for large A, and the large A asymptotic behavior of F(X) 
guaranteed by Lemma p\3.1 . □ 



< Remark: Lemma 5.3.2 means that with the use of the measure reality conditions ( 5.5S ) we can deduce 
one additional moment condition. We now make the correspondence between the reality conditions and the 
moment conditions more precise. Summing up the integrals Ri, we find 



G/2 / 

1=0 \ J u>ii 



(5.101) 



Now for r] £ J^T; p a (y) can be expressed in terms of p°(r)) and the difference of boundary values of F(if). 
Therefore, (5.101) becomes 

G/2 



J^Rt = 3 ^jf ^ p°(ri)dr?J - i-B N ^ (F + (rf) - F_(rj)) d v 



(5.102) 



Now for j] e Tj n Cj, we have that F+(rf) — F-(r]) = — 2nip (r]). Thus we may rewrite ( 5.102 ) as 

G /2 

= 3 QT p (if)dr^J - i-B Qf (F + ( V ) - F_(„)) dry) , 



(5.103) 



or, using analyticity to deform the path in the first integral to the imaginary interval [0, iA] and exploiting 
reality of the asymptotic eigenvalue measure p (i)) drj on that path, 



G/2 ! , 

E ^ = - -d*- ( / ( F + fa) - F - (»?)) 

£=0 \JCi 

Finally, since F(X) satisfies the symmetry ( 5.19Q , we can write this as 

(F + (r,) - F_(i!^ di] . 



(5.104) 



G/2 



(5.105) 



due* 



Now since F(A) is analytic in C \ (Cj U C|), we may express this integral as a contour integral on any 
counter-clockwise oriented loop L completely encircling the contour Cj U Cj : 



G/2 

E^ = 4- f ^w^- 



(5.106) 
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Using the residue theorem to evaluate the integral, assuming only that F(X) decays like 1/A at infinity, we 
find at last 

G/2 

I> = * x lim XF ^ = -^r 1 ■ ( 5 - 10? ) 

* — ' Z A^oo Z7T 

£=0 



The last equality follows from the formula F(X) = H(X)R(X), the asymptotic behavior R(X) ~ — A +1 , and 
the fact that the moments M through Mq are presumed to vanish. This establishes the fact that any one 
of the reality conditions (5.58) may be replaced with the additional moment condition Mq+i = 0. > 

Next, we consider computing derivatives of the moments. We begin with the following. 

Lemma 5.3.3 The moments Mj, for j = 1, 2, . . ., satisfy the following differential equations: 



dX k 
8X1 



2 3 



dX k 

dMj-! 



Mj-! + K dx 



(5.108) 
(5.109) 



Furthermore, the function F (X) satisfies the following equations, valid for X 6 C\(Cj UCj), with appropriate 
boundary values taken on Ci U Cj. 



OF 
dX~ 

dF 
dX* 



1 R(X) 8M 



X — Xj dXj 
R(X) 8M 



ni A - A* dX* 



(5.110) 
(5.111) 



Proof. To prove ( 5.108 ), note that 

2ix + Aint 

iirp°(r/) 



Mj - X k M. 



kMj-l 



= J 



U,If 



Tina R (v) 
Differentiating ( 5.112| ) with respect to X k , we find 



rf x (ri~X k )dr\ 
?7 J_1 (?7 - A fe ) drj + 



r f nc; 



i*P (ri*y j-! ( , x . 
R(rj) 



dMj 
~dX k ~ 



Mi- 



3-1 



dMj-! 
oX k 



= - 2 Mj-!. 



(5.112) 



(5.113) 



and we have proved ( 5.108 ). To prove ( 5.109 ), replace X k with A£ in ( 5.112 ), and differentiate with respect 
to X%. 

To prove ( 5.110| ), we use the formula F(X) = H(X)R(X) and the Laurent series representation ( 5.30 ) for 
H(X) and differentiate with respect to A^: 



dF 
dX k 



niX 



E 



3=0 



x-x k 



Mj dMj 
~ + ~dXk~ 



1 



RW 

27riA A — Afe 



-2A 



dM 
dX k 



3=0 



DM. 



3+1 



dX k 



+ 2X k 9 ^ + Mj)X ' 



(5.114) 



where the second equality results from factoring out (A— Afe) 1 and rearranging the sum. The rela tion (|5.110| ) 
then follows by using (5.108). To prove (5.111), one differentiates with respect to X k , and uses (5.109). □ 

Now, we will show that we can use the equations M p = taken for p = 0, . . . , G+ 1, together with the gap 
conditions ( 5. 52] ), and the measure reality conditions R k = taken for k = 1, . . . , G/2, to derive the elliptic 
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modulation equations. First, observe that if we evaluate ( 5.10§| ) and ( 5.109] ) for a set of endpoints Ao, . . . , \g 
chosen to satisfy these 2G + 2 real conditions, then we have for all j = 1, . . . , G + 1 and k = 0, . . . , G, 



dMj 
~dX~T 



X{ 



8Mo 
dX k 



dXt 



k dXt 



(5.115) 



Second, the formulae ( ^5 . 1 1 C )-(5.111) yield rather simple representations for the derivatives of the functions 
Vj defined in ( |5.52j ), and Ri defined in ( 5.5£ ), wit h resp ect to A^ and Aj£. Le t us first consider the function 
Vj, for any j, < j < G/2 — 1. From the formula ( |5.52| ), and the symmetry ( 5.19 ) of the function F(X), we 
have the following representation of the function Vj : 



r+ ,ur, , 



2iJx 



+ 4iJryt + i(F + (r ? ) + F_(r 7 ) 



drj . 



(5.116) 



Recall that by definition T~J +l is oriented from X2j to A2J+1, and is oriented from A| J+1 to A^. Since 
the boundary values of F(rf) are Holder continuous with exponenent 1/2, and hence unifor mly co ntinuous, 
it follows from the boundary conditions satisfied by F(rf) on C/ U C} that t he inte grand in ( 5.116] ) vanishes 
at the endpoints of the two gaps of integration. Therefore, differentiating ( 5.116] ) with respect to A&, one 
finds simply 

; )1 ~ 1 r : i 

(5.117) 



dVj_ 
dX k 



JL(F + (r,)+F-(r,)) dr, , 
7+i ur 7 + i dXk 



Now inserting ( 5.11C ) into ( 5.117 ) , we find 



dVj 
dX^ 



1 

2?ri 



dMp 
dX k 



r + ur~ V ' 



dr, . 



(5.118) 



Repeating the above calculations, but differentiating with respect to A£, one may easily verify 



dXt 



1 

27Ti 



dMp 
~dX*. 



R(rj) 



r+urr, . V 
j+i j+i 



a; 



drj . 



To obtain the derivatives of the functions Rj, 1 < j < G/2 with respect to Ao, 
we start with the following formula for Rj: 



(5.119) 
, Xg and AS , . . . , A 



G- 



Ri — TT~ 

3 2i 



p°(v) + ^(F + (ri)-F.( V ) 
2m V 



2m V 



dr], (5.120) 



obtained by representing p° (77) in the bands Tj in terms of the asymptotic eigenvalue density p°(r]) and F(r,) 
and using the symmetry property (5.19). Recall that by definition for j > 0, the band ij is oriented from 
A2.7-1 to X2j while the conjugate band I~ is oriented from A^- to AJy^. Also, by the same arguments as above 
in our discussion of the quantities Vj, the integrand vanishes at the endpoints. Therefore, differentiating 
( 5. 120| ) with respect to Afe, we find 



dXk 



1 

47T 



(F + (r,)-F_(r,))dr,. 



(5.121) 



Now inserting ( 5.11C ) into ( 5.121 ) , we find 



dRj 
9A7 



I 

2^2 



dX k 



drj . 



(5.122) 



Repeating the above calculations, but differentiating with respect to A£, one may easily derive 



9Ri 
dX* k 



1 

2^2 



dMp 
dXt 



drj . 



(5.123) 



We have proved the following. 
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Lemma 5.3.4 The partial derivatives of the quantities Mj, Vj, and Rj with respect to the endpoints Xq, . . . , Xg 
and their complex conjugates satisfy a set of canonical formulae whenever the endpoints solve the equations: 



Mj=0, j C I . 

v,- = , j o G/2 i. 

Rj = 0, j 1 G/2. 



(5.124) 



These formulae are: 



dM 



dX k ' k dX k ' 



dMj _ y *jdMo 

k dxi 



dXt 



for j = 1, . . . , G + 1 and k = 0, . . . , G, 

dVj 1 8Mq f R(r)) 
dXk 2iri dX 



k Jt+ +1 utt +1 V - A fe 



dV. 1 dM 



dXt 2m dXl 



dr), 



for j = 0, . . . , G/2 — 1 and k = 0, . . . , G, ana 



dRi 



i dM 



dXk 2ir 2 dX k Ji+uir V - Afc 
for j = 1,. . .,G/2 and k = 0, . ..,G. 



dr/ , 



dR k i dM 



8X* k 2tt 2 dX* k J lfuI - rj - X 



drj , 



(5.125) 



(5.126) 



(5.127) 



Third, we will compute the partial derivatives of M p , Vk, and Ri with respect to x and t. For fixed 
endpoints, a simple residue calcuation shows that M p satisfies 



dM, 



while 



Similarly, one finds 



while 



dM G 
dx 



dx 



-2Jn. 



* = 0, 



p = 0,...,G-l, 



dMg+i 
dx 



-JnJ2(^ + Xl) . 



dMp 



= 0, 



dM G . 

at 



-A-kJ . 



p = 0,...,G-2, 

OMg 

at 



(5.128) 



(5.129) 



(5.130) 



2njJ2(*k + K) 



fc=0 



OMg+i 
dt 



= -ttJ 



1 G 

£ (.\ ; • A*) (A, • a;., -^(a, a; 



0<j<fc<G 



4=0 



(5.131) 



To compute the partial derivatives of the functions Vj and Rj with respect to x and t, we first observe 
that from the representation F(X) = H(X)R(X) and the explicit formula ( 5. 29] ) for H(X) 1 we find 



dF 



and 



OF 
~dt 



(A) 



endpoints fixed 
4./ 



drj 



(X-r))R+(ri) 



= -2iJ, 



-R(X) 



endpoints fixed 



rj drj 



Ufci? 



(X-rj)R+( V ) 



-AiJX - 4dR(X) ■ 5 G ,o , 



(5.132) 



(5.133) 
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where the integral is evaluated explicitly by residues, and for the t derivative there is a residue at infinity 
only for G = which explains the Kronecker delta. 

< Remark: These partial derivatives of F(X) are computed holding the endpoint s Ap , . . . ,\q and their 
complex conjugates fixed. These formulae therefore do not contradict the discussion in § |5.1.2| which concerned 
the total variations of F(X) with respect to x and t when the endpoints are constrained by the moment 
conditions fl5.25j). > 



Combining these with ( 5.116), we find that Vj satisfies simply 



9Vj_ 
dx 



dt ' 



(5.134) 



for j = 0, ... j G/2 — 1. Observe that for G — 0, there are no gap conditions, and in this case the Kronecker 
delta term in ( [5.133] ) plays no role. Similarly, from (5.120) and the fact that p°(r)) is independent of x and 
t, we find simply 



9Ri 

dx 



9Ri 
dt 



0. 



(5.135) 



for j — 1, . . . , G/2. Again, note that for G = 0, the Kronecker delta term in ( 5.133| ) plays no role because 
we are considering the only measure reality condition Rq — present to be absorbed into the additional 
moment condition M\ = 0. 

Finally we indicate how the 2G + 2 real conditions (5.124) imply the elliptic Whitham modulation 
equations. Define the column vector A := (Ap, Aq, Ai, A*, . . . , Ag, Xq) , and the vector-valued function G(X) 



G(X) T = (&,..., &G+2) := (M Q ,...,M G+1 ,V , 
Then the equations ( |5.124 ) arc written compactly as 

G(X) = 0. 

Differentiating with respect to x and t, we find 



where 



while 



and 



while 



dGi 
dx 



dGa+ 
dx 



for j = 1, . . . , G, and j = G + 3, . . . , 2G + 2 , 
dGc+2 



-2 Jtt, 



dx 



- j7 rJ2(^ + Xt) 



k=0 



f = 0, for i = l, 



dGc 
dt 



= -4Jtt. 



, G - 1 , and j = G + 3, . . . , 2G + 2 , 



d -^ = -2J,J2(X k + Xt) 

k=0 



(5.136) 



(5.137) 



(5.138) 



(5.139) 



(5.140) 



(5.141) 



dGc^ 
dt 



-Jtt 



£ (A J + A^)(A fe +A^)-^(A J -A* 



0<i<fe<G 



J=0 



(5.142) 
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and the (Jacobian) matrix M(A) is defined by 



M(A) := % 
dX 



dM 


dM a 


8M ' 


dX 


dX* 


8X* G 


dM G+1 


om g+1 


dM G+1 


dX 


dX* 


9X* G 


dV 


dV 


dV 


dX 


dX* 


dX* G 


dVc/2-i 


dVo/2-i 


dVo/2-1 


dX 




dX* G 


dRi 


dR! 


dRi 


dX 


dX* 


8X* G 


dR G /2 


dR G /2 


dR G /2 


dX 


9X* 


dX* G J 



(5.143) 



Now using the relations (5.125), (5.126), and (5.127), we find that miraculously, the Jacobian M(A) factors: 

1 i i \ dM 



where 



and where 



M(A) 



M(A) = diag(l,...,l,^,...,-,^,...,^).M(A) 



OX 



dM a 
dX 



diag 



1 

A 



X G+1 



R{rf) drj 
r+ur" V - Xo 

R(r]) drj 



R+(v) drj 
V - X 

R+{r))dr) 



i + ui~ V ~ 

J G/2 UJ G/2 ' 



dM dMo dM dM 
~dXo~' ~d\J''"' ~dXc~' 9AT" 



G 



\*G+1 
A 



R(rj) drj 
r+ury V ~ Xq 

R{rf) drj 



r G/2 urc /2 V K 



R+iv) dr] 
+ ui- V-X* 

R+(v) dri 



i+ ui~ V ~ Xf, 

I G/2 UJ G/2 1 u 



A G 



*G+1 



R(rj) dr] 
r+ur~ V ~ a g 

R(rj) drj 



+ - n — X* 

r G/2 Ur G/2 ' G 



R+(v)dr] 

V-^*G 

R+(r])dr] 



+ - n — X* 



(5.144) 



(5.145) 



(5.146) 



The determinant of M(A) can be calculated explicitly. First, one uses the linearity of the determinant in 
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each row to write 



G/2 G 

detM(A)=/ _.../ 11^)^7+ _•/+ - II 

Jr i Ur x ^ r G /2 Ur G/2 j = l "'A U/ l J I G/2 JI G/1 k = G / '2+1 



R+(rjk) drjk det S(A, 77) , 



(5.147) 



where 



S(A,r7) = 



1 

A 


1 


1 

• A G 


X G+1 


\*G+1 
A 


\*G+1 
A G 


1 


1 


1 


?/i - A 


m - K 


?7l - AJ; 


1 


1 


1 



7?G ^ Ao T]G- An 



??G 



(5.148) 



This matrix is a combination of a Vandermonde matrix and a Cauchy matrix. The determinant det S(A, ff) 
can be computed by observing that it is a rational function in each variable with obvious singularities and 
with the same number of explicit zeros. For example, as a function of Ao, the determinant has G simple 
poles at 771, . . . ,T]g, and behaves like A^ 1 near infinity. Therefore it has exactly 2G + 1 zeros, and it is 
easy to see that these occur exactly for Ao = Aq, Ai, . . . , Xq since each of these choices makes two columns 
identical. By Liouville's theorem, this fixes the determinant up to a constant factor, which may be obtained 
by similar considerations viewing the determinant as a function of the other variables. In any case, we find 



detS(A,77) 



G G 

niK A *- A i) n 

j=0fc=0 0<j<k<G 



A;)(A£-A*) [] (Vk-Vi) 



l<j<k<G 



G G 

(-i) o nnfoi- A *)foi- A *) 

j=l fc=0 



(5.149) 



It is straightforward to solve (5.138) for dX/dx and dX/dt by Cramer's rule. In doing so, one first inverts 



the diagonal prefactor and notes that from the positions of the only nonzero entries on the right-hand side, 



(5.138) is really just 



M(A) 



dM 
dX 



dX 

dx 



dg 

dx 



M(A) 



8Mp 
dX 



dX 
dt 



dG 

' dt 



(5.150) 



By a direct calculation, one can see that none of the partial derivatives of M with respect to an endpoint 
vanishes identically. Therefore, inverting the diagonal matrix dM /dX explicitly, one finds that for k = 
l,...,2G + 2, 

(f) t + ««(!) t -' <" 51 » 

where 

,r., detM( fe '*) 

and M( fe|X ) is the matrix obtained from M by replacing the fcth column with dQ/dx while M^ fc '^ is the 



matrix obtained from M by replacing the /cth column with dQ / dt. Note that ( |5.151 ) is a first-order system 
of quasilinear partial differential equations in x and t that is explicitly written in Riemann-invariant form 
regardless of the size of the system (value of G). Also, it is clear from the definition (5.152) that the 
characteristic velocities c/c(A) have no explicit dependence on x and t. 
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Without belaboring the point, let us observe in passing that in computing these determinants, we have 
established that the 2G+2 conditions contained in (5.25), ( |5.52 ), and (5.58) actually imply that the endpoints 
Ao, . . • , A<3 and their complex conjugates solve the partial differential equations (5.151). The characteristic 
velocities (5.152) are explicitly expressed in terms of ratios of determinants of matrices whose entries are 
all hyperelliptic integrals. Also, as seen in §4.3, the dependent variables Xq,...,Xq and their complex 



conjugates have the interpretation of moduli of a hyperelliptic Riemann surface used in the reconstruction 
of the asymptotic semiclassical solution in the vicinity of fixed x and t. The system (5.151) is therefore 
just the set of Whitham or modulation equations for genus G wavetrain solutions of the focusing nonlinear 
Schrodinger equation, expressed in Riemann-invariant form. See, for example, [FL86] for a formal derivation 
of these equations from the starting point of the assumption of an approximate solution of the focusing 
nonlinear Schrodinger equation in the form of a slowly modulated wavetrain. 



Our formula ( 5.152 ) for the characteristic velocities is not written in exactly the same form as in Fores t 
and Lee's paper |FL86 |. Maki ng the identification requires identifying the ratios of determinants in ( 5.152j ) 
with those obtained in FL86 | by the normalization of the pair of canonical meromorphic differentials by 
adding appropriate holomorphic differentials to achieve zero a cycles. We do not concern ourselves further 
with the aforementioned equivalence, leaving this to the interested reader. 



We want to emphasize that certain steps in obtaining the equations (5.151) from the solution of (5.25) 



( 5.52 ), and ( 5.58 ), such as the nontrivial issue of proving that the matrix M possesses an inverse, require 
very delicate analysis. In any case, from the point of view of computing rigorous semiclassical asymptotics, 
the non-differential relations (5.25), ( 5.52j ), and (5.58) form a complete characterization of the endpoints, 
always containing information about the approximate initial data A(x) encoded in the asymptotic eigenvalue 
density p a (i]). From this point of view, the fact that the system ( |5.151 ) does not contain any reference to 
the initial data via p°(rj) and yet is satisfied by solutions of ( [5.25| ), ( 5.52| ), and (5.58), which do depend on 
p (f]), is a happy coincidence. 

To make the derivation of the Whitham equations more concrete, let us now carry out the above program 
for the case of genus G = 0. We have the following matrix equation satisfied by {Ao, Xq}: 



r 9M Q 


dM - 




" dXo ' 




r dM I 


dX Q 


dX* 




dx 




dx 


dM x 


dM l 




dK 




dMi 


I dX 


dX* . 




. dx _ 




. dx . 



(5.153) 



Now from (5.129) we find that 



dMg 
dx 



-2ttJ, 



dM x 
dx 



-2-7T Jclq , 



(5.154) 



where ao := (Aq + Aq)/2, and so equation ( 5.153 ) becomes 



dM dM 



A 



dX 

dMo 
' dX Q 



dXZ 



,dMp 
' dX* 





' dXo ' 




dx 




9A5 




. dx . 



2ttJ 



ao 



(5.155) 



Here we have also used (5.115). We may simplify this as follows: 





f dM 


dXo - 


1 1 




dX 


dx 


Ao Xq 




dM 


dK 




[ dX* Q 


dx . 



2nJ 



1 

ao 



(5.156) 
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whose solution is given by 



r 0M 


dXo - 






dX 


dx 


= IT J 


' 1 


8M 


dK 




1 


[ dx* Q 


dx _ 







(5.157) 



Similarly, for the t derivatives, we find 

dM dM 



A 



d\ 
8M 



dX 



OXn 



, 9Mq 
1 dX* 





' 3A ■ 




dt 




dX* 




. dt . 



= 2ttJ 



2a 



In 2 - h 2 



(5.158) 



where b Q := (A -A5)/(2i). This uses (|5.13l|) , the fact that dM /dt = -Ana , and dNh/dt = -2tt (2a^ - &§). 
From this we find that 

8M Q dX 

2a + ib 

ttJ ' 



9A dt 



8M 9A5 
~d~K ' ~~dT 



2a n 



i bo 



(5.159) 



Combining (5.157) and (5.159) gives at last the following. 

Theorem 5.3.1 Let G = 0, and let Ao(a;, t) be any solution of the moment equations M — and Mi = 
that is differentiable with respect to x and t in some open set in the (x,t)-plane. Then the function Xo(x,t) 
satisfies the system of partial differential equations 



dXo , I o h \ dXt) n 



dt 



+ (-2a + ib ) 



dx 



= 0, 



(5.160) 



where Xa{x,t) — ao(x,t) + ibo(x,t). This system is exactly the complex form of the elliptic modulation 
equations for genus G = 0. 



5.4 Symmetries of the endpoint equations. 



The relations that determine the endpoints as functions of x and t for an ansatz of a given even genus 



G involve contour integrals over paths that are not known a priori. In §5.1, it was shown by elementary 
contour def orma tion arguments that giv en an ordered sequence of complex end point s Ao, . . . , Ag, the moment 
conditions ( 5.25| ), vanishing conditions ( 5.52 ) and measure reality conditions ( 5.58 ) have the same value for 
all contours Cj in the cut upper half-plane H connecting the origin to iA via this sequence of points that 
can be smoothly deformed into each other while holding the intermediate points Ao, . . . , Ag fixed. 

But this fact alone does not provide sufficient invariance. One would really like to know that the deter- 
mination of the endpoints is completely insensitive to the choice of integration contour and even the ordering 
of the endpoints along the contour (i.e. which intervals between the endpoints constitute bands and which 
constitute gaps). For example, if the configuration on the left in Figure 5.5 satisfies the endpoint relations for 
genus G = 2, then it should follow that the configuration on the right does as well. Note that these invariance 
issues are nontrivial compared with inverse problems like the zero-dispersion limit of the Korteweg-de Vries 



equation [LL83| and the continuum limit of the Toda lattice [DM9S]. In these selfadjoint problems, the end- 
points are totally ordered because they are necessarily real and similarly there is no ambiguity whatsoever 
about paths of integration. 

In this section, we explore the symmetries of the equations (5.25), ( |5.52 ), and (5.58) in more detail. 



According to the calculations presented in §5.3, we are free to replace the condition Rq — with Mg+i = 0, 



and we do this here. We begin with the following lemma. 
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Figure 5.5: Two ways to thread a contour Cj through the same three points in 



Lemma 5.4.1 Each moment M p defined by (5.25) depends only on the endpoints X ,...,Xq. Considered 
as a function of the independent complex variables Ao, . . . , Xg € H and Ag, ■ • ■ , X G € HP, it is analytic in 
(H x M*) G+1 and is symmetric under any permutation among the endpoints (Ao, . . . , Xq) or, independently, 
among (X^,...,X* G ). 



Proof. The complexification of the moment M p is the formula 



M p = J 



2ix + Aint „ , 



R(rf) 



rf drj 



rfdrj, 



(5.161) 



that is, when A£ is taken to be the complex conjugate of A&, this formula agrees with (5.25). Using now- 
familiar contour deformations and the paths C/+ and C/_ introduced in the proof of Lemma 5.1.3 to represent 
the function Y(X), one rewrites the moment as 



M p = -- 
p 2 



2ix + Urrt ,„ , 1 

-^nT 11 dv+ 2 



-RW 71 77 + 2 



■rf drj , 



(5.162) 



where L is an arbitrarily large positively oriented loop contour and where the conjugate paths Cj_j_ are taken 
to be oriented from — iA toward the origin. Note that the paths C/± may be taken to be the same for all 
choices of the path Ci; the path Ci a may be taken as the imaginary interval [0, iA] and the path C7(_ CT ) 
may be deformed toward infinity with the only obstruction being any points of nonanalyticity of f> < (rf). 

With the moment M p rewritten in this way, the only dependence on the endpoints enters through the 
function R(r)). Since all cuts of this function are contained inside the closed contour L and also between 
the contours C/+ and Cj_ or between Cj + and Cf_, and since the branch of the square root is determined 
by asymptotic behavior at infinity, M p is easily seen to be completely independent of Cj and an analytic 



function of the 2G + 2 independent complex variables Ao 
swapping any pair of endpoints A,- <-> A& or any pair A* 



> Agj Aq, ■ 



, X G . The permutation symmetry of 



A£ follows from similar considerations. □ 



Next, we consider the vanishing conditions (5.52) and the reality conditions ( 5.58| ). These two apparently 
different kinds of conditions arc essentially equivalent. This is because it follows from differentiating the 
relation (4.32) with respect to A that in the gaps of Ci, 



dX 



\X)=ivp°{X). 



(5.163) 



where on the righ t-hand side the function p" is analytically continued from the "+" side of any band. Using 
the formula ( 5.35j ), we see that while the reality functions Rk can be written for k = 1, . . . , G/2 as 



R k 



1 

2i 



R+(rf)Y(Tf)dn- 



R + (r))Y( v )dr, 



(5.164) 
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the vanishing functions Vk can be similarly written for k = 0, . . . , G/2 — 1 as 



V k = -- 
k 2i 



r+ 
1 fc+i 



R(r])Y(rj) dr\ ■ 



R(n)Y(n) dn 



(5.165) 



By passing to the Ricmann surface of the square root function i?(A), the functions irRk for k = 1, . . . , G/2 
and Vj for j — 0, . . . , G/2 — 1 can be reinterpreted as periods (integrals over complete homology cy- 
cles) of the same differential. Fix a set of G + 1 complex endpoints in the cut upper half-plane H, 
and consider two different paths Cj and C\ interpolating these points, possibly in different order. Let 
v := (Ri, . . . , Rg/2i Vo, ■ - ■ , Vg/2-i) T be the vector of functions corresponding to the path Cj, and likewise 
let v' correspond to the path Cj. Then it is possible to show using homology arguments that v' = G V ^ V 'V, 
where G v ^ v ' is an invertible matrix with integer entries. Thus, while each separate function Rk and Vj 
undergoes nontrivial monodromy when the path Cj is changed by adding a cycle, or the branch points are 
re-ordered, the zero locus of the full set of equations is invariant. This leads us to state the following. 



Lemma 5.4.2 The common zero locus of the vanishing conditions (5.5&) and the reality conditions (5.56) 
is independent of the ordering of the endpoints Aq, . . . , \g an d of the contour Cj. 



< Remark: These statements about the vanishing conditions and reality conditions are only valid in 
the real subspace of C +2 when the variables Afc and A£ are linked by complex conjugation. > 

< Remark: Unlike the moments M p , the functions Vj and Rk are multivalued functions. They are 
branched when either of the two endpoints of the corresponding integral coalesces with any another Afc 
different from the opposite endpoint. > 

Together these two results imply the main symmetry result. 

Theorem 5.4.1 Consider the equations M p = for p = 0, . . . , G + 1, Vj — for j — 0, . . . , G/2 — 1, and 

Rk = for k = 1, . . ., G/2. Then the set of real solutions (that is, where A£ is the complex conjugate of ' Xk) of 
this system is invariant under permutations of the endpoints and arbitrary redefinitions of the interpolating 
contour Ci . 



Chapter 6 

The Genus Zero Ansatz 



6.1 Location of the endpoints for general data. 

For G = 0, there is only one complex endpoint to determine, Ao. This endpoint is constrained by one moment 
condition and one measure reality condition. Both conditions are real and taken together are expected to 
determine the endpoint up to a discrete multiplicity of solutions. The equations that constrain the endpoint 
for G = are: 

M o = J B~T1 dr )+ / p / n dv+ — 5T1 dr] = 0, (6.1) 

Ji R+KV) Jr I nc I R (V) Jr,nc f « R (v) 

and 

Rq = $S\ [ ° p a (r))dri) = 0. (6.2) 



In the measure reality condition R — 0, we use the formula (5.34) for the candidate measure p a (r]) valid in 



the band Iq. 



, m .f W -^ w + Mi[ /St + Mf prm. (6 . 3) 



7T Wl 



In these formulae, 7o = Iq U Iq" is the unknown band connecting Ag in the lower half-plane to Ao via the 
origin. Also, Tj n Cj denotes a path from Ao to iA and Tj f] C\ denotes a path from — iA to Aq, both in the 
complex plane cut at I . 

It is useful to simplify the two conditions Mq = and Rq — somewhat. We begin with the moment 
condition Mo = 0, evaluating the first term by residues by rewriting the integral as a closed loop around the 
band I as described in Chapter [|. Thus, 

M = -2Jn( X + 2a t)+ [ ^fd V+ [ ^^d V , (6.4) 

Jr I nc I Jr in c; R (v) 



where ao = 5R(A ). Continuing with the reality condition R = 0, we use similar reasoning as in §5.3 to 
obtain the representation 

Ra = ^j> L F{rj)dr,, (6.5) 

where L is an arbitrarily l arge counter-clockwise circular loop. Using the relation F(rj) = H{rj)R{rj) and the 
Laurent series expansion ( 5.3C ) for H{rj) along with the expansion of R(rj) for genus G — 0, 

R( V ) = -v + a - + 0( V - 2 ) , 77^00, (6.6) 
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one finds simply 

Ro = ^-(a M - Mi) . (6.7) 

47T 

Computing the first term in the moment M\ by residues as done for Mq above, we obtain 

2iRo = -2Utbl+ [ ( "-$f ( " ) dn+ I {V - a °) p y r dy. (6.8) 



Finally, since for G = 0, 

= —in) (6 9) 

the measure reality condition becomes 

2iRo = -2i Jtbl + [ p°( r] )^(r ] )dT 1 + [ pV)*^fa)*7- (6-10) 
JrjnCi or l J Tine* or l 

Further analysis of these conditions on the endpoint \o(x, t) requires either detailed knowledge of the function 
p (rj) or a simplifying assumption like t — or x = 0. 



6.2 Success of the ansatz for general data and small time. Rigor- 
ous small-time asymptotics for semiclassical soliton ensembles. 

6.2.1 The genus zero ansatz for t = 0. Success of the ansatz and recovery of the 
initial data. 

When t = 0, it follows from the fact that the function p°(j]) is purely imaginary for rj on the imaginary 
axis between the origin and iA that the measure reality condition Rq = is satisfied by assuming that the 
endpoint Ao is purely imaginary and lies below A = iA. We write Ao = ibo for < fro < A. Using this 
information, the moment condition Mo = becomes for t = 

A ifP{iu) dv = Jx. (6.11) 



Here, the square- root symbol refers to the principal branch. Since the measure ip°(iv) dv is strictly negative 
(cf. the WKB formula (3.2)), this formula is inconsistent unless we choose the Jost function normalization 
index J to satisfy 

J := sign(a;) . (6.12) 



Inserting the WKB formula (3.2) for even, sin gle-m aximum initial data A(x) (in which case the symmetry 
x-(ri) = — x + (?y) holds) into ( 5.11 ) subject to ( 5.12 ) gives 

W 6o Jo \/v 2 - b 2 ^A(x) 2 - v 2 

Exchanging the order of integration, using the fact that x+ (if) is an inverse function to A(x), (i.e. A(xj r (iv)) = 
v for < v < A), one finds 



x + (ib ) rM x ) v 

dx dv — . , = = \x\. (6.14) 

Jbo ^f r ^S 2 ^A(x) 2 - v 2 



Let S(v) denote the square root function satisfying S(v) 2 = (v 2 — b 2 ^)(A(x) 2 — v 2 ) 1 defined in the ^-planc 
cut in the real intervals [— A(x), — bo] and [fro, ^(^OL an d normalized so that for p € (fro, A(x)), 

\imS(p + ie) > 0. (6.15) 

e|0 
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Then, the inner integral can be written as: 



A{x) vdv i ( r bo r A{x) \ vdv 

= — hm 



(6.16) 



1 f v dv 



4 J L S{v) ' 

where L is an arbitrarily large counter-clockwise oriented closed loop. This integral can be evaluated exactly 
by residues. Since S(v) = —iv 2 + 0(y) for large v, we obtain simply 

A(x) vdv vr , N 

(6.17) 



yV - b 2 ^A{x) 2 - v 2 2 



Therefore, the moment condition at t = becomes 



x + (ibg) = \x\ , which implies b = b (x) := A(x) . (6.18) 



Combining this information about the endpoint with the final remark at the end of §5.1.2, we can obtain 
a useful formula for the candidate density p a (r}) for t = by expressing it as the integral of its derivative 
with respect to x. Using the fact that p°(r]) is independent of x and the formula for the total derivative 
dF/dx (i.e. the derivative including dependence of the endpoints on x and t) , one finds that for any Xq 

p"(f ] ;x)=p"(r ] ;x )-— ^± (77; x') dx' . (6.19) 
* Jxq or] 

In particular, if r\ is on the imaginary axis between the origin and ibo(x), we may choose xq = Jx+irj). For 
this choice, we obtain 

pf( m x) = / —^/ V * + bo(xrdx', (6.20) 

using the explicit formula for R + written in terms of the standard branch of the square-root function, valid 
for t — and r\ e (0,i6o(x)). Thus, we see that the integrand is always positive imaginary (the square root 



function is real and decreasing in the positive imaginary direction). From the relation (6.12), it then follows 
that p a {rj\x) is positive imaginary for all 77 € (0,ibo(x)). We have proven the following. 

Lemma 6.2.1 For t = and a genus zero ansatz, the oriented contour band Iq may be taken to coincide 
with the vertical segment [0, ibo(x)] = [0,iA(x)]. That is, on this segment the differential p a (rj]x)dr] is real 
and negative. Moreover, for all x such that the function x+(j]) is differ entiable at ibo — ibo(x) = iA(x), the 
function p a (j];x) vanishes exactly like a square root at 77 = ibo(x) and not to higher order. 

Note that our monotonicity assumption on the initial data A(x) implies that x+irj) fails to be differentiablc 
only when r; = iA, and therefore the only value of x where p° '(77; x) fails to vanish exactly like a square root 
at 77 = ibo(x) is x = 0. In fact when x — 0, we have p a (ri) = p°(r]), and the latter does not generally vanish 
at all in the limit as 77 approaches iA from below. 

This result requires some clarification in the context of the fundamental assumption that the contour 
C should be a loop encircling the imaginary interval (0, iA). We choose to imagine the band Iq lying 
infinitessimally either to the right of (0,7^4) (for a = +1) or to the left of (0,iA) (for a = —1). Using the 



relations (4.32) and (4.33), it is easy to find a formula for the boundary value of the function <jf(\;x) on 



the same side of the imaginary interval [0, iA] above the endpoint. Let A <E (ibo(x), iA). Then, 

/■A px an 

lim (j) (T (A -(- o~e\ x) — (f)* 7 (x) + 2i J / drj dx' — (77; x') . (6.21) 

40 AG/+ Jib (x) Jjx+( V ) OT] 

Since by construction CT evaluates to an imaginary constant in the band Iq for each x, using the relation 



(S.12) along with the fact that dR/dn is negative real over the range of integration, we obtain the following 



result. 
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Lemma 6.2.2 For t = and a genus zero ansatz, and for all x ^ and all A G (ibo(x), iA], 



lim3?(0 ff (A + cre;a:)) < 0. 

ej.0 



(6.22) 



The boundary values of the analytic function <jf(\;x) on the interval [0, iA] are related by (c/. the 
definition (|4.13|)) 



lim </> CT (A + ere; a;) — lim df (\ — ere; x) = —2nicr 

elO elO 



iA 



(6.23) 



Because this quantity is purely imaginary, we can immediately extend the previous result to the boundary 
value on the other side of the interval [0, iA] above the endpoint A = ib Q (x). This proves the following. 



Lemma 6.2.3 For t = and a genus zero ansatz, and for all x ^ and all A G (ibo(x), iA], 

lim^t(4> a (X-ae;x)) < 0. 

ej.0 



(6.24) 



To complete the analysis on this side of the asymptotic spectral interval [0, iA], we must obtain a similar 
inequality valid below the endpoint ibo(x). Using ( |6.23| ) and the relations ( 4.32| ) and (4.32), we find that for 
A G (0,ib (x)), 



lim ei0 ^ CT (A- 



ere; x 



-I7rcr 



if)o(x) 



p°{r l -x)dr 1 -2 p°(v)d V 



(6.25) 



p a (ij; x) dr] 



iA 



P°(v)dv 



where we have used the definition (5.S) of the complementary density ~ff '(rj; x). This boundary value is purely 
imaginary. Now, we will show that for t = the genus zero ansatz yields a measure Jf (rj; x) dr) that like 
p a (n) dr], is negative real for all r\ G (0,iA), taken with upward orientation. Since for r/ above the endpoint 
ibo(x) on C (against the imaginary axis) the function p a (r\\x) vanishes identically, it is only necessary to 
check this for r\ S (0, ibp( x)). For this purpose, we note that for t = and genus zero, with the endpoint 
Aq = ibo(x), the formula ( 5.32 ) that holds for r/ e (0, ibo(x)) can be written as 



p a {ii;x) 



iR+(r];x) 



iA 



ib (x) 



(6.26) 



Since R + {rj;x) is positive real and R(£;x) is negative imaginary over the range of integration, and since 
the measure p°(£)d£ is negative real, this formula shows that 'p cr (r]]x) is strictly positive imaginary for 
7] E (0,ib o {x)). 

< Remark: This result shows that at t — the measure —p a (r\; x) dr\ on the contour satisfies an upper 
constraint as well as a positivity condition, since < —p a {rj; x) dr/ < —p a (ri) dr). In this respect, the analysis 
at t = on the imaginary axis is very similar to the analysis of Lax and Levermore [LL83|. > 

For A S (0, ibo(x)), it therefore follows that 5ft(i/) '(A + er0;x)) = and at the same time that 9(e6 CT (A + 
o~0;x)) is increasing (respectively decreasing) in the positive imaginary direction for a = +1 (respectively 
for er = —1). An application of the Cauchy-Riemann equations for the analytic function <ff '(A; x) then yields 
the following. 

Lemma 6.2.4 For a = +1 (respectively a = —1), there exists a lens-shaped region to the left (respectively 
right) of the imaginary interval (0, ibo(x)) in which ^(^(A; x)) < 0. 

At this point we have proved that at t = 0, and for each nonzero x, there is a genus zero ansatz for 
each choice of a = ±1 that satisfies the inequalities p a (77; x) di] < for i] G Jq and 3fi(c6 cr (A; x)) < for 
A G , where Iq and Tf are the band and gap components of a degenerate contour C that barely encircles 
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1 / y ' 1 o 



ib (x) 




Figure 6.1: The degenerate contours for t — 0. For each x there are two possibilities corresponding to a 
and a = — 1. 



the imaginary interval [0, iA]. See Figure 6.1. The inequality 5R(0 cr (A; x)) < is in fact strict at all points 
interior to Tf except for A = ibo(x) — erO. However, using the fact that p a (r];x) = 0{\q — ib^x)^/ 2 ) for r\ 
near ibo(x), the formula ( |6.25| ) gives 



iA 



Yua.<jf{\-o-e;x) = 2-Kio- I p°(rj) dn - 2-nia p° (ib (x)) ■ (A - ib (x)) + 0(\X - ib {x)\ 3/2 ) , (6.27) 

Jiba(x) 



in the limit A — > ibo(x). Therefore, since the function p°(r]) defined by (3.2) never vanishes for rj € (0,iA), 
the linear terms dominate and for all A in a sufficiently small half-disk centered at A = ibo(x) and lying 
in the left (respectively right) half-plane for a = +1 (respectively a = —1), the inequality 3?(0 cr (A; x)) < 
holds. This means that the gap contour can be pulled slightly away from the interval [0, iA] except at 
the endpoints A = ib (x) + aO and A = — aO while achieving strict inequality on the interior. This proves the 
following theorem. 

Theorem 6.2.1 For t = 0, the endpoint function may be taken as Xo — iA{x), and then for all x ^ 0, and 
both signs of a, the genus zero ansatz corresponding to a contour C for which Iq is the imaginary interval 
[crO,iA(x) + ctO], and has endpoints A = iA(x) + <r0 and — erO and lies in the slit half-plane H, satisfies: 

• The differential p° (rj; x) di] is strictly negative in the interior of Iq and vanishes exactly like a square 
root at the endpoint rj — iA(x) + o~0. 



The inequality 3f?(0 <T (A; x)) < holds strictly in the interior of the contour 



-r 



The contour C is illustrated in Figure 6.i 



Finally, we observe that the genus zero ansatz for t = formally reconstructs the initial data for (1.1) in 
the semiclassical limit h J. 0. 
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ib (x) ib (x) 



1 1 1 






o=+l 



Figure 6.2: The contours on which Theorem 6.2.1 holds. 



Theorem 6.2.2 The function ip corresponding to the genus zero ansatz for t = and defined by ( {.1 0^) is 
given by ip = A(x). 



Proof. Since we have already shown that ^(Ao) = A(x), it remains to show that ao, the constant value 
of the function —iJcjfiX) in the band Iq , is identically zero as a function of x. 

To do this, we first establish a general formula, holding for an arbitrary genus zero ansatz (i.e. not only 
for t = 0), for the derivative of — ao with respect to x. In §4.3 we observed that this quantity had the 
interpretation of a local wavenumber k. Let us calculate the wavenumbcr k in terms of the endpoints Ao and 
AS. First, from the definition of the constant ao, we have 



k = iJ ■ 



Ox 



Next, using ( 4.13 ), we find 



A=0 



(6.28) 



k = iJ 



dx 



Ci 



U 



dx 



-C,a 



(6.29) 



where we recall that the overbar on the logarithm indicates the average of the two boundary values taken on 
the contour C. We now show that the derivative with respect to x can be moved inside the integral and put 
onto the complementary density ~{f (rj) . Recalling the definition (|5.9|) and using the facts that the logarithmic 
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integral of the function p°(v) is independent of x and that p a (v) = for rj € Tj PI Cj, (6.29) implies 

= -ijJ i+ L^(0)^(r,)d V -U j^WW^fWY dr l (6-30) 

= i J Zp(0)|-p^) d V + i J jf_ if(0)^(>jT rfr? . 

Here, the ^-derivative can be brought inside the integral since p a {rf) vanishes at the moving endpoints, and 
the last step follows because the density function p°(v) is independent of x. In terms of the function F(X), 
we then have 

J f 7cw n , fdF+ dF_ 



k= -^L L) ™{-wM-i^w*>' (6 - 31) 



Using the expression for dF/dx obtained in the final remark in § 5.1.2 , we find that for rj G Iq, 

dF +/ . , dR+, N 

<v)-^-(v)=-HJ^(v), (6-32) 



and therefore 



dx dx drj 



I" Jlo d V 

i f T CM, n ,dR+ i f Ca dR+ 



(6.33) 



;T j 00 dv + ~ J L^(0)-^( V ) d V , 



where we have used the definition of L^' a (A) as an average of boundary values. Now the function L^_ CT (0) is 
the boundary value of L^' (7 (X) as A approaches the origin in the oriented contour [CU C*\ a from the "plus" 
side. This means that for r\ 6 [C U C*]o-, (0) has an analytic extension as a function of r; to the "minus" 
side of [C U C*] a - A similar argument shows that L (0) is analytic in 77 on the "plus" side of [C U C*] CT . 
And of course R+(X) extends analytically to the "plus" side of [CUC*], while i?_(A) extends to the "minus" 
side. These observations allow us to move the path of integration away from the integrable singularity at 
the origin in each integral. Namely, if we let C a be a path from Xq to Ao lying to the right of Iq and Cb be 
a path from Ao to Ag lying to the left of Iq, then it is easy to see that 

k = --[ L^(0)^( V )dr,-i- [ L^(0& V )d V . (6.34) 
* Jc a or] tt J Cb 1 dv 

Now, integrate by parts in each integral using the fact that R vanishes at the endpoints to find 

i f R(v)dr] , i f R{v) dr] 



n Jc a V tt Jc b V 

The paths of integration may now be combined into a single counterclockwise loop surrounding Iq and 
the singularity at the origin. Calculating this loop integral by a residue at infinity (again using detailed 
information about the form of R(X) valid for genus G — 0), one finds at last that 

k = -(Ao + AS) = -25R(A ) = -2a . (6.36) 

Using the fact that for the genus zero ansatz at t = the endpoint is purely imaginary, we see from this 
general formula that ao is independent of x. We now show that with t = 0, 

lim a = . (6.37) 
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This follows from two observations. First, for r\ fixed on the imaginary axis below iA, the function p CT (?7) 
converges pointwise to zero as x — > 0. This can be seen by noting that for \x\ small enough r\ lies in the 
band Iq ; a direct estimate of the boundary values of the functions H{rf) and R+{rf) that vanishes as x — > 
is then easily obtained from the exact formula ( [5.29] ). Next, since as noted above there is an effective upper 
constraint for t — on the measure p a (ri) dr\ on the imaginary axis, it follows from a dominated convergence 
argument that the function <jf (A) converges pointwise to zero for t = as x — > 0. These results imply that 
for all x at t — 0, «o = 0, and the proof is complete. □ 

<i Remark: Although the inequalities are all strict, the fact that the band Iq lies against the imaginary 
axis when t = precludes the application of the asymptotic inverse theory in Chapter ^ to establish the 
recovery of the initial data. In other words, the fact that our conditions on the complex phase function 
selects at t = a contour that coincides with polar singularities of the matrix m(A) solving the meromorphic 



1/3 

Riemann-Hilbert Problem 2.0.1 means that the strong 0(h I ( f ) error estimate we obtained in Theorem 4.5.2 



JV 

is not uniformly valid in any neighborhood that should happen to include t = (at least not without a 
modification of the methods we have presented here). On the other hand, we know from the Lax-Levermore 
type analysis carried out by Ercolani, Jin, Levermore, and MacEvoy [ EJLM93{ that it is possible to prove 



L 2 (R) convergence of i/j to ip = A(x) exactly at t = 0. Note however, that at least for the special case 
of the Satsuma-Yajima case, this strange situation is no real obstruction to our analysis since there is no 
adjustment o f th e initial data (e.g. neglect of a reflection coefficient) for h values in the "quantum" sequence 



h = hjsi (cf. (3.9)) and consequently nothing to prove at t = 0. > 



6.2.2 Perturbation theory for small time. 

We begin this section by establishing the existence of the endpoint Xo(x,t) for small time. 

Lemma 6.2.5 Let the intitial data A(x) > be real- analytic, even, and monotone decreasing in \x\. Then, 
for each fixed i / 0, the equations Mq = and Rq — have a solution for \t\ sufficiently small that is 
differ entiable in t and agrees with the purely imaginary solution obtained in §f 



6.2.1 



upon setting t = 0. 



Proof. We need to show that the Jacobian determinant 8(Mq, Ro)/d(Xo, Aq) does not vanish . Si nce Rq 
is a linear combination of Mq and Mi, it is equivalent to show that d(Mo, Mi)/d(Xo, Ag) ^ 0. In §5.3, it was 
shown that 



3(M ,Mi) 



:= dct 



dM dM 



9A 
dM l 



<9A/i 



9A dXn 



= det 



dM dM 



X 



dX 

dMo 
} dXn 



dX* 



X 



* dM 
dX* 



-(Ao-AS) 



dM dM 
dX 8X* 



(6.38) 



To calculate the partial derivatives, we first establish a simple formula for Mq that involves the initial 
data A(x). For this purpose, we define a quantity /(Ao, Ag) from ( |6.4j ) by writing M = —2Jir(x + (Ao + 
)£) + ^(Ao, A^), and to calculate /(Ao, Aq) we momentarily suppose that Ao = ia and Aq = ifl with a and 
(3 being independent real numbers with < a < A and —A < (3 < 0. Then, substituting the formula ( |3.2| ) 
for p° (77) into the formula (6.4), one exchanges the order of integration to find 



I(ia, iff) 



x+ {id) 



dx 



A(x) 



dv ■ 



2v 



(6.39) 



dx 



dv ■ 



2v 



-A(x) ^(v-a)(y- I3)y/A{xf 



Now, define a square-root function T(y) satisfying T(v) 2 = (y — a)(v — (3)(A(x) 2 — v 2 ), and defined in the 
i^-plane slit along the real intervals [— A(x),(5] and [a, A(x)] with the normalization 



limT(^ + ie) > , fx G (a,A(x)) . 



(6.40) 
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Letting L a (respectively Lp) be a small counter-clockwise oriented loop encircling [a, A] (respectively encir- 
cling [— A, 0\) as shown in Figure 5.3, we may therefore write 




Figure 6.3: The contours L a and L@ surrounding the cuts ofT(y). 



I(ia, i0) 



x+ (ia) 



dx 



v dv 



x+(-if3) 



dx 



v dv 

W) 



(6.41) 



This formula will be analytic in Ao = — ia and Aq = — i/3 for Ao in a complex neighborhood of the imaginary 
interval (0, iA) if the initial data A(x) is analytic. 

With the help of the formula ( |6.41 ), we may now easily compute derivatives of /(Ao, Aq) with respect to 
Ao and Aq at Ao = iA(x) and = — iA{x). First, note that 



d_ 



I(ia, i0) 



da 



x+(ia) 



v dv 

L. a W) 



x+ (ia) 



dx 



x=x+(ia) 

v dv 
2(v-a)T(v) 



x+(-if3) 



dx 



v dv 



2{v-a)T{v) 



(6.42) 



and 



03 



I{ia, id) 



d(3 



x+(-i/3) 



v dv 



T(v) 



dx 



x=xjf.( — i(3) 

v dv 



2(v-0)T(y) 



x+(-if3) 



dx 



1 dv 



2(v-0)T(v) 



(6.43) 



Setting a — A(x) and = — A(x), the final two terms in each of the above formulae can be combined, and 
the integrand of the x integral then can be calculated by a residue at v — oo which vanishes identically as 
a function of x. Thus, only the first term survives in each case, and these too can be computed by residues. 
Using 8/ da — id/dXo and d/d/3 — id/dX^, and expressing the derivatives of the inverse function £+(•) in 
terms of derivatives of A(-), one obtains 



—( l A{x),-iA{x)) = -^-y , — 



(^(a;),-^^)) 



ITT 

A' (x) 



Finally, we use these formulae to evaluate the Jacobian for t = 0. We find 



d{M ,Mx) 



d(A ,A£) 



(iA(x),-iA(x)) = -2i^ 



t=o 



A(x) 

A'( x y 



(6.44) 



(6.45) 



By our monotonicity assumptions on the initial data, this Jacobian is finite and strictly nonzero for all i^O. 
Thus, the lemma is proved by appealing to the implicit function theorem. □ 



134 



CHAPTER 6. THE GENUS ZERO ANSATZ 



Theorem 6.2.3 Let the initial data A(x) be real-analytic, even, and monotone decreasing in \x\. Then for 
each fixed x ^= 0, there is a t x > such that for all positive t < t x (respectively negative t > — t x ) the genus 
zero ansatz holds with a — sign(x) (respectively for a — — sign(a;) ) for a loop contour C lying in the cut upper 
half -plane H. The value t 
taken to lie completely in ] 



is excluded only in the sense that as explained in §6.2.1 the loop C cannot be 
for either value of a. 



Proof. From Lemma 6.2.5, the endpoint function Ao(x,i) is differentiable in a neighborhood of t = for 
each nonzero x. The proofs of the local continuation results given in §5.2 can easily be applied here to show 
that, if the endpoint leaves the imaginary axis by moving into the right half-plane for a a — +1 ansatz or by 
moving into the left half-plane for a a = —1 ansatz, then a gap contour T^(x,t) will exist in HI connecting 
Ao(x, t) to A = — crO, on the interior points of which the inequality 3i(0°'(A; x, t)) < holds strictly. Similarly, 
these proofs show that for small \t\ a band contour t) will exist on which the differential p a (r);x,t) drj 

is real and strictly negative. However in this case the difficulty is that for t = the band Iq(x, 0) lies on the 
boundary of H and we must therefore prove that the band I^(x,t) lies entirely on one side or the other of 
the imaginary axis for small time. 

Note that as A moves along the contour Ig(x,t) (whose existence for small time is guaranteed by the 
arguments in §5.2) from A = to A = Xo(x,t), the function £?o(A) defined in (5.57) is real and strictly 
decreasing. Therefore, by the Cauchy-Riemann equations, Q(Bo(X)) is negative (respectively positive) for 
all A in a small lens-shaped region just to the left (respectively right) of Io~(x,t). We use the ex pression for 



the total derivative of the function F(X) with respect to t obtained in the final remark in § 5.1.2 to calculate 



d_ 

dt 



9f(B (A)) 




dF 
~dt 



(n) 



drj 



r)R+(r))] drj 



(6.46) 



2 / 

= 3(Ai? + (A)). 

For the purely imaginary endpoint configuration at t = 0, this quantity is strictly nonzero with sign 
all A on the positive imaginary axis below the endpoint Aq(x,0) = iA(x). 



J for 



Using the relation (6.12), we therefore see that for x > the interior points of the band /q~(x, i) all 



move into the right half-plane for t small and positive and into the left half-plane for t small and negative. 
Similarly, for x < the band moves to the left for t > and to the right for t < 0. This shows that the 
ansatz corresponding to a — sign(rri) always deforms for small time so that all inequalities remain valid, 
which proves the theorem. □ 



Combining Lemma 6.2.5 with Theorem [5.3.1 leads to a representation of the solution of the analytic 
Cauchy problem for the elliptic genus zero Whitham equations (5.160). 



Theorem 6.2.4 (Solution of the analytic Cauchy problem for the Whitham equations) The alge- 
braic equations M = and R — 0, with p (rj) given in terms of the even, single-maximum, real analytic 
function A(x) by (3.i), implicitly defines for small t and all x ^ the solution (\o(x, t), Aq(o;, t)) of the 
Cauchy (initial-value) problem for the elliptic Whitham system ( 5.16(\ ) corresponding to the initial data 
Aq(x, 0) = iA(x) and Aq(x, 0) = — iA(x). 



So the genus G = ansatz is sufficient to enable the error analysis of §4.5 to be valid, as long as t is 
different from zero, but is sufficiently small for any given x. Combining Theorem 3.2.3 with Theorem 4.5.2 
yields one of our most important results, the rigorous description of the small-time semiclassical limit of 
WKB soliton ensembles for the focusing nonlinear Schrodinger equation. 



Theorem 6.2.5 (Rigorous small-time asymptotics for semiclassical soliton ensembles) Letip(x,t) 
be, for each h — hjy the solution of the focusing nonlinear Schrodinger equation that is the WKB soliton 
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ensemble corresponding to the approximate initial data ip(x,0) = A(x). Then, for each x 7^ there is an 
open time interval T x containing t = and independent of h such that the formula ( for ip(x,t) built 



from the genus zero ansatz satisfies \ip — ip\ < Kx^h 1 ^ 3 for ft/v sufficiently small as long as t £ T x \ {0}. The 
constant K xt may vary in x and t. 

For the special case of the Satsuma-Yajima ensemble, where the semiclassical soliton ensemble coincides 



with the solution of the initial- value problem (1.1) because there is no modification of the initial data by the 
WKB approximation of the spectrum for h = h^, we obtain a uniform description of the semiclassical limit 
for the focusing nonlinear Schrodinger equation. 

Corollary 6.2.1 (The semiclassical limit for the Satsuma-Yajima initial data) Letip(x,t) be the so- 
lution of the focusing nonlinear Schrodinger equation with initial data ip(x,0) — A sech(a;). Then, for each 
i^O there is an open time interval T x containing t = and independent of h such that the formula fy.lOS ) 

~ ~ 1 /3 

for ip(x,t) built from the genus zero ansatz satisfies \ip — tp] < K X:t h^ whenever t £ T x . The 
uniformly small in compact subsets of the {x,t)-plane where the approximation is valid. 



error is 



6.3 Larger time analysis for soliton ensembles. 

Here, we consider the genus zero ansatz for larger times. First, we establish a simple formula for the solution 



of the analytic Cauchy problem for the genus zero Whitham modulation equations (5.160) that holds when 
x = 0, that is, in the center of the symmetric evolution. Then, we use the concrete example of the Satsuma- 
Yajima soliton ensemble, i.e. we assume p°(r]) — Pgyiv) = i to show how to determine the boundary of the 
genus zero region of the (x, £)-plane in practice. That is, with the help of numerical calculations, we will be 
able to indicate the success of the ansatz in regard to satisfying the relevant inequalities in a certain region of 
the (x, t) plane, and to make concrete the mechanism of failure of the ansatz, as described in general terms 
above, at the boundary of this region. 

Given values of x and t, we may choose the discrete parameters J — ±1 and a = ±1. This choice will 
turn out to be essential in order to treat the whole (x, t) plane; in fact, different values of J and a will be 
needed for different signs of x and t. Of course, for all real-valued, even initial data, we have the symmetries 
ip(—x, t; h) = ip(x, t; h) and ip( x i ft) = ^(^ t; h)* that allow the solution for all x and t to be obtained from 
the solution for x and t positive. Therefore for the semiclassical soliton ensembles we consider in this paper 
it is strictly speaking not necessary to carry out any more analysis for other signs of x and t. Nonetheless, 
it will be useful to document how the other signs of x and t break symmetry of for more general future 
applications. 



6.3.1 The explicit solution of the analytic Cauchy problem for the genus zero 
Whitham equations along the symmetry axis x = 0. 

We now study the equations Mq = and Rq — for the endpoint Xo(x, t) under the assumption that x = 
with |i| sufficiently small. Our main result is contained in the following theorem. 

Theorem 6.3.1 (Explicit location of the endpoint for x — 0) Assume that A(x) is a real- analytic even 
bell- shaped function satisfying A"(0) < 0. Then, if x = and \t\ is sufficiently small, the equations Mo = 
and Rq = are satisfied by a point \o(t) — ibo(t) with bo > A. The relation between bo and t is simply 

\t\ = ^~r A (bn) E{l-A{iy) 2 /bl)dy, (6.47) 

TOO Jo 

where the upper limit of integration is the number y > for which A(iy) — bo > A, and E{m) is the complete 
elliptic integral of the second kind. The upper limit of integration makes sense for bo > A because A"(0) < 
implies that A(iy) is an increasing function of \y\ for y real and small enough. 



Proof. To prove this, we need to examine the equations Mq = and Ro = for such endpoint configu- 
rations, which requires in particular that p°(rf) can be defined for 77 on the imaginary axis above i] = iA. We 
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will now show that under the condition A"(0) < 0, the function p°{rf) is analytic at r\ — iA, and therefore 
has a unique analytic continuation for some distance along the imaginary axis above 77 — iA. We begin with 
the WKB formula ( |3.lD that defines p°(f]) for 7/ on the imaginary axis between and iA. In this formula, 
X—iyj) and x + (rf) are respectively the negative and positive real roots of the equation A(x) 2 + n 2 = 0. For 
even bell-shaped functions A(x), X-(rj) = —x + {n) and both functions are well-defined for 77 in the imaginary 
interval in question. To show the analyticity at 77 = iA, we use the fact that A(x) is real-analytic and for 
77 just below iA define a function B(x,rj) satisfying B(x,n) 2 = A(x) 2 + rj 2 in a neighborhood U of x = 
containing only x±(rj) as roots of B(x, n) 2 = 0. B{x, rj) is taken to be cut on the real axis between x-(rf) and 
X-\-(r]) and has positive boundary values on the the upper half-plane side of the cut. With this normalization, 
we also have 

lim B(x,rj) = TV- (6-48) 

Then, the WKB density ([O]) is rewritten as 

where L is a clockwise-oriented loop surrounding the cut of B(x, 77) and lying in U. Because we are assuming 
that A"(0) 7^ 0, we can choose the neighborhood U and the loop contour L to be independent of 77 below 
but sufficiently near 77 = iA such that for all such 77 the contour L only ever encloses the two roots x±(rf). 
If A"(Q) = 0, then more than two roots would have to coalesce at x — when 77 = iA — iA(0), and the 
contour L would have to shrink as 77 approaches iA in order to exclude the unwanted roots. Now, with 
A"(Q) < 0, the two roots £±(77) coalesce as 77 moves up the axis through iA, and reemerge as a purely 
imaginary complex-conjugate pair for 77 just above iA. For 77 just above iA, we still have only two roots 
within U and enclosed by L, and we define B{x,rj) to be cu t alo ng the imaginary axis between these two 



roots and to be n ormalized by the same relation as before ( 3.48 ). With this choice, it is then clear that 
the formula (|6.49| ) defines the analytic continuation of the original formula (3A) for p a (rj) through the point 
77 = iA. 

For 77 on the imaginary axis above iA, the function B( x, rj) takes positive imaginary boundary values on 



the left of the vertical cut. Thus, for such 77 we can write ( 6.49 ) in the form 

p"^ = - . , ,,rL m , (6.50) 

7T Jo i^J-{A{x) 2 + 77 2 ) 

where the positive square root is taken, and where A -1 (77) is the positive imaginary number x that satisfies 
A(x) = —in. Or, changing variables to x = iy, 

A,).*/-""'-* , * ,6.5!) 



7T Jo ^-{A{iy) 2 + 77 2 ) 

This formula, representing the analytic continuation of p°(r]), is positive imaginary for 77 above iA on the 
imaginary axis. 

The moment condition Mo = is satisfied automatically for x = by any G — configuration with 
endpoint Ao = ibo on the imaginary axis with bo > A. In this situation, the moment Mo explicitly takes the 
form 

irip°(r]) f nip (r)*)* 



M ° : = ~^ri Ldr i + P ;V d V . (6.52) 

Now, with the band Iq connecting the origin to ibo m the first quadrant of the 77-plane for a = +1 and the 
second quadrant of the 77-plane for a = — 1 (we are assuming that /J" does not coincide identically with an 
interval of the positive imaginary axis), it is easy to see that the function R(rj) satisfying R(r]) 2 — n 2 + 6g, 
cut on the band Io and normalized to —77 for large 77, is purely real for 77 in the imaginary interval [—ibo, ibo], 
and in fact 



R(rj) = <jJ 7 f + b 2 , (6.53) 
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for such r), where the positive square root is intended. The contour Ti D Cj may be taken to coincide with 
the interval [i&oj^AI oriented from ibo down to iA, and correspondingly, Tj D C\ coincides with the interval 
[— iA, —ibo] oriented from — iA down to — ib . So, the moment becomes 



Mo 



■iA 



irip a (rj) 



b o-yV+^o 



dr] + 



' lb ° irip a {ri*y 



: dr] . 



(6.54) 



-iA <Jy/v 2 + 
rj in the second term, one sees that Mq = holds 



Using p°(rj*)* = —p a (—r)) and changing variables rj 
identically for all bo > A. 

We will now show that the reality condition Rq = will determine the endpoint Ao = ibo at x — as a 
function of t. Using the formula ( 6.53| ) for R(r/), and the fact that dR/drj = rj/R(r)), The relevant quantity 
to consider is 



Rq 



-Jtb 2 + i 



iA 



or with p°(rj* 



2i J ibo oV ff + »0 

-p (—rf) and a change of variables rj — > —r], 



-ib\ 



VP°(ri*y 



Ro := -Jtb, 



o 



6 ia^/rf + bl 



iA (T\/r] 2 + b o 



drj . 



dr\, 



Using ( 6.51 ) and r\ — iz with z real and positive, we get 

I a TTdJb'i. — z 2 Jo 



R := - Jtb 



o 



dy 



: dZ . 



V* 2 - A (w) 2 

The equation Rq = can evidently only have solutions if aJt > 0. In this case we have 



Ro 



\t\bl 



2z< 



-iA~ 1 (z) 



dy 



y/z 2 - A(iyf 



: dz . 



We simplify further by exchanging the order of integration using 



-iA~ 1 (z) 



f{y,z)dy 



dz 



-iA-^io) 



f{y, z) dz 



and thus find 



\t\bl 



-iA- l (b ) 



A(iy) 



z 2 dz 



dy, 



dy, 



I Am ^(b 2 -z 2 )(z 2 -A( iy ) 2 )_ 
where the positive square root is meant. The inner integral is identified as (c/. page 596 of | AS65| ) 



rbo 
J Aiix 



A(iy) y/Q? -z 3 )(z*-A(iy)*) 



b E(l - A(iyf/b 2 ) . 



(6.55) 



(6.56) 



(6.57) 



(6.58) 



(6.59) 



(6.60) 



(6.61) 



where E(m) denotes the complete elliptic integral of the second kind with modulus m. Thus, the condition 
Ro = becomes the relation (3.47) which completes the proof of our claim. □ 



<i Remark: If yl"(0) = 0, then the argument used in the proof to show that p°{r]) defined by ( |3.l|) is 
analytic at i] — iA does not apply, and p°(r]) simply may not continue through rj = iA. We can understand 
this qualitatively as follows. From the perspective of one-dimensional quantum mechanics (i.e. theory of 
Schrodinger operators in one dimension), the formula ( |3.l| ) gives the density of energy levels of the potential 
well — A(x) 2 in the vicinity of the negative energy E = rf. If the potential well is too flat near the bottom, 
then for energies just above the bottom the well will look like a constant potential that supports a continuous 
spectrum of scattering states at this energy. So intuitively, one expects the density of states p (rj) to be 
infinite at rj = iA if A"(0) = 0. > 
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The solution formula ( |6.47 ) is explicit enough to be very useful in applications for quite general initial 
data A(x). In particular, using ( JT471 ) it is easy to locate the earliest time where the endpoint function 
bo(t) fails to be analytic (at x = 0). This gives an elementary upper bound on the breaking time, which 
is the earliest time for which the genus zero ansatz fails, and more complicated behavior takes over in the 
semiclassical solution. This sort of calculation is carried out using the formula (6.47) in [ CM00| , where it 
is also shown that the formula ( |6.47 ) provides a very accurate approximation to the square modulus of the 
numerical solution of ( [L~l| ) for small h with initial data if>o(x) = A{x). The formula used in [CMOO] is simply 
|-0(O, t)\ 2 ~ b (t) 2 , where b (t) satisfies Q6.47|). 



6.3.2 Determination of the endpoint for the Satsuma-Yajima ensemble and gen- 
eral x and t. 

Using the explicit formula for the eigenvalue density function p°(r]) = PsyW = * appropriate for the 
Satsuma-Yajima ensemble, let us obtain more detailed information about the endpoint \a(x.t) for finite 
times. First consider the moment condition AIq = 0. To evaluate the integral term in Mq (cf. (6.4)) in terms 
of standard functions, we observe that on the paths of integration T/, we have 



(6.62) 



where ao = 5i(Ao), &o = S(Ao), and where the function yfz refers to the principal branch whose cut is the 
negative real z-axis. We consider only positive values of &o and therefore find that the integrals on the 
right-hand side of (|6.4|) can be written as 



T,nCi 



dr\ 



r r nc* 

iA 



R(v) 

dr) 



dr\ 



(6.63) 



drj 



'a +ib„ «o) 2 + J-iA «o) 2 + b\ 

Performing the quadrature puts the moment condition Mq = in the form 



M 



-Jtt(2x + 4aoi) + 7rer arcsinh 



ao + iA 



arcsinh 



ao — iA 



0. 



.64) 



where arcsinh (z) is the principal branch whose cuts are on the imaginary z axis for \z\ > 1. 

Next, consider the reality condition Rq = with Rq given by ( 6.1 0| ) . Since the function Pg Y (i]) is constant 
on Ti n C7, the integrals on the right-hand side of (6.10) can be evaluated explicitly: 



2iR Q 



-2iJtbl 



(6.65) 



= -2iJtbl + iR{iA) + iR(-iA) . 
With the observation that, in terms of the principal branch of the square root, \fz, 



R(±zA)=<r^/(a TiA) 2 + b 2 0l 
the reality condition is therefore expressed in terms of standard functions as: 



(6.66) 



2Rq = a J (a + iA) 2 + b 2 + a J (a - iA) 2 + b 2 - 2Jtb\ = 



(6.67) 



Let us now investigate the degree to which the two conditions (6.64) and (6.67) determine the endpoint 
Aq as a function of x and t. The first observation is 
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Lemma 6.3.1 The reality condition (6.6V) is consistent only if 

aJt>0. (6.68) 
Thus, our options in choosing the parameters J = ±1 and a = ±1 are limited by the sign oft. 
If J and a are chosen so that the reality condition is consistent, then it may be solved explicitly for ao: 



ao = ±tbh 



l A 2 -b 2 +t 2 bf ) 
A 2 + t 2 b% 



(6.69) 



For each fixed t, the graph of ( 3.6S ) is a curve in t he real (ao, bo) plane that contains the endpoint Ao = ao+ibo- 
Several of these curves are plotted in Figure 6.4. The curve becomes singular when \t\ — 1/(2A), developing 




Figure 6.4: Plots of the real graph of the reality condition Ro = for A = 2. Top row: t — 0.16, t = 0.18, 
t = 0.20. Bottom row: t = 0.22, t — 0.24, t = 0.26. The curve develops a double point at t — 1/(2A). In 
each plot, the dashed vertical line indicates the imaginary interval [0, iA] . 

a double point at ao = and bo — A\/2. 

< Remark: The endpoint Ao must of course lie on the graph. It is important to note that the bounded 
component of the graph of ( |6.69 ), namely the loop encircling the imaginary interval [0, iA] for \t\ < 1/(2A), 



turns out not to be directly related to the loop contour C. In particular, the contour C may be different for 



different values of x, while the graph of (3.69) is the same for all x. > 

We now return to the moment condition M = 0, in which we set a J — sgn (i) for consistency. Solving 
64h for x gives: 



fo 



_ 2aot + ^ f arcsmn ( ^LpA) + arcsinh ( ) . (6 . 7 o) 



For each fixed \t\ < 1/(2A), this transformation continuously and invertibly maps the loop enclosing [0, iA] 
onto the whole real x line, with the point of the loop on the imaginary axis being mapped to x — 0. For 
t > 0, the left (respectively right) half of the loop is mapped to x < (respectively x > 0), while for 
t < 0, the situation is reversed. On this bounded component of the graph, the point A = corresponds 
to x = ±oo. The unbounded component of the graph for |f| < 1/(2A) is also placed continuously into 
one-to-one correspondence with the real x line. For t > 0, the left (respectively right) half of the graph is 
mapped to x > (respectively x < 0), and for t < the situation is again reversed. For \t\ > 1/(2 A), there 
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are two branches of the graph, left and right, each one unbounded. Each branch of the graph is placed into 
one-to-one correspondence with the real x line. 

We therefore arrive at the result that, given x and t (nonzero), the equations for the endpoint Ao = ao+i&o 
are only consistent if we choose a, J = sgn(t). This leaves us free to choose, say, a = ±1 with J being then 
determined. And for each case a = +1 and a = — 1, there are two distinct solutions of the constraint 
equations in the upper half-plane. For \t\ < 1/(2A) there is one solution on the bounded branch of the 
graph and one solution on the unbounded branch. For \t\ > l/(2A), there is one solution on each of the left 
and right branches. Thus, there is always one solution Ao(x,t) in the right half-plane and one in the left 
half-plane. So for each x and t, we still have four possibilities to investigate: a = ±1 and sgn (ao) = ±1. 



6.3.3 Numerical determination of the contour band for the Satsuma-Yajima 
ensemble. 

At this point, we turn to numerical computations in order to determine whether there exists a connected 
component of the graph of SJ(Bo(A)) = containing A = and A = Ao = ao + ibo, and if so, whether the 
candidate measure p a (r)) drj supported there is of the correct sign. Later, we will exploit numerics yet further 
to verify the possibility of satisfying the inequality 5ft(0 cr (A)) < in the gap. We search for the band lo by 
integrating numerically the differential equation ( 5.56| ) for the bands. We used a Simpson's rule integrator 
in conjunction with local changes of variables to remove integrable inverse square root singularities and 
the formula (5.34) with the desingularization afforded by the representation (5.35) to compute the function 
p a (X). Then, we used a fourth-order Runge-Kutta scheme to integrate numerically the ordinary differential 
equations (5.56) using arc length as a parameter. The integration proceeded from A = in the direction 
where p° \rj) drj was negative. 

The desired result of this numerical procedure is a path of integration in the complex plane that emerges 
in the half-plane determined by the choice of orientation a, avoids the imaginary interval [— iA, iA] that 
is the support of the measure pg Y (??)cJj7, and that ultimately meets the endpoint A = Ao- However, quite 
often the numerical integration revealed other possibilities. Sometimes, the integral curve starting at A = 
cither fails to emerge in correct half-plane as determined by the choice of orientation a = ±1, or intersects 
the support of the measure PgYMdr] (the imaginary interval [— iA, iA]). And even if this is not the case, 
sometimes the integral curve misses the endpoint Ao altogether, being deflected off to infinity in the left or 
right half-planes. 

What actually is observed for given choices of a = ±1 and sgn(ao) = ±1 depends on the values of x 
and t. Our numerical experiments indicate that the {x, t) plane can be partitioned into 20 regions in each 
of which the integral curve displays qualitatively uniform behavior. The regions are illustrated for A = 2 
in Figure 6.5, and the meaning of each region for the integration contour is given in Table 6.1. Note that 





a = +1, ao > 


cr = — 1, ao > 


a = +1, a < 0, 


cr = —1, ao < 


I++ and I__ 
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left deflection 


right deflection 


connection 


II++ and II 


connection 


connection 


right deflection 


connection 


III++ and III__ 
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intersection 


right deflection 


connection 


IV++ and IV— 


connection 


connection 


left deflection 


right deflection 


V++ and V__ 


connection 


intersection 


left deflection 


right deflection 


I_l and I |_ 


connection 


left deflection 


right deflection 


connection 


II-l and II |_ 


connection 


left deflection 


connection 


connection 


ni+_ and IH_+ 


connection 


left deflection 


intersection 


connection 


IV+_ and IV_+ 


left deflection 


right deflection 


connection 


connection 


V+_ and V_+ 


left deflection 


right deflection 


intersection 


connection 



Table 6.1: Regions of the (x , t) plane in which there exist compactly supported candidate measures of the 
appropriate sign. See Figure 6^ 



in Figure 6.5, the regions I**, II**, and IV** all meet on the i-axis at t = ±1/(2.4). The meanings of the 
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Existence of Compactly Supported Negative Measures 

1.5[ 



0.5 



0.0 



-1 .5 



- \ l - 




















^x^^ — ' 


- / l„ 
I I I I I I I I I I I I 


1 1 1 1 I 1 I I 1 I 1 1 1 1 


.5 


-1 .0 


-0.5 


0.0 


0.5 


1 .0 1 



Figure 6.5: Regions of the (x,t) plane in which different assumptions regarding a — ±1 and sgn(ao) = ±1 
lead to a compact band Iq supporting a measure p a {r]) dn of the correct sign. This picture is for A = 2. See 



Table 6. 1 and the text for a full explanation. 



various scenarios listed in Table 6.1 are as follows 



Intersection means that the contour of integration meets the imaginary interval [0, iA] cither immedi- 
ately or after some finite arc length of integration. 

Left/Right Deflection means that the integration contour emerges from the origin in the correct quad- 
rant but does not terminate at the endpoint. Instead, it misses, and the orbit goes off to infinity in 
the left or right half-plane. 

Connection means that the path of integration lies completely in the cut upper half-plane H and 
terminates at the endpoint Ao with finite arc length. 



Therefore, only the cases labeled as "connection" are admissible for the asymptotic analysis described in 
Chapter [| to succeed. 

For each x and t, we see that there is at least one choice of a = ±1 and sgn(ao) = ±1 for which there 
exists an a band Jo that connects A = to A = Ao- In particular, in each quadrant of the (x, t) plane there is 
one choice that always works uniformly throughout all five sub-regions. Note also that there are subregions 
where more than one choice yields a connecting band Iq: in the regions II** there are three possible choices, 
each of which yields an admissible band Iq- In order to distinguish further among these, we need to continue 
by checking whether each possible band Iq admits a gap contour connecting the endpoint to A = in such a 
way that the band and the gap together make a loop encircling the imaginary interval [0, iA] and such that 
everywhere on the gap, </> CT (A) has a strictly negative real part. 

6.3.4 Seeking a gap contour on which 9£(0 CT (A)) < 0. The primary caustic for the 
Satsuma-Yajima ensemble. 

For given values of x and t, one can choose a and the sign of ao in one or more ways such that the genus zero 
ansatz results in a negative candidate measure p CT (?7) dn on Iq , a contour connecting the origin to Ao that can 
be determined numerically as described above. Given this measure, it is then possible to compute numerically 
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the real part of the corresponding function <jf(X) as given by the formula (5.59). This is computationally very 
efficient, since the first two terms of ( [5.59 ) can be integrated explicitly for the special case p°(rj) — Pgyiv) 
(cf. §3.3). Similarly, the real part of the integral involving p a (ii) dn is easy to evaluate numerically because 
the candidate measure has already been computed in the process of finding its support (cf. § |6.3.3 ), and is 

real by construction. Thus, to calculate this term one simply replaces L r] '' T (X) by log |A — rj\ and sums over 
the support weighted by the measure. 

In our numeri cal i nvestigations, we of course restrict attention at this point to those cases labeled "con- 
nection" in Table 6A. Our first observation is that it appears that there can only exist an appropriate gap 
contour on which ?ft( CT (A )) < everywhere if x ■ t ■ ao > 0. This m ean s that the connections given in the 
final column of Table |6.l| for x ■ t > and in the first column of Table xl for x ■ t < do not appear to admit 
any connected path from Ao to zero that closes the loop and on which the relevant inequality is satisfied 
everywhere. In a given quadrant of the (x, t) plane the behavior of this ansatz is the same in all three regions 
T, IT, and III*. Representative figures showing the region where 3?(0 CT (A)) < 0, and thus where a gap 
contour might live, are shown in Figures pj] and |6.7|. 




Figure 6.6: The impossibility of satisfying the gap inequality for an incorrectly chosen genus zero ansatz. 
Here, x = 0.3 and t = —0.246. Also, A = 2. The dashed curves are the components of the graph of the 
reality relation, one of which contains the endpoint Ao = ao + ibo, indicated with a diamond. The imaginary 
interval [Q,iA] is indicated with a dotted line capped with a diamond. The interval Iq , found by Runge-Kutta 
integration of the differential equation (5.5t ) is shown with a solid curve. The regions of the plane where 
the real part of the associated function (ft 17 (A) is negative are shaded. Note that it does not appear possible to 
find any path from the endpoint to zero that lies entirely within the shaded region. 



If we accept these numerical results, we see that for each x and t, at most one solution of the equations 
for the endpoint is relevant for constructing a genus zero ansatz that satisfies all necessary inequalities. We 
now concern ourselves exclusively with the unique solution Ao that is in the right half-plane for x and t of 
the same sign, and in the left half-plane for x and t of opposite signs. 

In studying this case, we first consider those cases when the band Iq must "wrap around" the imaginary 
interval [0, iA] because a and ao are of opposite signs. The possible connections are listed in the second 



column of Table 3.1 for x and t of the same sign and in the third column of Table 6.1 for x and t of opposite 
sign. These connections are only possible in the small regions labeled II, and IV, of Figure 6.5. Based on 
our numerical experiments, the main observation we want to make for these cases is that a gap contour may 
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x 0.3, t C.3, c <C, o 



-7 



Real part of A 



Figure 6.7: T/ie impossibility of satisfying the gap inequality. This picture is for x = 0.3 and t = 0.3, with 
A = 2. As in Figure \6.(\ it appears to be impossible to find a gap contour on which the relevant inequality is 
satisfied everywhere. 



always be found. Two examples of such cases are shown in Figures 3.8 and p.9|. In each of these figures, we 



note that there exists a shaded connected region where 3t(4> a (\)) < that contains many paths connecting 
the endpoint to zero and completing the loop around the imaginary interval [0, iA]. For future reference, 
we also record a case of this type when the point (x, t) is very close to the boundary of the region I*. Such 
a case is shown in Figure 6.10. In this figure, the ansatz is close to failure because a complex zero of the 
function p° (rj) is about to move onto the band contour Iq. This is evidenced by the nearly square angle 
made by the integral curve of the vector field of (5.56) as it makes a close approach to this fixed point. 

We now study the case represented in the first column of Table 6.1 for x and t of the same sign, and 
in the last column for x and t of opposite sign. In this case, the band Iq connecting zero to the endpoint 
exists for x and t in the entire quadrant, and we can use plots of the type presented so far to try and 
distinguish any regions within a given quadrant where it appears that the inequality •ft(0 cr (A)) < can or 
cannot be satisfied on an appropriate gap contour closing the loop around [0, iA]. The results appear to be 
that a n an satz of this type is successful everywhere in the (x, t) plane except in the regions I* as shown in 
Figure To illustrate the mechanism for the breakdown of the ansatz in this case we first look at two 

plots corresponding to poi nts j ust on either side of the boundary between the regions I an d II The 

first plot, shown in Figure |6.11 corresponds to exactly the same values of x and t as in Figure |6.10| . We see 
that a path representing the gap by completing the loop C surrounding the imaginary interval [0, iA] while 
satisfying 5R((/) <T (A)) < everywhere can indeed be found, albeit barely. Fo r x a nd t just on the other side of 
the boundary, in region I the picture that we obtain is given in Figure 3.12. 

Figures |6.10| , |6.1l| , and 6.12 clearly demonstrate the duality of the successful ansatze corresponding to 
two orientations a = +1 and a = —1 in the small regions II* and III* of the (x,t) plane where they coexist. 
The band and gap are dual to each other and interchangable by reversing orientation while maintaining 
the same endpoint. Also, the band Iq for one ansatz coincides with a connected component of the graph 
of 5R(0 CT (A)) = for the dual ansatz. Note that for fixed x and t, this interchange requires changing from 
J = +1 to J = — 1 and vice- versa, so each choice corresponds to the asymptotic simplification of a different 
Riemann-Hilbert problem. When the mutually dual ansatze break down at the boundary with region I* , they 
fail at the same point in the complex X-plane. When the failure occurs in the gap, the situation is exactly 
as described in Chapter |5|; the "isthmus" through which the gap contour must pass becomes singular at a 



144 



CHAPTER 6. THE GENUS ZERO ANSATZ 



= -0.2, t = 0.248, a <0, a = + 1 



3 - 




-7 



Real part of A 



Figure 6.8: ^4 case where the inequalities can be satisfied. Here, x — —0.2 and t — 0.248, while A = 2. 



certain point in the A-plane, and pinches off when x and/or t are tuned into the region I*. When the failure 
occurs in the band, a complex zero of the candidate density p CT (A) approaches the band Iq and ultimately 
meets it at a definite point in the A-plane — exactly the same point where the isthmus pinches off in the dual 
case. When x and t are tuned into the region I* from the region II*, the zero has crossed the contour and 
there is no longer any possibility of finding a band Iq connecting zero to the endpoint supporting p a (rj) drj 
as a negative real measure. 

At the boundary between the regions III* and I*, the mechanism of breakdown in the ansatz is similar, 
although the interpretation in terms of duality is no longer viab le because the "wrap around" ansatz is not 
valid as described above (it fails because the integration of ( 5.56) from zero intersects the imaginary interval 
[0, iA]). Representative diagrams are shown in Figures 6.13 and 6.14. Figure 6.12 concerns a point in the 

(x, t) plane in region III^ very close to the boundary with region I_| The isthmus through which the gap 

must pass is very close to pinch-off. In Figure 6.14 , the value of x has been tuned so that the point (x,t) is 

just barely in region I_| The pinch-off has occurred and it is no longer possible to find an admissible gap 

contour. 

The results we have obtained with our numerical computations are summarized in Table 6.2. For all x 

and t outside the region I=I ++ UI_| Ul |_UI , we have at least one genus zero ansatz (and sometimes there 

is also the dual ansatz) that satisfies all of the conditions required of a complex phase function <? CT (A). For 
such x and t, it follows from the rigorous analysis carried out in Chapter ^ that the corresponding complex 
phase function therefore correctly captures the behavior of the solution of the Riemann-Hilbert problem in 
the limit h | 0. In light of the exact solution of the outer model problem given in §4.3, we see that that the 



Satsuma-Yajima semiclassical soliton ensemble behaves like a modulated exponential plane- wave solution of 
the nonlinear Schrodinger equation for all x and t outside of the boundary of region I. This is in agreement 
with the observations made in [MK98|, where the curve in the (x, t) plane at which the modulated plane- wave 
behavior was seen to break down was called the primary caustic (a secondary caustic was also observed). 
Comparing with the figures in [MK98|, it is clear that the boundary of the region I is exactly the primary 
caustic. 



< Remark: These numerical experiments indicate that for the Satsuma-Yajima soliton ensemble, the 
failure of the genus zero ansatz can be essentially captured by the two conditions (5.96) and (5.97). Indeed, 
if we examine the boundary of region I, we see from Table 3.1 that whenever for a particular choice of a and 
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Figure 6.9: The inequalities can also be satisfied for this case. Here, x = 0.3 and t — 0.3, and A = 2. 



the sign of do a band fails to exist upon crossing this boundary, it is due to a transition from "connection" 
to "left /right deflection" . In this sense, the "intersection" scenario plays no real role in the breakdown of 
the ansatz. The transition from "connection" to "deflection" corresponds to the passage of a zero of the 
candidate density p a {rf) through the band 1q and therefore such a transition point (Xcrit, ^crit) satisfies the 
conditions (5.96). This phenomenon is illustrated in Figure 3.10; since from the rela tions (4.32) and (4.33) 
the curves satisfying 9?(0 cr (A)) = are also orbits of the differ ential equation ( 5.56| ), the boundary of the 
shaded region in the second quadrant is another orbit of ( 5.56 ). The mechanism of failure of the band to 



exist at (x cr it, icrit) is therefore the meeting of these two orbits at a mutual analytic fixed point. Similarly, 
at each point {x a it, icrit) on the boundary of region I where for a particular choice of a and the sign of ao 
a band Iq exists on both sides of the boundary, the failure of a gap to exist is brought on by the pinching 
off at some point in the cut upper half-p lane H o f the region wh ere Sft (0 CT (A)) < 0. This phenomenon is 
clearly illustrated in, for example, Figures 6.11 and 6.12 , or F igure s 6.13| and |6 . 14 . For such a transition, the 
boundary point (Xcritj i C rit) satisfies the gap failure criterion ( 5.97 ). > 



Although we have verified the existence of a complex phase function corresponding to the genus zero 
ansatz all the way to the boundary of region I by verifying all inequalities numerically (i.e. using the data 
leading to pictures of the sort that have been presented in this section for a fine grid of values of x and 
i), we do not have at this point a direct method to verify these inequalities analytically. We are, however, 
compelled to state the following. 



Theorem 6.3.2 The conclusion of Corollary 6.2.1, giving the rigorous semiclassical limit of the initial- 
value problem Ijl-X ) for the focusing nonlinear Schrddinger equation with the Satsuma- Yajima initial data 
ipo{x) = Asech(x), extends from t — all the way to the boundary of region I. This boundary is explicitly 
characterized by the gap failure criterion (5.97). 



An analytical proof of this theorem awaits the development of tools that generalize the "integration in x" 
methods that have proven so useful for real-line problems like the zero-dispersion limit of the Korteweg-de 
Vries equation [LL83] and the continuum limit of the Toda lattice [DM98| to the complex plane. Formal 
WKB theory pOtf may be of some assistance in this connection, as it identifies certain significant paths in 
the complex x-plane that may play the role usually played simply by the real x-axis. 



<i Remark: Note that while the genus zero ansatz breaks down at the boundary of region I, the endpoint 
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x = -0.307, t = -0.4, a >0, a=-1 




Figure 6.10: A case of the successful "wrap around" genus zero ansatz very close to the boundary between 
region II-- and region I 



Ao(a;,i) is analytic in x and t at the boundary and indeed continues into region I. As will be shown below, 
the only singular point of Ao(a:,t) in common with the boundary of region I is for x = 0. > 



< Remark: The numerics suggest that the point x = is not as singular as one might expect from 
the analytical small-time analysis. Indeed, the ansatz for x small and positive appears to smoothly continue 
around x — to negative values of x on any path with t ^ 0. In fact, for t ^ and x = 0, the endpoint 
lies on the imaginary axis above iA, and the genus zero ansatz appears to be successful for both a = +1 
and a = — 1, although in neither case does the band 1^ coincide with the imaginary axis. For x = the 
two workable ansatze are mutually dual and are mapped into each other by reflection through the imaginary 

axis. Thus, in the regions IV++UIV-| and IV__UIV |_, both workable ansatze are continuous at x = for 

t 7^ in that as the endpoint crosses the imaginary axis, the ansatz for which the band Iq lies entirely in 
one quadrant continuously becomes an ansatz for which the band 1$ must "wrap around" the point iA in 
order to meet the endpoint \o(x,t). 

The numerical results on the i-axis are consistent with the exact solution of the endpoint equations in 
terms of the elliptic integral E(m) given in Theorem 3.3.1. > 



6.4 The elliptic modulation equations and the particular solution 
of Akhmanov, Sukhorukov, and Khokhlov for the Satsuma- 
Yajima initial data. 



Recall that in §5.3, it was shown that whenever the endpoints Xq(x, t), . . . , Xg{x, t) are obtained for a genus G 
ansatz as the solution of the three sets of conditions (5.25), ( 5.52| ), and ( |5.58 ), then they satisfy a first-order 
quasilinear coupled system of partial differential equations (the Whitham or modulation equations) in x and 
t, and that each endpoint and its complex conjugate is a Riemann invariant of this quasilinear system. In 
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= -0.307, t = -0.4, a >0, a= + 1 




-7 



Real part of A 



Figure 6.11: A case of a barely successful genus zero ansatz. The values of x and t are the same as in 



Figure 6.1L 



particular, for genus zero, we found that (cf. fl5l6Q| )) 



_ + (-2a -*M^=0, 



9t 



+ (-2a + i6o) 



9A5 
9x 



= 0, 



(6.71) 



where ao := 3?(Ao) and &o := ^(Ao)- These equations can be given a more direct physical interpretation in 
view of the semiclassical solution of the nonlinear Schrodinger equation given by (cf. (4.108)) 



^~3(A )e- M0 ^. 



(6.72) 



and proved in §4.5 to be uniformly valid in any compact set in the (x, i)-plane where the genus zero ansatz is 
valid with all inequalities being strictly satisfied. For fixed t, and for x = xq + hx, this approximate solution 
is a modulated plane wave of the form (up to a phase depending on xq) 



(6.73) 



where the "fluid density" (not to be confused with the density function p a (rj) for the complex phase) is 
defined by p :— 3(Ao) 2 and the wavenumber is defined by k :— —d x ctQ. 

With the help of the formula (6.36) expressing k in terms of the Ao, we can rewrite the modulation 
equations in terms of the fluid density p and momentum p :— pk. Since p = b\ and p — — 2ao&Q, we find 
immediately from (5.160) that 

dp dp 
dt dx 



0. 



dp 
~dt 



d_ 

dx 



El 

2 



(6.74) 



= 0. 



This elliptic quasilinear system has been known in this form for some time in connection with the formal 
semiclassical theory of nonlinear Schrodinger equations. In 1966, an exact solution of (6.74) was obtained in 
implicit form by Akhmanov, Sukhorukov, and Khokhlov [ASK66|, through an application of the hodograph 
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x = -0.303, t = -0.4. a„>0, a= + 1 




Figure 6.12: A case of a barely unsuccessful genus zero ansatz. The values of x and t represent a point 
just on the other side of the boundary between the regions I and II from the x and t values used in 



Figures 6.1C and 6.11 



transform method. See also Whitham [ W74] for a discussion of their result. They defined p(x, t) and p(x, t) 
as a branch of the solution of the relations 



o . 2 , , I P x ~ l lt 
p = —Itp tann 



p = (A 2 + t 2 p 2 )sech 2 ' pX ^ 



(6.75) 



It is easy to see by setting t = 0, that the solution obtained in ASK66| satisfies the initial condition 

p{x,0) = A 2 sech 2 (x) , p(x,0)=0. (6.76) 

Clearly, the functions p(x,t) and p{x,t) obtained from the endpoints Xo(x,t) and Ag(:c,i) also satisfy these 
initial conditions. We therefore see that our analysis both reproduces and makes rigorous a formal result 
that has been in the literature for more than thirty year s. 

It is instructive to study the implicit relations ( |3.75| ) for x = 0. In this case, it is easily seen that there 
is one solution for which p = as a function of t, and then from the second equation one finds 



p(x = 0,t) 



1 ± VI - 4A 2 < 2 
2*2 



(6.77) 



Thus, a branch-point singularity develops for x — when t = 1/ (2 A). This singularity corresponds exactly to 
the intersection of the boundary of region I with the line x — 0. The first point on the boundary of the region 
where the genus zero ansatz holds therefore corresponds to a singularity of the endpoint function \o(x,t), 
although as remarked above the remaining boundary points are no obstruction to the analytic continuation 
of the function \ (x,t). 



The same formula (6.77) can of course also be obtained from the general formula (6.47) by using A(x) 
Asech(x) and setting p(x — 0, t) — bo(t) 2 . 
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x 0.S16, : 0./. c <0, o- 1 




Figure 6.13: A barely successful ansatz. In this plot, like all the others, A = 2. The values of x and t are 
chosen to be within region but very close to the boundary with region I + _. 




Figure 6.14: A barely unsuccessful ansatz. Again, A = 2. The values of x and t are chosen to be within 
region but very close to the boundary with region 
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a = +1, ao > 


cr = — 1, ao > 


a = +1, a < 0, 


cr = — 1, ao < 


I++ and I 


inequality violated 






inequality violated 


II++ and II__ 


gap exists 


gap exists 




inequality violated 


III++ and III__ 


gap exists 






inequality violated 


IV++ and IV__ 


gap exists 


gap exists 






V ++ and V__ 


gap exists 








I_l and I |_ 


inequality violated 






inequality violated 


II-l and II (. 


inequality violated 




gap exists 


gap exists 


m+_ and III 


inequality violated 






gap exists 


IV+_ and IV_+ 






gap exists 


gap exists 


V+_ and V_+ 








gap exists 



Table 6.2: Success or failure of the genus zero ansatz in the regions of the ( x, t) plane in which there exist 
compactly supported candidate measures of the appropriate sign. See Figure \6.q . The blank entries in the 
table correspond to ansatze for which there is no band Iq connecting zero to the endpoint on which the 
candidate measure p a (r\) drj is negative real. 



Chapter 7 

The Transition to Genus Two 



Recall that in § 6.2.2 it was shown that for each fixed i^O, there exists some choice of the par ame ters a and 
J such that the G = ansatz holds for \t\ sufficiently small. Furthermore, it was shown in §5.2 that if the 
pair (xo, io) is such that the G = ansatz holds and the endpoint functions are differentiable, then there is a 
small neighborhood of (xo, to) on which the G = ansatz holds as well, and this allows us to define a region 
of the (x,i)-plane containing (xo,to) throughout which the G = ansatz satisfies all inequalities necessary 
for the asymptotic analysis of Chapter ^ to be valid. 

A point (x cr it, icrit) on the boundary of this region of validity is characterized by one or more of the 
following six critical events: 

1. The endpoint function Ao(x,t) fails to be analytic in x and t at (x cr it, £ cr it)- 

2. The endpoint Ao(x C rit, icrit) lies on the boundary of the cut upper half-plane H. 



The band l£ is a smooth orbit of fl5.56| ) connecting A — ctO to the endpoint Ao(x cr it, £ cr it), but either 
Iq has a point of tangency with the boundary of H on the real axis or the imaginary interval [0, iA), 
or the point X — iA lies on Iq . 

There is a connected region in the upper half-plane with Ao(x cr it, i C rit) an d A = — erO on the boundary 
where 3?(^ CT (A)) < 0, but A = iA is also on the boundary and the region is bisected by the segment 
[0,iA]. 



The band Iq passes through an analytic fixed point A of the vector field 
Ao (^crit , £ C rit ) and thus is not smooth at this point, making an angle of 90' 



d5.56|) on the way to 
(for a simple zero of 

p a (X)). Strictly speaking, Iq is a union of three orbits of (5.56): two regular orbits and a fixed point. 



In a degenerate situation, the zero A may coincide with an endpoint of the band. 

6. The closed region where 3?(0 CT (A)) < holds admits a gap contour Tf in H connecting Ao(x cr it, icrit) 
to A = — <r0, but is pinched off at a point A through which must pass and at which 3fJ(</> CT (A)) = 0. 



The last two of these critical events may be characterized by the equations (5.96) and (5.9 



The computer- 
assisted analysis of the genus zero ansatz for the Satsuma-Yajima ensemble carried out in indicated that 
in that particular case the ansatz parameters may be chosen at (x cr ;t, i c rit) such that the failure is indeed due 



either to the conditions ( 5.96 ) or the conditions ( 5.97 ). In fact, it is clear from Table x2 that for particular 
choices of the ansatz parameters it is sufficient to characterize the boundary of the region where the genus 
zero ansatz holds by the gap failure condition (5.97). Also, as pointed out before, the band failure condition 
(5.96) and the gap failure condition (5.97) are essentially equivalent according to the relations (4.32) and 
(4.33); they generate the same set of points in the (a;, i)-plane. 

In this chapter we will assume that (x cr it, i C rit) is such that the sixth condition listed above holds, which 
implies that the gap failure conditions (5.97) hold for A = A G H. We call this situation a critical genus 
zero ansatz. The problem at hand then is to describe what happens as (x, t) leaves the connected region on 
which the genus zero ansatz holds, moving away from (x cr it, t C rit)- We want to establish that for some genus 
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G ^ the ansatz (hopefully with the same parameters J and a) will be valid just beyond the boundary. 
Following examples from the integrable systems literature (see, for example, [LL83Q and the approximation 



theory literature (see |DKM98|), we suppose that as (x,t) leaves the connected component of the (x,t)-plane 
where the genus zero ansatz holds, the genus jumps from G = to G = 2. 

<i Remark: The reason for supposing that the genus "skips" the value G = 1 is essentially connected 
to the complex-conjugation symmetry of the contour C U C* . Indeed what is expected is that the critical 
point A will open up into a pair of endpoints of a new band. By symmetry, the same thing will happen at 
the conjugate point A*, so the number of bands (and hence the genus) increases by two. > 



7.1 Matching the critical G = ansatz with a degenerate G = 2 
ansatz. 

By a degenerate G — 2 ansatz, we simply mean one for which two of the three complex endpoints, say Ai and 
A2, are equal. In general, the three complex endpoints Ao, Ai, and A2 must satisfy the four real equations 
M p = for p — 0, ... ,3, along with the vanishing condition Vb = and the reality condition R\ = 0. Here 
we are exchanging the reality condition Rq = for the additional moment condition M3 = as described in 



§5.3. As pointed out in §5.4, the moments are analytic and completely symmetric functions of the endpoints, 
and are also analytic in x and t. We begin our analysis of the feasibility of a degenerate genus G — 2 ansatz 
by evaluating the moments on a degenerate set of endpoints satisfying Ao = A§ rlt and Ai = A2 = A. Let 
Mp (x, t, A™') for p = 0, 1 denote the moment functions for the G = ansatz. Then we have the following 
result. 

Lemma 7.1.1 Evaluating the genus G — 2 moments on a degenerate set of endpoints yields the following 
four relations: 

M 3 (x, t, Xf\ A, A) - 2n(X)M 2 (x, t, Xf\X, A) + \X\ 2 Mx(x, t, Xf\ A, A) = m[°\x, t, Xf") , (7.1) 

M 2 (x, t, Xf\ A, A) - 2n(X)M 1 (x, t, Xf\X, A) + \X\ 2 M (x, t, Xf\ A, A) = M { °\x, t, Xf l ) , (7.2) 
M x {x, t, Xf\ A, A) - X*M (x, t, Xf\ A, A) = tt 2 Y (0 *> (A) , (7.3) 
Mi (a;, t, Xf\ A, A) - XM (x, t, Xf\X, A) = 7r 2 y(°)(A*) , (7.4) 



where Y^(X) is the function given by (5.41 ) for genus G — in terms of the single complex endpoint X" 



Proof. The evaluation of the moments on the degenerate solution is completely straightforward using 
the formula ( 5.162| ) that makes clear the analytic dependence of the moments on the endpoints. Thus, for 



any p > 0, we find 



M p+2 - 23t(A)M p+1 + |A| 2 Af p = - 3 - £ 2 -^±^± rf(r, - X)( V - A*) dr, 



1 



1 f nip°(r]*y 



2 Jc* uc; R(V) 



rf^-X^-X^dr,. 



Since for the degenerate set of endpoints R(rj) = (77 — A) (77 — X)R^(rj), where R^(rj) is the square root 
function for genus G — corresponding to the single complex endpoint A™ 1 ', we can again use the formula 



(5.162) to identify the right-hand side as exactly Mp '(x, t, Ag rlt ), which in particular proves (7.1) and ( 
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Similarly, using the formula (5.162) for the moments along with degenerate form of the square root function 
for Ai = A 2 = A as described above, we find 

Mx(x, t, A™\ A, A) - X*M (x, t, Ag rit , A, A) = - J - I - 2 ** + t,wt, dr l 



2 



(r?-A)J?(°)(A) 



1 j ™p°iv) d 



2 



dr,. 



Evaluating the first integral exactly by residues, and identifying the result with the formula (5.41) proves 
( [7.3[ ). Finally, ( [7.4[ ) is proved either by repeating the above arguments, or by simply noting the symmetry 
Y^(X*) = y(°)(A)* and using the reality of the moments. □ 



Corollary 7.1.1 Suppose that for some x and t the endpoint A" 1 ' satisfies the genus G — equations 



M. 



(0) 



and M^ ' = 0, and that A ^ A" 1 ' is chosen so that 9(A) ^ and 



dX 



(A) = 0, 



(7.7) 



where by 0^°^ CT (A) we mean the function 4> a {X) constructed for genus G = using the endpoint Ap nt . Then, 
the genus G = 2 moment equations M p (x, t, A™*, A, A) = are satisfied for p = 0, 1, 2, 3. 



Proof. As described in §|5.4|, it follows from (4.32) and the representation (5.35) of p a (X) that 



d^ c 
dX 



(A) = iirR {0 \X)Y (() \X) . 



(7.; 



Since A ^ A™ 1 ', we have R^°\X) ^ 0, and consequently the right-hand sides of (7J3) and (7^) vanish. Since 



M, 



(0) 



M 



(0) 



0, the right-hand sides of (7.1) and ([7. 2|) vanish as well. The determinant of the left-hand 



side of these relations is —(A — A*) ^ 0, and the corollary is proved. □ 

In a degenerate situation, one can select a contour Cj passing through the point A and one might consider 
solving the scalar boundary- value problem for both genera, G = and G — 2, as describ ed in § 5.1.2 , defining 
two diff erent functions analytic in C \ (Cj U Cj). Under the conditions of Corollary 
Lemma 



5.1.2 



7.1.1 



it follows from 



that the scalar boundary-value problems for G — and G = 2 both have unique solutions. Let 
F(°1 (A) denote the unique solution of the scalar boundary-value problem for G = corresponding to the 
endpoint A™* and the contour Cj, and let F^ g (X) denote the unique solution of the scalar boundary- value 

problem for G = 2 corresponding to the endpoints A§ rlt , Ai = A and A 2 = A and the same contour Ci . These 
two functions are given by apparently different explicit formulae: 



F(°)(A) = 



i?(°)(A) 



TV! 



J(2ix + Aint) 
Z+U7- (X-n)Rf (n) 



drj 



(\-r,)Ri°Hv) \ 



(7.9) 
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i?(°)(A) 



P.V. 



P.V. 



(A-A)(A-A*) 



J(2ix + Air]t) 



tfu/ - (A-r,)(r)-A)(r,-A*)4%) 
inp°(r]) 



dn 



rmcr (A-r/)(r/-A)(rj-A*)Ji<°)(ri) 



L 



iirp a (r]* 



nc f « (A- r7)(?7 - A)(r;- A*)i?( )(r?) 



dq 



dr) 



(7.10) 



In both of these formulae, the paths T] n Cj and T/ n Cj pass respectively through 77 = A and 77 = A*. To 
verify ( 7.1C ), one uses the degeneration of the square root function R(rj) = (77 — A) (77 — \*)R(°'(rj) and notes 
that in the general genus G = 2 expression for the function F(X) given by F(A) = H(X)R(X) with H(X) 
given by ( |5.29 ) for G = 2, the paths of integration T/ n Cj and Tj n C| may be replaced respectively by 
(Cj + U C/_)/2 and its conjugate path, where Cj± are taken to lie closer to Cj than A. This version of the 
formula allows one to evaluate F(X) when Ai = A2 = A, after which the contours may be collapsed to Cj 
and Cj resulting in the principal value interpretation of the singular integrals via the Plemclj formula. In 
this sense, the formula ( 7. 10] ) is the limit of the nondegenerate genus G = 2 formula as the endpoints Ai and 
A2 coalesce at A. Despite appearances, the differences in these two formulae are superficial. We have the 
following. 



Lemma 7.1.2 Assume the conditions of Corollary 7.1.1. Then. 



FC°)(A) = FWA), 



(7.11) 



for all XeC\(dUC}). 



Proof. This essentially follows from the uniqueness result for the scalar boundary-value problem for 



G = described in Lemma 5.1.1. Indeed, both functions satisfy the same decay conditions at infinity, and 
by the explicit formulae are analytic in C\ (Cj U C?) with boundary values that are Holder continuous with 
exponent 1/2. The fact that both functions satisfy the same boundary conditions almost everywhere on 
Cj U Cj follows from taking the limit Ai — > X and A2 — > X in the scalar boundary-value problem for genus 
G = 2. Ther efore both functions satisfy the scalar boundary- value problem for G = and are equal by 
Lemma |5.1.l| . □ 

< Remark: The arguments in Lemma |7.1.2| make no explicit reference to the genus. Thus the argument 
actually shows that whenever a band closes up, then the function F(X) reduces to the solution of the scalar 
boundary- value problem for genus G — 2. > 

With the help of this result, we may now study the functions Vo and Ri on a degenerate endpoint 
configuration for genus G = 2. 



Lemma 7.1.3 Assume the conditions of Lemma 7.1. i. The reality condition Ri = is automatically 



satisfied by any degenerate genus G = 2 configuration with X\ = X2 = X. 



Proof. From Lemma [7.1.2] , the candidate density function p a (j]) obtained for the degenerate genus G = 2 
(2) 

configuration from F^ c l(X) agrees with the nondegenerate genus G — candidate density function. Since 
this function is Holder continuous it is bounded. This implies that in the degenerate limit, p^irj) remains 
uniformly bounded on 1^ , the path of integration from Ai to A2. Since Ai and A2 both converge to A in 
the degenerate limit, the result follows from the definition of the function Ri by the formula ( 5.58| ) as an 
integral along the shrinking band 1^ . □ 
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Lemma 7.1.4 Assume the am. 
with Ai = A2 = A, we have 



whe 



ditions of Lemma \7.1.^\ . Then for any degenerate genus G — 2 configuration 

V = n(4>^(\)), (7.12) 
CT (A) corresponds to the G = candidate density function with the single complex endpoint A" 1 '. 



Proof. By the definition (5.52), Vq is the real part of the integral of dcjf /d\ from Ao to Ai, where the 
analytic function </> CT (A) corresponds to the endpoints Ao, Ai and A2. By construction, K(^> <T (Ao)) = 0, so 
equivalently we have Vq = ^(^(Ai)). According to Lemma [7.1.2] , the G = 2 function </> CT (A) agrees with 
<^°) CT (A) when Ai = A2 = A since they are both derived from the same unique solution of the scalar boundary 
value for G = with Aq = Aq"*. Evaluating for Ai = A completes the proof. □ 



< Remark: Both of the results contained in Lemma 7.1.3 and Lemma 7.1.4 will be strengthened shortly 
when we provide more detailed asymptotics near the degenerate configuration. > 

Combining the results of this section, we have proved the following. 



Theorem 7.1.1 Suppose that x = a; cr itj t 



i crit; and A 



conditions = and 

Then holding x cr ;t and i cr ;t fixed, the complex endpoint configuration Ao = Aq'' 1 , Ai = A and A2 = A represents 
a degenerate solution of the equations M p = for p = 0, . . . , 3 along with R\ = and Vq = 0. Moreover, 
if we suppose that the genus G — ansatz is successful in the sense that the band Jq~ exists connecting the 
origin to A™ 1 * on which the differential p a (rf) dr\ is negative real and the corresponding gap contour exists 
passing through A such that 5ft(0 ( - o - )o ') < with inequality being strict except at the endpoints and at A, then 
the degenerate genus G = 2 ansatz is successful in the same sense, with exactly the same contour. 



r(0) 



(0) 





and A are such that the two G 



moment 

hold, and the three real conditions contained in (5.97) hold true at A = A. 



(0) 



Proof. The fact that the degenerate triple of endpoints satisfies the G = 2 endpoint equations follows 
from the chain of results already presented in this section. It remains to verify the final claim: that the 
inequalities persist under rcintcrprctation of the G = configuration subject to the additional conditions 



(5.97) at A = A as a degenerate G = 2 configuration. But this follows from Lemma 7.1.2, which implies that 
the functions p" and (jf are exactly the same in both cases. □ 



7.2 Perturbing the degenerate G = 2 ansatz. Opening the band 
1 1 by varying x near x CT [ t . 

Let t = i cr ;t be fixed. We now want to consider the possibility that the G = 2 ansatz exists (i.e. the endpoint 
equations can be solved) for x near x cr it but in the region of the (x, t)-plane beyond the primary caustic where 
the inequalities fail for the G = ansatz due to the pinching-off of the region where 3?(^ - ) ' T ) < at the point 
A. Unfortunately, a direct application of the implicit function theorem fails to establish existence, because it 



can be shown using the explicit formula given in §5.3 that the corresponding Jacobian determinant vanishes 



when evaluated on the degenerate G = 2 solution. In a sense, this is not surprising since we know from §5.4 
that the endpoints are only determined by the constraint equations up to permutation, and consequently 
the double-point Ai = A2 = A cannot be unfolded uniquely. However, the difficulties also run deeper, with 
the appearance of logarithms in the perturbation expansion arising from the multivaluedness (monodromy) 
of the function Vq described in 



In this section, we begin with the assumption of the existence of the degenerate G = 2 ansatz. Therefore, 
we assume that for x — x ct a and t = i cr ;t the single complex endpoint Ag rlt satisfies the two real equations 
Mq ^ = = 0, and for some non-real A ^ AJf 1 ' in H, we have 

^L(A) = 0, n(^(\)) = 0. (7.13) 



We further assume the following to rule out higher-order degeneracy: 
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1. The G = endpoint equations M (0) = and M 1 (0) = can be solved for the single complex endpoint 
as a function of (x,t) in a neighborhood of (a^riti f C rit)- 



2. The critical point is simple, so that 



dX 2 



-(A) ?*0. 



(7.14) 



Under these conditions, we can reduce the size of the problem somewhat. 



Lemma 7.2.1 The four G = 2 moment conditions Mq = M\ = Mi = M3 = can be solved for Xq, Xq, 
X2, and XZ, as analytic functions of x, X\, and X\ in a complex neighborhood of the degenerate solution. The 
linear terms in the implicitly defined functions are: 



X {x,X x ,X\) = X^ + Jn 



dM, 



(«) 



dXn 



(x - x clit ) + 



X* (x,X 1 ,X* 1 ) 



\crit,* 1 T 
Aq + J7T 



dM, 



(0) 



dX* 



(X - X C nt) + 



A 2 (x, Ai, A*) 



x* 2 (x,Xi,K) 



X~2iJ 



d 2 6^° 



dX 2 
(Ai - A) + . 
I 'd 2 ' 



(A) 



crit 1 \crit,* 



\crit 1 \c 



2A 



A* + 2iJ 



v dX 2 
(AJ-A*) + .. 

r(0) 



"(A)* 



i?(°)(A) 



Ag rit + Aq - 2A* 



- (x #crit) 



fl(°)(A)* 



(X - Xcrit) 



(7.15) 



where the derivatives of the G — moment Mq are evaluated on the critical G = ansatz. The above 
coefficients that do not vanish identically are finite and strictly nonzero by our assumptions. 



< Remark: Note that in (7.15) we have written down all of the linear terms. So in particular, the 
dependence of Ao and Aq on Ai — A and A^ — A* is higher order. > 

Proof. We begin the proof by computing the partial derivatives of the G = 2 moment Mq with respect 
to the endpoints, as well as the partial derivatives of the first four moments with respect to x, and evaluating 
them on the degenerate solution. 

First, from the formula ( [5.162] ), one finds that for the moment M p corresponding to a general genus G 
ansatz 

8M P J f 2ix + 4int „ , If nip°(r])r] p dr] 1 f irip°(r]*)*r) p dr] 

-if drj ' 1 ' 



dX k 4 J L (77 - X k )R{rj) 4 J Cl+uCl _ (77 - X k )R(n) 4 J C1+UC1 (V ~ A fe )#(r?) 

(7.16) 

8M p _ J I 2ix + Mr\t pj If Trip°(r])r]P dr] t 1 f m p° '(77*)* rf dr/ 



dK 4 J L (77 - Xt)R(r]j ^ dr> + 4 J Cl+uCl _ (77 - X%)R( V ) ' 4 J c . uC ._ ( V - X* k )R(r]) 



Recall that the contours C/+ and C/_ are bounded away from all of the endpoints A& (see Figure 5.2). From 
this and the relation R(n) = (77 — A) (77 — X*)R^(rj) holding for the degenerate G = 2 configuration, we find 
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by taking linear combinations, 



dX, 



dX; 



■(M 2 -2$t(X)M 1 + \X\ 2 M ) 



-(M 2 - 2*R(A)Mi + |A| 2 M ) 



dM, 



(0) 



dX 



dM, 



f(0) 



(7.17) 



cleg 



9AS 



where on the left-hand side the derivatives of genus G — 2 moments are evaluated on the degenerate 
configuration and on the right-hand side the derivatives of M^ are evaluated on the corresponding critical 
G = configuration. Using the relations developed in §5.3 that allow derivatives of higher moments to be 
expressed in terms of derivatives of Mo, these relations imply 



8M 



dX 



8M 



1 



dM, 



(0) 



dX* 



dog 



deg 



(A™ t -A)(Ag rit -A*) dX 



dM, 



(0) 



(7.18) 



/ \ crit , * 
l A 



A)(A cnt,*_^ } d y Q 



Second, from the permutation invariance of the moments (c/. 



a chain rule calculation shows that 



dM„ 



dXx 



dM„ 



deg 



d\ 2 



ld_ 

2aX 



Mr 



(7.19) 



dog i 



where on the right-hand side M p is first evaluated on the degenerate endpoint configuration, and then 
differentiated with respect to A. Therefore, using Lemma 



7.1.1 



we find 



d 



dXi 



-(Mi - A* M ) 



it 2 dF(°)(A) 



dog 



dX 



2i?(°)(A) dX 2 



(A) 



(7.20) 



where we have simplified the result with the help of ( |7.8| ) and ( 7.13 ). At the same time, the left-hand side 
can be expressed in terms of derivatives of Mq by the reasoning of § 5.3, yielding 



d 



d\i 



■(Mi -A* M ) 



(A - A*) 



dM 



dog 



<9Ai 



(7.21) 



dog- 



Putting these results together along with a similar calculation involving derivatives with respect to AJ 2 an d 
the linear combination Mi — AM , one finds 



<9M n 



dXi, 



d 2 4>^ 



deg 



2(X- X*)R(°\X) dX 2 



(A) 



dM a 



9X1, 



(7.22) 



dog/ 



Note that this identity, together with condition ( |7.14| ), implies that 

dM 



dXi, 



(7.23) 



dog 



Third, to calculate the partial derivatives of the moments M p with respect to x, we use ( [5.162 ) and the 
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expansion of R{rf) = (77 - A) (77 - X*)R^(r]) for large 77 to find 



dAL 



Ox 



dcg 



iJ<J> 77 



p-3 



2A + 2A* + Ag rit + X" 
277 



dr) 




(7.24) 



Now, according to the calculations presented in §5.3, the relevant Jacobian matrix for eliminating Ao, Ag, 
A2, and A 2 is a product of a Vandermonde matrix and a diagonal matrix: 





1 


1 


1 


1 


d(M ,M 1) M 2 ,M 3 ) 


Ao 


\* 

A n 


A 2 


A^ 


d(\o> Xq, A 2 , A|) 


A o 


\ *2 
A 


Al 


X? 




\ 3 
A o 


\ *3 
A 


A| 


Xf 



fdMo dMo dMo dMo 
' S [oXa' ~dXj' dX 2 ' dA*" 



(7.25) 



Evaluating the Jacobian determinant on the degenerate configuration, we find that the Vandermonde de- 
terminant factor is nonzero because A™*, Aq" '*, A, and A* arc all distinct, and the diagonal determinant is 
nonzero according to the above calculations and the assumption (7.14). It follows from the implicit function 
theorem that we can solve for Ao, Ag, A 2 , and X?,. The partial derivatives of these implicitly-defined functions 
with respect to the remaining independent variables x, X%, and A^, are then obtained by Cramer's rule, using 
the expressions for the derivatives of the moments obtained above. This yields the expressions ( 7.15j ) and 
completes the proof. □ 

We have therefore reduced our problem to the study of the two equations Ri = and Vo = involving 
x, Ai, and X*. As we will no longer use analyticity properties in any essential way, we work from now on in 
the real subspace where A^ is the complex conjugate of Ai, and seek a solution near Ai = A for x near x cr it. 
Note that it is clear that the functions R\ and Vo can be defined for Ai near A; the question is only about 
their local behavior. Le t e > be a small parameter. Dominant balance considerations ultimately justified 
by the proof of Lemma 7.2.2 to follow below suggest the following scalings of the remaining variables: 

X 1= X + ere l \ X\ = X* + ere~ l(> , x = x clit + e 2 Log( e - 1 ) • x ■ (7-26) 

Our new variables will therefore be r > 0, 9, and x, all real. Define real parameters P > 0, a, and c by 

1 d 2 0(°)° 



Pe la := - 



2 dX 2 



-(A) 



c:=2J3(E (0) (A)), 



and consider the functions 

->modcl 



;?r aci M,x) 



v mo 



del 



(r,0,x) 



:= Pr 2 [sin(a) • sin(20) - cos(a) • cos(20)] , 

:= cx + Pr 2 [cos(a) • sin(26>) + sin(a) • cos(26>)] . 



Lemma 7.2.2 Let r, 9, and \ be fixed. Then, as e { 0, 

e- 2 i?! - i?r dc V, 0, x) , [e^ogie- 1 )] _1 V - 
The partial derivatives with respect to r and 8 also converge pointwise 

5i? modcl 



^ modcl M,x)- 



d t ~ 
Tr^ 

9 ( - 



! Ri 



2 Ri) 



dr 

5i? modcl 



(r,9, X ), ^([^(e- 1 )] V c 
(r,0, X ), ^([Aog^rVc 



aVg m ° dei 

Or 



5Vg m ° d01 



(r,e,x)-. 



(7.27) 



(7.28) 



(7.29) 



(7.30) 



For fixed x, the convergence is uniform in any finite annulus < r n 



89 

<r< r max < 00 
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Proof. Using the relation ( 5.3 5| ) and rewriting the integral over if 1 as half of a loop integral around the 
band, we find 

e- 2 Ri=--^(f R( V )Y( v )d v --^ I R(r))Y(r,)dri, (7.31) 
4 «e 2 Jl(\) 4 *e Jl(\*) 

where L(X) denotes a sufficiently small positively oriented contour surrounding A that is held fixed as e tends 
to zero. On both paths of integration, the following approximation for R(rj) holds uniformly: 



R(t}) 



2- e ^Log(e- 1 ) 



In / <9A 



dx 



dog 



Tj — A 



crit 



9K 

dx 



dog 



v- K 



dX 2 

dx 



dog 



_ «9A| 
A dx 



dog 



t] - X* 



(7.32) 



r 2 e 2i9 



(V-X) 2 {ri-X*f 



+ 0(e 3 Log(e- 1 )) 



where the partial derivatives with respect to x may be obtained explicitly from ( 7.15| ) if desired. But in 
fact, they are not necessary for the present calculation; since R(°\rf) and Y(rj) are analytic and uniformly 
bounded inside each loop as e tends to zero (£(A) and L(X*) taken small enough to exclude Ag rlt and A™*'* 
for all sufficiently small e), we find from the residue theorem that 



e- 2 R 1 



-{X-X*)R {0 \X)Y{X) 



-(A* - X)R m (X*)Y(X*) + C(eLog(e- 1 )) . (7.33) 



Now, as e | 0, by analytic dependence on the endpoints, Y(X) and Y(X*) converge to the corresponding 
quantities evaluated on the degenerate G = 2 endpoint configuration. That is, from formula ( |5.41 ) with 
A = A and using the degenerate configuration, 



r(A) 



p°(r]) drj 



2tt« Jct+uct- (rj - X) 2 (rj - A*)/^ )^) 2ni 7 c;+u c;_ (r) - X) 2 ( V - A*)i?(°)(r?) 



p°(r]*)*dr) 



Y(X*) - ^ 
2m 



p°(r]) drj 



c 1+ ucj- (r] - X)(i] - X* ) 2 R( QS > (rj) 



-1 
27ri 



p°(r]*)*dr] 



c; + uc;_ ( V ~X)( V ~X*) 2 R( H V ) 



Comparing with (7.16) for k = 1 or k = 2 evaluated on the degenerate configuration, wc find 



Y(X) 



2 dM 



7T 2 dXi.2 



Y(X* 



2 8M 



dog 



7T 2 <9A* 



dog 



Finally, using the explicit representation of these derivatives of Mo given in ( 7.22 ), we find 

i d 2 '< 



e~ 2 Rx 



4 dX 2 
R?° dcl (r,d, X )+o(l), 



(A) • r e 1 + complex conjugate + o(l) 



(7.34) 



(7.35) 



(7.36) 



where we have used the definition of the parameters P and a. Passing to the limit e J, then completes the 
first part of the proof. 

To establish the convergence of the partial derivatives with respect to r and 6, we note that since Ao, Aq, 
A2 and Aj depend differentially on Ai, A*, and x, and since the functions R and Y depend analytically on 
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Ao, Aq, A2, X* 2 , and x, it follows from formula ( [7.31 ) that eT 2 R\ is differentiable uniformly in e. This yields 
the convergence of derivatives of e~ 2 R\ expressed in (7.30). 

Now we carry out a similar analysis of the function Vo, which is a bit more complicated due to a 
logarithmic divergence. First, we show that Vq is differentiable with respect to x at x = x crit , Xi = A and 
A| = A*. Using the chain rule and the expressions for the partial derivatives of Vq with respect to endpoints 
obtained in § |5.3| , we find 

dVo = J_ I (?7 ~ Ai)(?y — Aj) 



1 ^^iv-K)iv-x 2 )(v-x* 2 ) + ^^(v-Xo)(v-X2){v-xi) 



8Xq dx 



8\q dx 



(7.37) 



+ 



dM dX 2 
dX 2 dx 



(V- A )(»7- A5)fo- A*) + 



8M dX* 2 
8X2 dx 



(V - A )(»7 - K)(V ~ A 2 ) drj. 



One can solve for the products (dMo/dXk)(dXk/dx) explicitly (it is an exact Vandermonde system), and 
evaluate the result on the degenerate configuration, yielding 



dVo 
dx 



Jos 




Jtt^-X^-X^ 
R(.°)(rj) 



drj = 2JS(i? (0) (A)) . 



(7.38) 



It follows that as e J. 0, 



A ([ £ 2 Log(e -i)]-iy ) = 2J$(R<-°\X)) + o(l) , 



(7.39) 



with the error being uniformly small for \ m an Y compact neighborhood of \ = 0. Therefore, we have 

rx 



[^LogCe" 1 )]- 1 ^ = [^LogCe- 1 )]- 1 ^ 



[^Log^- 1 )]- 1 ^ 



() 



2J3(i?(°)(A)) + o(l) d X ' 



(7.40) 



+ 2JS(R(°\X))- X + o(l). 



Thus, it remains to analyze [e 2 Log(e x )] 1 Vb with x = 0. Recall from §5.4 the formula for Vq in terms 
of the functions R and Y: 



Vo 



/ R{rj)Y{r]) di] + complex conjugate . 



(7.41) 



We note several asymptotic properties of R and Y that follow from the form of the linear terms in the series 
expansions of the endpoints in positive powers of e (for x — 0)- For fixed A, we have 

R(V) = (V~ A)fa - A*)i?( >(A) + 0(e 2 ) , (7.42) 
where the order e terms cancel because the symmetric contributions from Ai(e) and X 2 (e) at this order cancel 



exactly (c/. ( 7.15 )). The error is uniformly small for r\ in a ny compact set not containing the points A™', A 
or their conjugates. Using this result in the formula ( 5.41 ) for Y, we see from the fact that the contours of 
integration lie a fixed distance from these points that for all r\ in between the contours C/+ and C/_, 



Y(r 1 )=Y dcg (r 1 )+0(e 2 ), 



(7.43) 



where Y<i cg (r]) means the G = 2 function Y constructed for e — 0, i.e. on the degenerate configuration. 
While the approximation ( [7.42 ) of R(r]) holds for intermediate points on the contour of integration in the 
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formula (7.41) for Vq, it fails near both limits. To give an approximation uniformly valid near the lower limit 
of integration, let T e (rf) be the function defined by the relation T € (r]) 2 — r\ — Ao(e), cut along the band Iq 
and the negative imaginary axis, and normalized so that for rj — Ao(e) sufficiently large and positive real, 
T e (rj) is positive real. Then we have 



R(rj) = T e (rj) -(r, - A) fa - A*) W)* + 0(e 2 ) 



(7.44) 



holding uniformly in a sufficiently small (but fixed as e J, 0) neighborhood of rj = A" 1 '. To approximate the 
square root near the upper limit of integration, let S e (rj) be the function defined by the relation S e (r]) 2 = 
(rj — Xi(e))(rj — A2(e)), cut along the shrinking band I± and normalized so that for large rj, S t (ri) ~ rj. Then, 



R( V ) = S e (r,) \( V -Y)R {0) (v) + 0(e 2 ) , 



(7.45) 



holding uniformly in a sufficiently small fixed neighborhood of rj = A. We stress that these expansions are 
only valid when x = 0. For larger terms come into play that we have already taken into account by 

computing the derivative with respect to \- 



We take the path of integration in ( 7.41 ) to p ass thr ough two points qo and q± that are fixed as e j, and 
lie respectively in the regions of validity of ( l7~44l ) and ( fA3j ). Then, we have 



iir f qo r 
= ~ TM ( V - X)( V - \*)Y dcg ( V )T ( V *r dr, 

1 -/Ao(e) L 

+ ? f q \v~XKv-y)R (Q) (v)Y dcg (v)d v 

1 Jqa 



in 
T 



Ai(e) 



+ complex conjugate + 0(e 2 ) . 
To handle the first term make the change of variables r = Tq(i]): 



dr) 



(7.46) 



Wo 



T e { V ) ( V - X)( v - X^Y^WY 



Ao(e) 
rToiqo) 

r,r I T e (r 2 +A3 rit ) 

'To(A (e)) 



x r(r 2 — (A — AS rlt )){r 2 - (A* - Xq ))Y deg (r + Aq )T (r* + A™ '*)* dr . 



(7.47) 



The quantity in square brackets has a convergent expansion in odd powers of r with coefficients c n that are 
indpendent of e. Similarly, T e (r 2 + A™*) has the convergent expansion 



T t (r 2 + Xf t )=rJ2^ 

m=0 



A§ rit -A (e) 



(7.48) 



where s m are the Taylor coefficients of \/l + x. Since the convergence is uniform on the path of integration, 
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the order of integration and summation may be exchanged: 

.T ( go ) 



Wo = -mJ2Yl dn+iSmiXf 1 - Ao(e)) m / 

m=0n=0 JT (A (e)) 



r 2(„- m+ l) dr 



oo oo 

• c 2n+l^m [7\crit \ f c \\mrp / \2n-2m+3 / t \rnrp (x f ^\2n+3~\ 

t7T 1^2^2n-2m + 3 [{X ° ~ Ao(£)) To{q °> 



m—0 n—0 



(-irr (A (e)) 2 



(7.49) 



n=0 



C2n+1 

2n + 3 



?o (go 



,2n+3 



0(e 2 ), 



since for x — 0, Ao(e) — A" 1 * = 0(e 2 ). Upon dividing by e 2 Log(e 1 ), the main contribution must necessarily 
come from the third term, 



Wi := 



dn . 



(7.50) 



Here, the quantity in square brackets has a uniformly convergent expansion in positive powers of n — A, with 
coefficients d n that are independent of e, while S e (n) has the uniformly convergent Laurent expansion: 



Se(v) = (V-^)Y1 s mE 



where 



B m , p (e) := [(A - Ai(e)) + (A - A 2 (e))f(A - A^e))™^ (A - A 2 (e))™-f . 



(7.51) 



(7.52) 



Note that for \ — 0, the terms proportional to e in the square brackets cancel (c/. (7.15)), and therefore 
Bm,p(e) is a quantity of order 0(e 2m ). Exchanging the order of summation and integration by uniform 
convergence, we have 



oo oo m 



n— m—0 p— 



m 



Ai(e) 

d n s m B m , p (e) I (n - A) 



\ l+n+p-2m 



d?7 . 



(7.53) 



As long as 1 + n + p — 2m ^ — 1, 

Ai(e) 



gm, P (e) (Ai(e)-A) 



2+n+p 



(A!(e)-A) 2m 2 + n+p- 2m 

5 m ,p(c)(<?i-A) 2+ " +p - 2m 



(7.54) 



2 + n+p — 2m 
= 0{e n+p+2 ) - C(e 2m ) . 

These terms give constant contributions only for m = 0, with all other terms being order at least 0(e 2 ). On 
the other hand, if 1 + n +p — 2m = — 1, then there are logarithmic contributions. Thus, using si = 1/2, we 
have 



Wx 



in ^ (gi - A) 



n+2 



n=0 



n + 2 



/7T 



j oo 2m — 2 

^(ej+x; E ' ? " 



m— 2 n— m— 2 



2m — 2 — n 



dn $ m B m . 2 m 2 — n (^) 



Al(e) (7.55) 
91 « - A 



+ G(e 2 ). 
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Regardless of the path of integration, as e I 0, 

pAi(e) d?? 



/ 



= -Log(e- 1 ) + 0(l), 



and consequently 



n=0 



n + 2 



h\~ A*)i?W(A)F deg (A)r 2 e 2ie + 0(e) 



(7.56) 



^Log^+CV). (7.57) 



When we combine this expression with the other components of Vb at \ — 0, we recall that the sum of the 
constant terms in Vb vanishes because SR(^°^(A)) = 0, and thus we find 



^LogCe" 1 )]" 1 ^ - c X + 



— -Pr e M e * + complex conjugate 



+ o(l), 



(7.58) 



v model M,x) + o(i), 



as e I 0. This establishes the desired convergence of Vq. 

To verify the convergence of the corresponding partial derivatives, we use the following exact formula 
which can be obtained by direct application of the chain rule and substitution from the Vandcrmonde-type 
system used to eliminate Ao, Aq, A2, and A^: 



dV 



1 dM detV(Ao,A5,Ai,A 2 ,A5) 



d\i 1m d\i dct V(A , Aj$,A 2 , A^ 



A3) f 
2) Jr+ur~ 



di], 



(7.59) 



where V(ai, . . . , ajy) denotes the N x N Vandcrmonde matrix. In this formula, the notation dV^/dXi refers 
to the derivative after Ao, Xq, A 2 , and A2 have been eliminated in favor of Ai, A*, and x. Evaluating the 
determinants explicitly gives 



detV(Ao,A5,Ai,A 2) A5) 



= (A - Ai)(AS - Ai)(Ai - A 2 )(Ai - A*) . 



detV(A ,A*,A 2 ,A*) 

Substituting the expansions of the cndpoints in terms of e, one finds that as e J. 0, 

[eLog^ 1 )]- 1 ^ = -iPre la e w + o(l) . 
aX\ 

Combining this relation with its complex conjugate, and using the chain rule relations 



d 



8 



dr 6 d\\ ^ 



dX\ ' 



9 . „a . - 

_ = lere — lere 

06 0X1 



dX{ ' 



(7.60) 



(7.61) 



(7.62) 



one obtains the desired convergence of the partial derivatives of [e 2 Log(e _1 )] _1 Vb with respect to r and 9. 

We complete the proof with a simple remark about the uniformity of these limits. The statement that 
for fixed x the region of uniform validity is an arbitrary fixed annulus in the (r, 9) polar plane is mirrored 
in the expressions for the functions R™ odcl and Vo modcl , which become meaningless if r tends to infinity or 
zero. □ 

The model equations R™ del (r, 9, x) — and VJ) model (r, 9, x) = are easily solved. The graph of 
i?™ odel (r, 6, x) = in the (r,6) polar plane is independent of x an d is simply the union of two perpen- 
dicular lines through the origin: 

neZ. (7.63) 



it a nix 
4 ~ 2 + ~2~ 



We then have 



V lodcl M„, X ) = CX +(-l)"Pr 2 . 



(7.64) 
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When c\ > 0, this equation is consistent only for n € 2Z — 1 while for c% < we must have n G 2Z. Under 
this condition, the radial coordinate is uniquely determined: 



(7.65) 



So, for each \ there are two opposite solutions (r, 9) with — n < 9 < tt. As % moves through zero, these two 
solutions coalesce at the origin and reemerge moving in the perpendicular direction. 

Theorem 7.2.1 Let t = i cr ;t be fixed, and suppose that for x = x cr it there is a simply degenerate G = 2 
ansatz (in the sense of the two additional assumptions given at the beginning of this section). Then for each 
x with \x — ^critl sufficiently small, there exists a nondegenerate solution of the G = 2 endpoint equations 
that is unique up to permutation of the endpoints and is continuous in x. 



Proof By Lemma [7.1.1] , it is sufficient to prove that the equations R± = and Vq = can be solved for 
Ai and A* when x is near a; cr j t . Fix an arbitrary \ 7^ 0, and for all e > define 



R[ amily (r,9;e) 



e 2 R 1 (x cl . it +e 2 Log{e 1 )-x,A + 



ere 



hi 



ere 



-iG\ 



^ family (r, 9;e) := ^Log^ 1 )]- ^(zcrit + e'Log^ 1 ) • X, A + ere i9 ,X* + ere~ i6 ) . 



(7.66) 



By Lemma 7.2.2, these functions are differentiable with respect to r and 9 and the partial derivatives are 
continuous down to e = 0. Of course when e = 0, we have 



Rf mily {r, 9; 0) = JZf odel (r, 9, X ) , U family (r, 9; 0) = V^ odc \r, 9, X ) ■ 
When e = 0, the Jacobian determinant of these relations is 

dRf oAcl /dr 8Rf odel /d6 



dV^ odol /dr dVJ nodcl /d9 



-AP 2 r 3 . 



(7.67) 



(7.68) 



which is not zero when evaluated on either of the two explicit solutions of the model equations for ^ ^ 0. 
It follows from the implicit function theorem that for each of the two solutions of the model problem 
and for sufficiently small positive e there is a solution r(e) and 9(e), continuous in e, of the equations 
i?^ amlly (r, 9; e) = V^ amdy (r, 9; e) = 0. The corresponding solution of the endpoint equations for genus G = 2 
is given in terms of these functions for x — a; crit + e 2 Log(e _1 ) • x by 



Ai = A + er{e)e 10 ^ , 

An = A (x crit + e 2 Log( e - 1 ). X ,A + er(e)e ie ( £ ),A*+er(e)e- ie ( e )), (7.69) 

A 2 = A 2 (x crit + e 2 Log( e - 1 )- X ,A + er(e)e ie ( £ ),A*+er(e)e- ie ( e )), 
with similar formulae for the complex conjugates. □ 

Having established the existence of a nondegenerate genus G — 2 endpoint configuration for all x in a 
sufficiently small deleted neighborhood of x CT it , we now consider whether the necessary inequalities can be 
satisfied by the G = 2 ansatz. For x CI n ^ 0, the local unfolding will take place for x values totally of one 
sign or the other. We suppose from now on that the critical G = ansatz and the degenerate G — 2 ansatz 
that agrees with it both correspond to the choice J = sign(x cr ;t). The unfolding of the degenerate ansatz 
corresponds to the same value of J for all x under consideration. Of course, we found that this choice of J 



was necessary for the small-time existence theory of the G = ansatz (cf. §6.2.2), and even in the global 
analysis carried out with the help of the computer, we found this choice to lead to a workable ansatz right 
up to the primary caustic. 
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In order to proceed, we make one further assumption about the degenerate ansatz at x = £ cr it and 

t — ^crit- 

Shadow condition: Q(R^(X)) < 0. (7.70) 

By virtue of the normalization condition i?(°)(A) ~ —A for A near infinity, this condition holds for all A € H 
outside a bounded region that is the "shadow" of the band Iq , the regio n en closed by Iq and the vertical 
segment descending from the endpoint A™* to the real axis. See Figure 7.1. We note that the computer 



• 


\ \ 




/-\ is) 











Figure 7.1: The shadow S of a complicated band Iq can have several components. The critical point A is 
always assumed to lie outside the shadow. 

plots presented in Chapter || indicate that for the Satsuma-Yajima initial data the critical point A indeed 
always lies outside the shadow of the band Iq and therefore ( 7.70| ) is always satisfied at the primary caustic. 



Under these assumptions, we see that the constant c appearing in the model equation V model (r, 0, *) = 
always has the opposite sign of a; cr it- From the exact solution of the model problem, and the fact that it is 
a good approximation for small e (equivalently for x sufficiently close to a; cr it) to the true dynamics of the 
endpoint Ai(e) = A + er(e)e lS ^ € \ we can easily deduce that when x is tuned away from x cr ;t toward x = 0, 
the two endpoints move apart in the direction of steepest descent of the function 3?(^ - ) ' T (A)) at the saddle 
point A. On the other hand, when x is tuned away from x cr n in the direction of increasing \x\, the endpoints 
separate in the direction of sharpest increase of this function. 



Once separation has occurred, the assumption (7.14) ensures that for \x — X C rit\ sufficiently small the 



function R(\)Y(X) vanishes exactly like a square root at both endpoints emerging from the critical point A. 
For small \x — CE C rit|i the function Y(\) can be approximated locally by the constant value Ydeg(A), and in 
a rescaled e-neighborhood of A the function R(X) takes on a canonical form. These fac ts allow fixed-point 
arguments similar to those used in the proofs of the local continuation theorems in § 5.2| t o be used to prove 
that as x passes through x cr ;t, the local orbit structure of the differential equation ( 5.56| ) switches between 



the two cases illustrated in Figure 7.2 



Furthermore, the continuation arguments show that for x just inside the primary caustic {i.e. for 
\x\ < |xcrit|)) exactly one of the two new endpoints born from A lies on a trajectory of ( 5.56| ) connect- 
ing to Ao(x, t cr it). We break symmetry by calling this endpoint \i(x,t crit ), which makes the other endpoint 
A2(a;,£crit)- Clearly, the genus G = gap contour T± that connects Ag rlt to A = — erO and passes through 
the critical point A at X — ^crit CcLH be taken to split into two new gap contours connecting Xo(x, t G rit) to 
Ai(x,t cr it), and connecting Aa(a;,t cr it) to A = — crO. Both of these contours can be chosen for |a; cr it| — |x| 
sufficiently small and positive so that the inequality 3?((/> <7 (A)) < holds except at the endpoints. 

With the function R(X) taken to be cut between Xi(x,t C rit) and A2(x,i C rit) along the zero level if of 
5R(0 CT (A)), it remains to verify the inequality p"{rj) dr\ £ R_ in this newly born band. It follows from the fixed 



point argument for the existence of this small orbit of ( 5.56| ) for small \x — Xcritl that the band I^~ is smooth 



this implies that there are no internal zeros of p G (?y) and therefore that the differential p a (rf) drj is necessarily 
real and of one sign in I^~ . From the sign table for 3?(0 <7 (A)) shown for the configuration in the right-hand 



plot of Figure 7.2, and the relation between the functions CT (A) and p"(X) we can easily compute the sign 
of the differential p a (77) dn for all rj £ if . Select the sign of the differential dr\ according to the orientation 
of if starting at \i{x,t CI n) and ending at X2(x, £ cr it ) ■ Just beyond the endpoint \2{x,t CI i t ) in the direction 
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Degenerate 



Outside Caustic 



Inside Caustic 



Figure 7.2: The two ways the degenerate G = 2 endpoint configuration in the neighborhood of X 
for x near x ot if The curves are the zero level sets of^t((j)' T (X)) ) whose sign is also indicated. 



A unfolds 



tangent to if , we see that the differential [d<jf /drj\ dr\ is negative real because dr\ is oriented in the direction of 
steepest decrease of )R(0"" (■;;)) and $(#"■(»/)) = along this same trajectory. Since dtp" /dq = mR{rj)Y{rf) with 
Y(n) analytic and R(rj) vanishing like a simple square root at \%{x, t c rit); this formula continues analytically 
around the endpoint in the counter-clockwise direction to the cut if as mR+(rj)Y{ri) which we identify as 
TTip a (r)). In the process of continuing around the square-root branch point, a factor of i is contributed: 



i? + (A 2 (x, tcrjt) - drj) w ii?(A 2 (x,t C rit) + drj) . 



(7.71) 



Therefore, we have 



p CT (A 2 (a;, icrit) - drj) drj = R + (X 2 (x, i crit ) - drj)Y(X 2 (x, i cr it) - drf) dr\ 
w iR(\ 2 (x, ^rit) + dr/)Y(X 2 {x, t crit ) + dry) dry 



(7.72) 



= --j— (A 2 (x, tcrit )+dr)) drj , 
which is negative real, as desired. We have therefore proved the following. 

Theorem 7.2.2 If the genus G = ansatz undergoes a failure at (x CI it, t C rit) characterized by the (simple) 
pinching off of the gap contour at a point A not in the shadow of the band Iq , then there exists a genus G = 2 
ansatz for |x CT it| ~ \ x \ small and positive that satisfies all inequalities and becomes degenerate at x = x cr it 
with the closing of the band if where it matches onto the critical G = solution. 



< Remark: The shadow condition ( 7.70| ) may seem somewhat artificial. However, it is equivalent to the 
statement that the region where |a?| > |a; cr ;t| corresponds to a genus zero unfolding. If it is known a priori 
that this region "outside" the primary caustic corresponds to a genus zero ansatz that first becomes critical 
when |x| is decreased to |x cr it|, then the shadow condition (7.70) must automatically be satisfied in order 



for the unfolding that occurs to be consistent. Under these conditions, the shadow condition need not be 
checked at all. > 



< Remark: The scalings (7.26) of the variables Ai — A, A^ — A*, and X ^crit &I"6 SI gnificant in that they 
determine the size of the new band that opens up in the complex A-plane as x is tuned into the genus two 



region. In particular, to obtain a band of length |A 2 — Ai| ~ e, one must have 



*^crit 



e 2 Log(e 1 ). > 



Chapter 8 

Variational Theory of the Complex 
Phase 

Apart from relying heavily on the analyticity of the function p° (rf) characterizing the asymptotic density of 



eigenvalues on the imaginary interval [0, iA] by the WKB formula (3.2), in the direct construction of the 
complex phase function g a (A) presented in Chapter there was no way to determine a priori the value of the 
genus G for which a successful ansatz could be constructed for given values of x and t, nor indeed whether 
such a finite G exists at all. To begin to address these issues, we need to reformulate the conditions for an 
admissible density function p a (ji) for generating a complex phase function g a (X) given in Definition 4.2.5 in 
a more abstract form. 

The Green's function for Laplace's equation in the upper half-plane C+ with Dirichlct boundary condi- 
tions on the real axis is 

G(A;r7)=log A ;/ 



(8.1) 

X-r) 

for A and r\ in C+. For A G C+ and also in the domain of analyticity of p°(A) (which of course is the whole 
upper half-plane for the special case of the Satsuma-Yajima ensemble, when p (A) = /OgyM = *)j define the 
"external field" 

^(A) = -a?Q L° v (X)p°{r 1 )dr ] + J° L°{X)p Q (tj*)*dri + iiraJ p ^) drj + 2iJ(Xx + X 2 t^J . (8.2) 

Note that this field is a sum of a harmonic part and a subharmonic potential part. Let dfj, (r)) be the 
nonnegative measure —p a (j]) dr) on the segment [0,iA] oriented from to iA. Then we can write: 

tp a (X) = - [ G(A; rj)dpP{ri) - (ina [ p°(r)) dr] + 2iJ(Xx + X 2 t)\ , (8.3) 



A 



which displays the field ip" (A) as a sum of a Green's potential of a system of fixed negative charges distributed 
on the segment [0,ij4] and an "ambient" harmonic contribution. This is the explicit Riesz decomposition of 



the supcrharmonic function —tp a (X) in the upper half-plane ST97]. 

Let dp be a nonnegative Borel measure with support contained in the closure of C+, and consider the 
weighted energy functional 

E[dp] := i J dp(X) J G(A; r,) dp( v ) + J ^(A) dp(X) . (8.4) 

This can be interpreted physically as the potential energy of a given system of positive charges with distribu- 
tion dp, in the upper half-plane with the real-axis as a conducting boundary, in the presence of the external 
potential field ^(A). The first term in E[dp] is the self-energy of the charge distribution dp, and the second 
term is the interaction energy with the field ip a (X). From the remarks above, one term in this interaction 
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energy is the Green's energy of interaction between the positive charges in dp and the fixed negative charges 
with distribution ~dp°. 

Theorem 8.0.3 Let p a {ff) be an admissible density junction on the oriented loop contour C a lying in H as 
in Definition 4-2.1. Then 

E{-p°(n)d V } = inf E[dn], (8.5) 

dfj.eB+[Cj 

where the infimum is taken over B+(C), the set of all nonnegative Borel measures with support in the closure 
of C having finite total mass and finite Green's energy, that is, measures for which 

dp(X) < oo and / dp(X) / G(X;n)dp(r]) < oo . (8-6) 



Proof. With the orientation a of the contour C, the admissible differential —p a {n) dr\ is a real nonnegative 
Borel measure on C with finite mass. Let dp, £ B+(C). Then 



E[dp]-E[-p°( V )dr)] 



dA(A) / dA(n)G{X;n) + / dA(X) 



^(A) 



G(X; V )p a (ri)dr, 



(8.7) 



where dA(n) := dp(n) + p a {rf) dn with dn defined on C a by the orientation a. First, note that the term that 
is quadratic in dA is always nonnegative, being the Green's energy of a signed measure with finite positive 
and negative parts, each of which has finite Green's energy. Indeed, the nonnegativity of the Green's energy 
for such measures is, for example, the content of Theorem II. 5. 6 in J5T97 ]. Next, observe that for A £ C, 
and with the value of the interpolant index K chosen according to ( |5.10 ) , we have 



G(X;ri)p a (r])dr] 



Thus we have 



E[dp] - E[-p a (n) dn}>~ R(^(A)) dA(X) . 



(8.9) 



Since according to Definition 4.2.5 we have ^(^(A)) = for A in the support of p a {vi) drj, the integral on 
the right-hand side may be taken over the gaps of C. Therefore, 



E[dp] - E[-p a (n)dn} > 



$l(4> a )dp > 0. 



(8.10) 



u k r? 



because dp is a nonnegative measure and according to Definition 4.2.5 we have 5R(0 cr (A)) < for A in the 
gaps of C. □ 



< Remark: Note that the weaker condition that 5ft(0 cr (A)) < in the gaps suffices in the proof of the 
theorem. Therefore, —p a (j]) dn is a minimizcr even if the inequality is not strict in the gaps. > 

Therefore, the measure —p a (rf)drj on the oriented contour C a solves the energy minimization problem 
for positive charge distributions on the contour C . It is an equilibrium measure corresponding to the contour 
C, and the corresponding value of E is the equilibrium energy E m i n [C] of C. Although we have so far only 
considered contours C that support admissible density functions p CT (77) , the equilibrium energy -E m i n [C'] of 
an arbitrary loop contour C can be defined by the infimum on the right-hand side of ( |S.5| ). Note that the 
equilibrium measure is by no means unique due to the requirement that the curve C meet the origin, which 
lies on the boundary of the domain for the Green's function. Thus, the support of a measure dp can contain 
the origin, and two measures differing only by a Dirac mass at the origin always have the same energy 
because ^(O) = 0. This is a nontrivial issue because the the support of —p^irj) dn on C always includes the 



origin according to Definition 4.2.5 



Next, we consider the variations of the energy as the contour C undergoes small deformations. 
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Theorem 8.0.4 Let p a (r]) be an admissible density function on an oriented contour C a in the sense of 
Definition (.2.^ For each function n{rj) analytic in a neighborhood of the the support of —p a {if)dri in C 
and satisfying k(0) = ; and for each real e with |e| sufficiently small, define a measure dpi as follows: the 
support of dpi is the image of that of ' — p° '(rj) dr\ under the near-identity map 



V* : rj i— ► rj + en(r]) . 



(8.11) 



and the measure pl(M) of each measurable subset M of its support is defined to be the integral of —p a (ri) drj 
over the inverse image of M under the map v^. Then, with the function k(j]) held fixed, 



de 



E[dtf] 



.12) 



Proof. For each k(t]), we have dp^irf) = —p a {ri) dr). By definition of the deformed measure dpi, we have 

E[drf] = \J drf(\) j dp* (?i) G(^(A); i/ e «fa)) + J drf(\) <^>*(A)) . (8.13) 

First, we expand the quadratic term for e small, using the fact that for any branch of the logarithm, 
G(A;r 7 )=K(log(A-7 ? *))-K(log(A- ?7 )) J 

\ fd^(X) [dtxZ(r))GM(\y,v?(r,)) = \ ( d^(X) f d^(r,)G(X; V ) 



|« (/ dtf (A) / dptiv f^lZ^* ) (8.14) 



-^(jdp« {X)jdp^) K -^^)+G { <? 



2 



The second integral proportional to e above is nonsingular because k is analytic on the support of dp$ . Upon 
regularization by interpreting one or the other of the iterated integrals in the sense of the Cauchy principal 
value, the terms in the numerator can be separated. Thus, 

d»° (X) [ drt(»)^^± = f«A K A)P.V 



(8.15) 

X-T) 

= - 2 /«ama)rv./ c q^i. 

The first integral proportional to e can be handled without regularization. Here, for the real part we find 
V( fdp«(X) fdp^f-^pl) = 2»f/dMS(A)«(A)/^) 

(8.16) 



A — f] J J X — i] 

P.V. I 

2 / d/xg(A)K(A)P.V ' d ^ iv) 



X-TJ* J \J J X-T] 

23? ( / d^5(A)«(A) 
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Next, we expand the linear term in the energy for small e. We find 



dc 



= -3t 



1-iA 



«(A) 



p (if) drj 



-iA 



p (rf)* drj 



- inap°(X) + 2iJ(x + 2Af) 



.17) 



In a now- familiar step (cf. Chapter g|), we introduce a path of integration Cj : — > that agrees with Co- 
in the support of d^g and then connects the final point of support to iA. Then, using analyticity of p (rf), 
this expression becomes 



^>e K (A)) 



= -K 



e=0 



k(A) (p.V.jf 



<■, X ~V 



p°(ri*)*dr] 
A — 77 



+ 2% J(x + 2Xt) 



(8.18) 



Combining these calculations, and making an identification with the derivative of 4> a (\) along the contour 
C, we find that 



dc 



E[drf] 



dp,%(X)$l 



«(A)J^(A) 



(8.19) 



where the derivative along the contour is meant. It is sufficient to integrate over the support of dpfi = 
—p a (rj) drj. By Definition 4.2.5, the function <j> a (X) is constant along each component of the support of dp,Q, 
which proves the theorem. □ 



< Remark: A contour C for which the variations described in the statement of Theorem 8.0.4 all vanish 



is said to have the S-property [GR87]. This terminology appears in the approximation theory literature 
where "S" stands for "symmetry" . Clearly, it might just as well stand for "stationary" or, in the context of 
applications to steepest-descent type asymptotic analysis of Riemann-Hilbert problems, "steepest" . > 



< Remark: In some applications, it may be enough that the above theorem holds for a dense subset of 



analytic functions K,(rf). For example, one often restricts attention to Schiffer variations [35C] in which k(ti) 
has the form of a simple rational function 



n(rf) = 



arj 



for a € C and 770 not lying on the contour C. The condition that re(0) 
origin under deformation. > 



.20) 



simply fixes the contour to the 



The results described in Theorem 3.0.3 and Theorem 8.0.4 indicate that the conditions that characterize 



the complex phase function g a (X) (cf. Definition 4.2.5 ) are equivalent to the existence of a certain kind of 
critical point for the energy functional, where variations with respect to both the measure and the contour of 
support are permitted. Thus, we have obtained a generalization of the method of Lax and Levermore ^LL8S], 
who considered the restricted problem of minimizing the energy of measures supported on a fixed and given 
contour. In this connection, it is attractive to consider whether an appropriate variational problem can be 
well-posed whose solution is exactly a critical point of the desired type. This would effectively complement 
the ansatz- based construction of g a (X) given in Chapter |5| by allowing techniques of functional analysis 
and logarithmic potential theory to be applied to determine properties of the complex phase function, e.g. 
existence, uniqueness, and genus. 

If we suppose that for each given analytic function k(X) as in the statement of Theorem |3.0.4 the 
equilibrium energy E m i a [i/* (C)] is differentiable with respect to e, then the existence of a loop contour C for 
which 

d -E mia [^(C)] 



dc 



0, 



.21) 



implies that C has the S-property. To see this, let dp be an equilibrium measure for C, and consider the 
corresponding family of measures dpi supported on the curve v*(C) as in the statement of Theorem 3.0.4. 
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Clearly, E[dp$] = E m i n [C] = E m i n [vQ (C)], and since E[dp^\ is not generally an equilibrium measure for 
v*(C) we have E[dp*] > S m i n [t£(C)]. Now as a function of e, E\dnf\ is clearly diffcrcntiable at e = 0, and it 
follows from its domination of the equilibrium energy that fl8.2l| ) implies that the derivative of E[dp^] with 
respect to e vanishes at e — 0. 

Thus, differentiability of the equilibrium energy implies that the object that may be taken to be stationary 
at a curve with the S-property is the equilibrium energy E min [C] itself as a functional of the loop contour 
C. This suggests posing a "stationary-min" problem for the energy functional E, with possible special case 
variants "min-min" and "max-min". It is not difficult to argue that the "min-min" problem, i.e. finding 
a contour C for which the equilibrium energy -EmmfC 1 ] is minimal, has no solution. This is because the 
external field f"(X) goes to — oo as A — * oo in a sector of the upper half-plane (depending on x and t) and 
consequently the equilibrium energy can be made arbitrarily negative by considering a sequence of contours 
expanding into this sector. On the other hand, the "max-min" problem, i.e. finding a contour C for which 
the equilibrium energy -E m ; n [C] is as large as possible, is a version of the well-studied problem of finding sets 
of minimal weighted logarithmic capacity satisfying certain geometrical constraints (here, the geometrical 
constraint is that the set must be a contour surrounding the imaginary interval [0,iA] and con necting 0— 



to 0+). This sort of problem is sometimes referred to in the literature as a Chebotarev problem [ GR87 |. In 
circumstances significantly simpler than those of our problem, the minimal capacity problem is known to 
have a solution that is unique in the support of the equilibrium measure. 
We pose the "max-min" problem in the following conjecture. 



Conjecture 8.0.1 Suppose for simplicity that A(x) is such that p (rf) defined by (3.1) is entire. Let C be a 
family of loop contours C in the cut upper half-plane H that begin and end at the origin. For each contour 
C € C, let dp* c be a measure minimizing the weighted energy E: 



E[dp* c }= inf E[dp}. (8.22) 

u/^>0, supp(a/i)CC 



Suppose C* £ C can be found such that 



E[dp* c ,} = sup E[dp* c ] . (8.23) 

cec 



Then, the extremal measure dp* c , is unique modulo point masses at the origin, and its support consists 
of a finite number of analytic arcs, one of which meets the origin. Writing dp* c * = —p a (rf)d'q defines a 



density function p° ' (rf) that is admissible in the sense of Definition If.,2.1 and thus generates a complex phase 
function permitting the asymptotic analysis of the semiclassical soliton ensemble corresponding to the initial 
data A(x). 

Posing the semiclassical limit for the focusing nonlinear Schrodinger equation as a constrained minimum 



capacity problem thus closes the circle. We began our analysis of the inverse problem in §4.1 with the 
observation that what we were essentially dealing with was a problem of rational interpolation of entire 
functions; indeed the set of minimal weighted capacity has played a central role in the theory of rational 
approximation for several years. We plan to address these issues more carefully in the future. 
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Chapter 9 

Conclusion and Outlook 



The generalized steepest- desce nts scheme we have described in detail for analyzing the semiclassical limit of 
the initial- value problem (1.1) for the focusing nonlinear Schrodinger equation provides what we believe to 
be the first rigorous result of its kind: that solutions of a sequence of well-posed problems (i.e. the initial- 
value problem (1.1) with WKB-modified initial data corresponding to true data of the form ipo(x) = A(x) 
for the sequence h = Hn) converge to an object whose macroscopic properties (weak limits of conserved 
local densities) are described by a system of elliptic modulation equations, whose initial- value problem is 
significantly less well-behaved. Our methods allow the convergence to be effectively analyzed for times that 
are not necessarily small, and in particular for times beyond which the solutions become wild and oscillatory. 

From the point of view of the semiclassical limit for the initial- value problem (1.1), the tools we have 
developed in the preceding pages will provide an avenue toward the analysis of many open problems. For 
example, questions of the way that limits of solutions depend on the analyticity properties of the initial data 
can be systematically addressed (see |CM0C | for some recent considerations in this direction). 

But also from the point of view of other problems that can be attacked by Riemann-Hilbert methods (e.g. 
long-time asymptotics for integrable partial differential equations, problems in approximation theory and 
statistical analysis of random matrix ensembles, and some related combinatorial problems), the generalization 
of the steepest descent method of Deift and Zhou that we have presented here is likely to be useful as a 
general technique. For example, certain problems in the theory of orthogonal polynomials involving exotic 
orthogonality conditions can be treated by our methods. 

In this final chapter, we would like to outline several ways that we would like to consider extending what 
we have presented. 



9.1 Generalization for Non-Quantum Values of h 

An essential role was played in our work by the assumption that the semiclassical parameter h should be 
restricted to a particular discrete sequence of values as it goes to zero. Thus, technically speaking we have 
only established that the explicit model we have presented in terms of Ricmann theta functions is a strong 
limit point for the semiclassical asymptotics. However unlikely it may seem, we cannot a priori rule out 
the possibility that there could be other limit points as well, that one might find by considering values of H 
intermediate to those in the sequence h — h^. 

Therefore, it appears that some advantage would be gained by addressing the asymptotic behavior of 
soliton ensembles without the quantization restriction on h. For the special case of the Satsuma-Yajima 
initial data ?po(x) = A(x), the exact spectral data becomes somewhat more complicated when general values 
of h are considered, since there is a nonzero reflection coefficient when h Hn for any N. In fact, the 
reflection coefficient is not even uniformly small in any neighborhood of A = as h — ► 0. 



In this special case, however (and also in the recent cases described in [TVOC]), at least one has an exact 



formula for the reflection coefficient, and since it is small except near A = 0, it could be taken into account 



at the level of the local model Riemann-Hilbert problem 4.4.5 for the matrix F ff (£). In fact, the reader will 



observe that without the incorporation of the reflection coefficient into this Riemann-Hilbert problem, the 
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jump matrices will not even satisfy the compatibility condition (A. 2) for general values of h (we needed to 
assume that h = Hn to obtain the desired compatibility), and consequently the problem will be unsolvable. 

As interesting as it will be to see how to handle the intermediate values of h for the Satsuma-Yajima special 
case, it is of more interest to have a scheme that works for general soliton ensembles. Here, the difficulty is 
that an accurate WKB approximation is required for the reflection coefficient in a small enough (shrinking) 
neighborhood of the origin. Formal WKB theory simply predicts the pointwise (fixed A) convergence of the 
reflection coefficient to zero, and fails to capture the asymptotic structure of the coefficient near the origin. 
This structure would be needed to generalize our techniques to general values of h for arbitrary soliton 
ensembles. 



9.2 Effect of Complex Singularities in p°(n) 

For the Satsuma-Yajima ensemble, the function p°(rj) defined by (|3.l| ) is entire, and there is no obstruction 
whatsoever to the placement of the contour C anywhere in the cut upper half-plane H. However, for other 
real-analytic bell-shaped initial data, even data with sufficient decay and curvature at its peak to admit 
analytic continuation of p°(r]) to a complex neighborhood of the interval [0, iA], there could be singularities 
some distance from [0, iA] in the complex plane that could ultimately constrain the free motion of the contour 
C according to the variational conditions. 

Since the presence of complex singularities will be the rule rather than the exception, it is of some interest 
to determine the effect of these on the dynamics of the contour motion. For example, it may be the case that 
the contour C is typically repelled by any singularities. On the other hand, if it is possible for the contour 
to collide with a singularity of p (rj) for finite x and t, what can one expect to happen to the ansatz-based 
construction of the complex phase function g a (X) at such a moment? Is it somehow still possible for the 
phase function to exist, possibly by passing to a higher genus ansatz? In other words, is the collision of the 
contour with a complex singularity of p°(rf) a possible mechanism for phase transitions? Or might it even 
be the case that upon meeting a singularity the support of the equilibrium measure becomes irregular, with 
an infinite number of bands and gaps? 



9.3 Uniformity of the Error Near t = 

We have noted that for general soliton ensembles, we cannot control the error of our approximation exactly at 
t = because here the variational conditions select a contour loop C part of which coincides with the a subset 
of the imaginary interval [0, iA] . Since this is the locus of accumulation of the poles in the meromorphic 
Riemann-Hilbert Problem |2.0.1 , the specified contour C does not do the job of surrounding the poles, and 



thus our error analysis fails. 

At the same time, however, we know that our approximation remains valid when t = 0, at least in the L 2 
sense, because this calculation can paradoxically be done directly by Lax-Levermore methods. Indeed this 



was shown explicitly in EJLM93 1 . The reason we cannot control the error is that we are trying to bound 
the error in a uniform approximation of the eigenfunction in the complex plane, rather than just worrying 
about the error in the potential, \ip — ip\. The eigenfunction is simply more complicated when t — than 
for nonzero t because there is an endpoint of the support of the equilibrium measure (near which the local 
behavior of the eigenfunction should be described in terms of Airy functions) superimposed on the locus of 
accumulation of eigenvalues. So approximation of the eigenfunction is just a different problem at t = than 
for nonzero t. 

Nonetheless, we feel that there would be considerable advantage in presenting a unified Riemann-Hilbert 



based approach to semiclassical asymptotics for (1.1) that works for all t. So we view the development of 



new methods to model the matrix N CT (A) at t — as a challenge for the future. 



9.4 Errors Incurred by Modifying the Initial Data 

If we desire to interpret our completely rigorous results regarding asymptotics for semiclassical soliton en- 
sembles in the context of the semiclassical limit for the initial- value problem ([bl]), then there is a step 
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missing in our analysis. Namely, we would need to provide an estimate for arbitrary x and t of the errors we 
make by replacing the ^-parametrized family of initial- value problems (1.1) by another family of problems 
in which the initial data has been modified so that its spectrum is replaced with its purely discrete WKB 
approximation. The latter is what we have been referring to throughout as a soliton ensemble, and for which 
we compute accurate asymptotics. 

This modification of the initial data was also an essential ingredient in Lax and Levermore's original 
analysis of the zero-dispersion limit for the Korteweg-de Vries equation. It has also been built into each 
analogous study of an integrable system since that time. As pointed out above, the Lax-Levermore method 
proves L 2 convergence of the modified initial data to the true initial data. And in the light of the local 
well-posedness of the hyperbolic Whitham equations that they prove governs the limit, it is a reasonable 
claim that this convergence also holds for finite nonzero times. 

But in our study of the focusing nonlinear Schrodinger equation, we find that the limit is governed by 
Whitham equations that are elliptic. Without any local well-posedness for this asymptotic dynamical model, 
we must look elsewhere if we wish to control the errors introduced by modifying the initial data. 

The best bet may be to study more carefully the forward-scattering problem for the nonself adjoint 
Zakharov-Shabat eigenvalue problem in the H | limit. If it would be possible to directly estimate the 
error of the WKB approximati on a t the level of the scattering data, then this error could be built into the 
Riemann-Hilbert analysis (cf. §L5) as another layer of approximation to be expanded in a Neumann series 
and consequently controlled. 



9.5 Analysis of the Max-Min Variational Problem 



At the philosophical heart of our work is Conjecture 8.0.1, that the "max-min" problem for the weighted 



Green's energy functional described in Chapter |S] is a natural and appropriate generalization of the cele- 
brated variational principle of Lax and Leverm ore's zero-dispersion analysis, and that it characterizes the 
semiclassical limit of the initial-value problem ( |l.l| ) for the focusing nonlinear Schrodinger equation. We 
may even speculate that a variational principle of this type characterizes the limit for a class of initial data 
that is much more general than what we have considered here. 

In the Lax-Levermore method, the variational principle plays a central role. It is the equilibrium measure 
that determines the zero-dispersion limit for the Korteweg-de Vries equation in general, and if the initial data 



is smooth enough then it can be shown [DKM98| that the support of the equilibrium measure is sufficiently 
regular (and in particular consists of a finite number of bands and gaps) that it may be constructed by an 
ansatz-based method of which what we presented in Chapter ^| is a generalization. 

The reader will observe that our approach to the semiclassical limit for the focusing nonlinear Schrodinger 
equation has been quite different. We began with analyticity of the initial data, and constructed the complex 
phase function g a {\) directly, by ansatz. Then, after the fact, we observed in Chapter |^ that the complex 
phase function could be given a variational interpretation. Indeed, if it turned out that the max-min problem 
had a solution for which the support of the equilibrium measure were severely irregular, we would not know 
how to use it in the Riemann-Hilbert analysis to asymptotically reduce the phase conjugated Riemann- 
Hilbert Problem |4.1.l] to a simple form. In short, the Riemann-Hilbert approach would appear to manifestly 
depend on analyticity (e.g. the deformation of "opening the lenses" is only possible if p a (rj) dij is an analytic 
measure) . 

At the same time, we would need to develop existence and regularity arguments for the max-min problem. 
Some results of this type do indeed exist in the literature for problems that are perhaps not too different 
from ours. Even if it turns out that regularity properties are somehow built in from the start, it would be 
useful to have a sufficiently developed theory of the max-min problem that we could estimate the genus for 
given values of x and t in terms of elementary properties of the initial data. 



9.6 Initial Data with S(x) # 

Throughout, we have assumed S(x) = 0, and considered the initial- value problem ([Ll]) with purely real initial 
data. Dropping the assumption S(x) = is expected to require new alterations in our method. In this case, 
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the existing numerical evidence [ B96 and formal calculations |M00 suggest that for analytic potentials the 
eigenvalues accumulate as h tends to zero on a union of curves in the complex plane. In the examples 
presented in the literature, the asymptotic spectrum is distributed on a "Y-shaped" curve consisting of a 
"neck" on the imaginary axis connected to the origin, out of which are born two "branches" on which the 
eigenvalues have nonzero real parts. While there exist analogs of the Bohr-Sommerfeld quantization rule for 



these Y-shaped specta M00| , there is not an adequate WKB description of the proportionality constant 



connected with each discrete eigenvalue. 

Even with the forward-scattering analysis in this primitive state of affairs, it may be possible to apply 
our methods to semiclassical soliton ensembles appropriately defined from the formal WKB approximations 
for S(x) ^ 0. The basic set-up should be the same, with a holomorphic Riemann-Hilbert problem being 
posed relative to a loop contour that surrounds the whole (possibly Y-shaped) locus of accumulation of the 



eigenvalues in the upper half-plane. The conditions imposed on the complex phase function g a (X) in § 4.2 
should be unchanged; similarly the error analysis should require only technical modifications. The part of 
the method that will need to be rethought almost completely is the ansatz-based construction of <? CT (A) (c/. 
Chapter |), since for an asymptotic eigenvalue measure p° (ij) dr] with complicated support properties it is 
not clear how to "push" the measure by analyticity onto the loop contour C. We plan to generalize our 
method to handle these more general semiclassical soliton ensembles in the near future. 



9.7 Final Remarks 

Thus, the story of the semiclassical limit for the focusing nonlinear Schrodinger equation is far from complete. 
Even for analytic initial data, much work remains on the front of rigorous WKB theory for the nonself adjoint 
Zakharov-Shabat operator, as well as on the development of the variational-theoretic aspect of the inverse 
problem described in Chapter [s] which has the potential to be a very powerful analytical tool. And once the 
problem is rigorously understood for given analytic initial data, the next task is to determine the sensitivity 
of the resulting semiclassical limit within this analytic class. How (un)stable are the caustic curves (phase 
transitions) separating one kind of local behavior from another with respect to, say, L 2 -small analytic 
perturbations? Is there sense in putting a probability measure on some class of initial data and determining 
the statistics of the local genus G(x,t) considered as a random variable? Sometimes, instability can be 
mollified by statistical averaging, and this could be one avenue toward giving useful physical meaning to the 
semiclassical limit of the focusing nonlinear Schrodinger equation. 



Appendix A 

Holder Theory of Local 
Riemann-Hilbert Problems 



In this appendix we collect together a number of results, some quite classical, with the aim of rigorously es- 
tablishing in some generality the existence, uniqueness, and decay properties of solutions of "local" Riemann- 
Hilbert problems of the type that often arise in steepest-descent type calculations. Throughout this appendix, 
a fixed norm || • || on matrices is assumed. 



A.l Local Riemann-Hilbert problems. Statement of results. 

Let us define what we mean by a local Riemann-Hilbert problem. Let El be a union of an even number of 
straight-line rays emanating from the origin in the £-plane, and a circle of radius R^l centered at the origin. 
Note that R ^ 1 can always be arranged by a simple rescaling of £. The contour El divides the C-plane into 
two disjoint regions, fij^ an d ^l> eacn of which may comprise several simply connected regions, such that 
each ray or circular arc of El forms part of the boundary of both $1^ and fi£ . Choose some labeling of the 
regions consistent with this description; now each is a component of either or Qj . C onsider El oriented 



such that it forms the positively oriented boundary of the region See Fi gure |A.l| . The jump matrices 
we consider are defined as follows. 

Definition A. 1.1 (Admissible jump matrices for local problems) Let Ci, ■■ -,Cn denote the points of 
intersection of the rays o/El with the circle. An admissible jump matrix for a local Riemann-Hilbert problem 
is a matrix-valued function Vl(C) defined for C £ El \ {0, Ci, ■ ■ ■ , Cn} satisfying for some < v < 1 and 
some K > the following conditions: 

1. Unimodularity: For all Q € El \ {0, £i, . . . , Cn}, det(v L (z)) = 1. 

2. Interior smoothness: Whenever Ci and C2 belong to the same smooth component of El (either ray 
segment or circular arc), the Holder condition ||vl(C2) — vl(Ci)|| < K\C"2 ~ Cil" holds. 

3. Compatibility at self-intersection points: Let Co denote any of the points 0, Ci , ■ ■ ■ , Cn ■ By interior 
smoothness, it follows that on each smooth component E L of El meeting Co, the limit 

v L fc) := lim v L (C) (A.l) 



Ces 



(k) 

exists. Let the components E L be ordered with increasing k in the counterclockwise direction about Co, 
starting with any given contour component. Then the condition 

VL 1) v L 2) - 1 VL 3) v L 4) - 1 ...vr i) v L " ) - 1 =I (A.2) 
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Figure A.l: A contour for a local Riemann-Hilbert problem. 



is to be satisfied, where n is the even number of contour components meeting at Co (this number is 
exactly 4 for Co = Ci, ■ ■ ■ , Cn and N for Co — 0)- 

4. Decay: As ( ^ oo on any ray o/E L) ||v L (C) - 1|| = 0(\C\~ V ). 

Let Nl be any constant matrix. Given the data (El, vl(C), Nl) we pose the following problem. 

Riemann-Hilbert Problem A. 1.1 (Local prob lem in the Holder sense) Let vl(C) be an admissible 
jump matrix defined on a contour El as in Figure A.l . Let v be the Holder exponent of the jump matrix. 
Find a matrix function L(C) with the following properties: 

1. Analyticity: The matrix function L(C) is holomorphic inC \ El- 

2. Boundary Behavior: For each fi < v, L(C) assumes Holder continuous boundary values from each 
connected component of its domain of analyticity, including corner points, with Holder exponent fi. 
More precisely, for each C G El \ {0, Ci, • ■ ■ , Cn}, the boundary values 

L±(C) := lim L(A) (A.3) 

exist independently of the path of approach. For all positive fi <v , there exists a constant K 1 such that 
for all C G E L \ {0,Ci,. ■ ■ Xn} and all A £ Q^, ||L(A) - L±(C)|| < K'\X - Cl p - Also, whenever Ci and 
C2 belong to the same smooth component o/El, ||L±(C2) — L± (Ci ) 1 1 < K'\Cz — Cil 1 * ■ Also, whenever 
E^ and E L are two smooth components of the contour bounding a connected component of i7£~ and 
meeting at C = Co, we have 

lim L+(C)= lim L+(C), (A.4) 

C >Co C >Co 



A.l. 
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id both limits are finite. Similarly, if Ex 7 an d £< L meet at £o and bound a connected component of 



fi L . then 



lim L (C) = lim L (Q , 

C-Co C^Co 



(A.5) 



with both limits being finite. 



3. Jump conditions: For each £ E El \ {0, Ci> • • • i Cn}, the boundary values are related by L + (£) = 
L-(C)vl(C)- 

4- Normalization: As £ — ► oo in each ray o/El, ||L±(C) — Nl|| = C(|C| _Al ) for all positive /z < v. The 
same estimate with L±(£) replaced by L(£) holds uniformly in all other directions. 



Note that in formulating any local Riemann-Hilbert problem, the condition that El should consist of an 
even number of rays can always be achieved by adjoining a new ray on which the jump matrix is taken to be 
the identity matrix. Also, we emphasize that in many applications the circle will be absent altogether, which 
can also be accomplished by taking the jump to be the identity there. There is no cost for adding identity 
jumps to the contour for Riemann-Hilbert problems posed in the class of Holder continuous boundary values. 
This follows from an elementary Cauchy integral argument establishing that whenever the jump matrix is 
equal to the identity on a smooth contour segment and the solution takes on boundary values as above (and 
in particular in the sense of uniform continuity) then the solution matrix is in fact analytic on the contour 
segment. 

We will establish here the following results. 



Theorem A. 1.1 (Local Predholm Alternative) Suppose that a set of data (El,vl(C),Nl 

Then 



where the 

the associated local Riemann-Hilbert 



jump matrix vl(C) satisfies the conditions of Definition A. 1.1 
Problem \A. 1. j| has a unique solution if and only if the corresponding homogeneous problem with data 
(Sl,Vl(C),0) has only the trivial solution L(£) = 0. 

We note that if a solution L(£) exists for some particular Holder exponent /io < v : then L(£) also serves 
as a solution for all positive Holder exponents fi < fio . Therefore, to establish solvability with Holder 
exponent /z for all \i < v, it is sufficient to find a number fio < v such that all homogeneous solutions with 
Holder exponent (i > /j,q are trivial. As not every problem is solvable, there is no completely general method 
for ruling out nontrivial vanishing solutions, and a variety of techniques and results from complex analysis 
are useful. What appears to be the most general result holds for contours and jump matrices that satisfy 
the following symmetry criterion: 



Schwartz reflection symmetry: The contour El contains the real axis, is invari- 
ant under complex-conjugation and for all ( £ El with 3(£) 7^ 0, vl(C) = vl(C*)^ 
while for all real (, the matrix vl(C) + vl(C)^ is strictly positive definite. 



(A.6) 



The condition that the real axis be part of a contour satisfying (A.£) may be always be satisfied without 
loss of generality by taking the jump matrix to be the identity there (this obviously satisfies the positive 
definiteness condition). A contour with the symmetry of (A.6) is illustrated in Figure A. 2. 
Then, we have 

Theorem A. 1.2 (Local Unique Solvability) Suppose that the data set (El, vl(C), Nl) satisfies condi- 
tion (A.t) in addition to the requirements of Theorem A. 1.1. Then the associated local Riemann-Hilbert 
Problem A. 1.1 has a unique solution. 



<i Remark: The main difficulty lies in proving the existence of solutions of the required type. Indeed, 
uniqueness holds even without the assumption (A.6). One simply considers the matrix quotient of any two 
solutions Q :— L(C)L'(C) _1 , which by the Banach algebra property of the Holder spaces (see below for 
precise definitions of these spaces) again takes on boundary values in the Holder (and in particular uniformly 
continuous) sense. The boundary values Q+(C) an d Q-(C) are easily seen to be the same for all points 
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Figure A. 2: A contour El with Schwartz reflection symmetry. 



£ G El \ {0}, and Q(C) — > I as £ — > oo. Given the behavior of the boundary values, an elementary Cauchy 
integral argument shows that Q(C) is in fact analytic in the whole plane, and then it follows from Liouvillc's 
theorem thatQ(C) = I- It is possible to push through the same argument with less control on the boundary 



values; in | D99 this is explained in the 2x2 case when the Holder smoothness property of the boundary 
values is replaced with L 2 convergence, so that in particular one admits solutions for which the boundary 
values become unbounded. Therefore if there exists a solution with Holder class boundary values, it is unique 
in much larger spaces, including at least L 2 . > 

Finally, some refinement of the decay of the solution of the local Riemann-Hilbert Problem [A. 1 .1| is 
possible under certain additional conditions. 

Theorem A. 1.3 (Enhanced Decay) Suppose that on the interior of each smooth arc of El the jump 
matrix Vl(C) is analytic, and that from any ray component E L fe ^ o/El the jump matrix may be continued to 
either side within a strip Sk bounded by two parallel rays such that the moments 

(°°' fc ) := hm C(v L (C)-I) (A.7) 



v 



all exist uniformly in Sk- Also assume that the condition 

r {0O,k) = Q (A. 



all rays k 



is satisfied. Then if there exists a solution L(£) of Riemann-Hilbert Problem A. 1.1, there is a constant M > 
such that uniformly for all C sufficiently large, 

imo-iHMicr 1 . (a.9) 



< Remark: The refinement afforded by Theorem A. 1.3 is significant, sinc e without the condition ( |A.8| ), 
the typical decay is only 0(|£| -1 log Not e als o, that the condition ( A. 8 ) may be viewed as a "higher- 
order" version of the compatibility condition (|A.2|) that is necessary for solvability. > 
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A. 2 Umbilical Riemann-Hilbert problems. 



We now consider posing a certain type of auxiliary Riemann-Hilbert problem in the z-plane on a compact 
contour. Let us now describe what we mean by an umbilical Riemann-Hilbert problem. Let Su be any 
compact contour consisting of a union of a finite number of smooth closed arcs terminating at self-intersection 
points z = at such that £tj divides the z-plane into two disjoint regions, fi^ and fl^j, while serving as the 
positively oriented boundary of f2jj and at the same time the negatively oriented boundary of il^j. This 
means in particular that an even number of arcs meet at each intersection point ctk. The geometry of an 



umbilical contour is shown in Figure A. 3 



a, 



a: 



at ^ 




















at \ 




at/ 
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si; 



a; 



Figure A. 3: An example of an umbilical contour. 



Definition A. 2.1 (Admissible jump matrices for umbilical problems) An admissible jump matrix 
for an umbilical Riemann-Hilbert problem is a matrix-valued function vrj(z) defined for z G Su \ {ctk} 
with the following properties for some K" > and < v < 1 : 

1. Unimodularity: For all z <E £u \ {a/c}, det(vu(z)) = 1- 

2. Interior smoothness: Whenever z\ and zi belong to the same smooth arc o/Eu, the Holder condition 
||vu(z 2 ) - v u (z 1 )|| < K"\z 2 - z x \ u holds. 



3. Compatibility at self-intersection points: Let zq be any of the points cti of self-intersection of 

Eu, le 
define 



let £u , ■ • ■ ' ^ e open arcs meeting at z = ct{ enumerated in counter-clockwise order, and 



:= lim vu(z). (A.10) 

z— >z 

Then for each such point Zq, the condition 

vg , vr i vg ) vS»- I ..vr i »v<fH=I (A.11) 

holds. 



Let Nu be any constant matrix. The umbilical Riemann-Hilbert problem associated with the data 
(Su,vu(z),Nu) is posed as follows. 
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Riemann-Hilbert Problem A. 2.1 (Umbilical problem) Find a matrix function U(z) with the follow- 
ing properties: 

1. Analyticity: The matrix function U(z) is holomorphic in C \ Eu , and also at z = oo. 

2. Boundary behavior: U(z) assumes Holder continuous boundary values from each connected com- 
ponent of its domain of analyticity, including self-intersection points, with all exponents \i < v . More 
precisely, for each z € Eu \ the boundary values 

U±0) := lim U(w) (A.12) 

w — *z 

exist independently of the path of approach. For all positive fx < V, there exists a constant K' such 
that for all z G Eu \ {ctk} and all w £ Qjj, ||U(w) — U±(z)| < K'\w — Also, whenever z\ and z-i 
belong to the same arc o/Eu, ||U±(z2) — U±(zi)|| < K'\z2 — Zi]^ . Also, whenever E^j and are 
two arcs meeting at a self-intersection point z — on and bounding a connected component offl^j, we 
have 

lim U+(z) = lim U+0), (A.13) 

and both limits are finite. Similarly, if E^ an d meet at z — ai and bound a connected component 
of Ojj , then 

lim U_(z)= lim U_(z), (A. 14) 

Z—>QLi Z^Cti 

with both limits being finite. 

3. Jump condition: For each z 6 Su \ {ct{\, the boundary values are related by U + (z) = U_(z)vu(z). 
4- Normalization: U(oo) = Nu. 



Each local Riemann-Hilbert problem is equivalent to an umbilical Riemann-Hilbert problem. 



Lemma A. 2.1 Consider a local Riemann-Hilbert Problem A. 1.1 for an unknown matrix L(£) co rrespon ding 
to the data (El, vl(C), Nl), with Nl invertible and with the jump matrix satisfying Definition \A. 1. \ Let 
9 be any angle different from those of all the rays of El, and introduce the automorphism of the Riemann 
sphere given by 

Qe~ ie — 1 1 + z 
z (0 = _ a 7 i with inverse £(z) = e l . (A. 15) 



1 



1 



This transformation defines an umbilical contour in the z-plane by Eu := z(El), preserving orientation 
of each smooth component. On Eu, define a jump m atrix by vtj(z) := ~v~l(C(z)). Then the jump matrix 
so define d sati sfies the conditions of Definition A. 2.1 , and the solution(s) of the umbilical Riemann-Hilbert 
Problem A. 2.1 with data (Etj, vtj(z), Nu) and Nu invertible are in one-to-one correspondence with those of 



the local Riemann-Hilbert Problem A. 1.1 with data (El, Vj_,(£), Nl). 



Proof. Under the transformation £ — > z(£), the image of the straight line making an angle </> with the 
positive real axis in the £-plane is the graph of 

\z + icot{(f)-6)\ 2 = csc 2 (0-6>), (A.16) 

a circle for all cj> ^ 9, which always contains the two points z — ±1. This transformation fixes the straight 
line in the £-plane making an angle cf> — 9 with the positive real axis, and takes the origin to z = — 1 and 
the point at infinity to z = +1. Furthermore, the real £ line is mapped to a complete circle (for 9 ^= 0) and 
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all other ray components of El are mapped to various circular arcs connecting z = —1 to z = +1. The 
circle of radius R ^ 1 centered at the origin in the £-plane is mapped to a circle of radius 2R/(R 2 — 1) 
centered at z = (R 2 + 1)/{R 2 - 1). Since 9 differs from the angles of all components of El, and since we 
are assuming that R ^ 1, the image Eu : = z (El) of the contour is compact. For contours El with the 
additional symmetry (A. 6), which by definition contain the the real axis in the £-plane, the condition 0^0 
is necessary for compactness of Eu. The image of the contour El under this transformation is illustrated in 



Figure A. 4 




Figure A. 4: Left: The contour El in the (^-plane. Right: Its image Etj 
9 > 0. Also shown are the regions Q^j := z(^l) an d : ~ 



z(El) in the z -plane for some 



It is immediate from the definition and the unimodularity of vl(C) that the jump matrix vu(z) := 
v l(C( z )) is also unimodular. The fact that v\j(z) satisfies the interior smoothness condition follows from the 
corresponding local Holder smoothness of vl(C) on finite parts of El which is preserved under composition 
with the smooth map C( z )j and the local smoothness near z — 1 follows from the decay condition satisfied 
by vl(C)- The jump matrix vu(z) is compatible at the self-intersection points c\\ = —1 and ak+i — z(Cft) 
by the corresponding property of vl(C) and the continuity of the map z(£) at £ = and £ = At the 
other self-intersection point z = +1, the compatibility condition follows from the decay of vl(C) at infinity. 

The correspondence between solutions of the two Riemann-Hilbert problems is set up as follows. Given a 



matrix L(£) solving the local Riemann-Hilbert Problem A. 1.1, the matrix U(z) := NuL(-e i8 ) 1 L(£(z)) is 



a solution of the umbilical Riemann-Hilbert Problem A. 2.1. Conversely, given a matrix U(z) satisfying the 
umbilical Riemann-Hilbert Problem A. 2.1, the matrix L(£) := NlU(1) _1 U(z(C)) satisfies the local Riemann- 
Hilbert Problem |A.l.l| . These formulae make sense because by taking determinants of the jump conditions 
for the two problems and using the unimodularity of the jump matrices in conjunction with the Holder 
smoothness of the boundary values and Liouville's theorem that det(L(£)) = det(NL) 7^ and det(U(z)) = 
dct(Nu) =/= 0. A similar argument (taking ratios of matrices and using the jump relations, Holder boundary 
conditions, and Liouville's theorem) shows that these formulae are injective transformations. □ 
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We now restrict our study to the umbilical Riemann-Hilbert Problem A. 2.1 subject to the jump matrix 

Before we begin, we need to review some elementary results. 



satisfying the conditions of Definition A. 2.1 



A. 3 Review of Holder results for simple contours. 

Here, we recall some classical facts about Holder spaces of f unctio ns on contours, and the associated Cauchy 
integral operators. The basic references are Muskhelishvili [ M53 and Prossdorf | P78 |. Let C be a piecewise 
smooth, closed, compact contour, where the points at which C is not smooth are at worst corner points 
with finite angles. The sort of contour we have in mind for future applications is shown in Figure A. 5. Let 




Figure A. 5: The piecewise smooth, closed contour C. It is given an arbitrary orientation. 



Lip I/ (C) denote the space of all Holder continuous complex matrix- valued functions f (z) on C with exponent 
v, equipped with the norm 



lLip"(C) 



sup ||f(z)|| 

zee 



sup 

zi,Z26C 



|f(* 2 )-f(*i)|| 

\Z2~Zl\ V 



(A.17) 



where || • || denotes some matrix norm. This norm makes Lip ly (C) a Banach space. If f € Lip l/ (C) for any 
v > 0, then i(z) is uniformly continuous on C. Also, it is easy to see that if f € Lip 1/ (C), then f € Lip A '(C) 
whenever < /i < v. This fact defines an inclusion operator T v ^^ : Lip i/ (C) — > Lip A1 (C). The remarkable 
and useful fact about this inclusion map is the following. 

Lemma A. 3.1 Whenever < fi < v, the inclusion operator T^,—,^ : Lip^(C) — > Lip^(C) is compact. 



A proof of this statement is given by Prossdorf (see pages 102-103 of [ P78| ) in the scalar case when C is a 
smooth compact contour. The proof relies heavily on the Arzela-Ascoli theorem. There are only cosmetic 
differences in extending the result to the matrix case, but Prossdorf 's proof needs to be extended to admit 
corner points in the contour C . The estimates required to carry out this extension involve bounding arc 
length distance above and below by the shortest distance for pairs of points near a corner point of C and 



can be found in the appendices of | M53 



The space Lip l/ (C) is also a Banach algebra in that it is closed under multiplication and satisfies the 
estimate: 

l|fg||Lip"(C) < l|f||Lip^(C)l|g||Li P nC)- (A.18) 



the 



This follows from simply writing f(z 2 )g(z 2 ) - i(zi)%{z\) as (f(z 2 ) - f (zi))g(z 2 ) + f(zi)(g(z 2 ) - g(zi)), 
domination of the L°° norm by the Holder norm, and the fact that the matrices with the norm || • || are 
themselves a Banach algebra satisfying an estimate of the same form as (A.18). If f (z) is in Lip I/ (C) and is 
invertible for each z € C then g(z) — f(z)" 1 is also in Lip l/ (C). The estimate (A.18) immediately gives the 
following result. 

Lemma A. 3. 2 Let g S Lip !y (C), and let TZ S and C s denote the operators of pointwise right and left multi- 
plication by g(z). Then 1Z S : Lip !/ (C) — > Lip l/ (C) and C g : Lip l/ (C) — » Lip !y (C) are bounded linear operators. 
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Consider C to be oriented. For f € Lip"(C), the Cauchy contour integral 



(C c f)(z) := — J> (s - «) _1 f (*) (A.19) 

27TI ' 



defines a holomorphic matrix- valued function in the multiply-connected domain C\C. For zeC, denote the 

DUI 

(C?f)(z)). Then, we have 



boundary values of (C°f)(w) as w tends to z from the left (respectively right) of C by (C+f)(z) (respectively 



Lemma A. 3. 3 (Plemelj-Privalov) Let f £ Lip !y (C). T/ie boundary values (C^f)(z) and (C^f)(z) exist 
independently of the path of approach to the boundary and are in Lip ly (C) as functions of z € C ' . Moreover, 
the linear operators C± : Lip I/ (C) — > Lip"(C) taking f(z) to i/ie boundary values of the Cauchy integral are 
bounded with respect to the Holder norm. 

The proof of this statement is in §19 of Muskhelishvili M53| , with adjustments for the corners as described in 
his appendices 1 and 2. It is a scalar result, but the matrix generalization requires only cosmetic alterations. 
The simple nature of the contour C guarantees that the boundary value operators are complementary 
projections so that the Plemelj formula holds: (C+f)(z) — (C*;f)(z) = f(z). Also we have the operator 
identity C° o C c = C c o C° = 0. 

The next statement of interest concerns certain commutators. Let g S Lip' 3 (C) for < [3 < 1, and 
consider the commutators [C+,£ g ], [C^,£ g ], [C+,7?. g ], and [C^,TZ g ]. These operators can be interpreted as 
nonsingular integral operators by the formulae: 

W?,£Mz) = ([C c ,£ g ]f)(z) = ^-Us-z)-\g( S )- g (z)){(s)ds, 



(lCC,K s ]f)(z) = QC^ g ]f)(z) = ±-J( s - z )-if( s )(g(s)- S (z))d,. 



(A.20) 



These operators are essentially as nice as the function g(z) is. We have the following result. 

Lemma A.3.4 Let g e Lip /3 (C). The operator [C%,Cg] = [C C ,£g] and the operator [C+,ft g ] = [C C ,K S ] 
are bounded operators from Lip"(C) to Lip ,3 (C) as long as < a < 1 and < (3 < 1. 

This statement is proved for scalar functions (trivially extended to the matrix case, however) by Prossdorf 
in his Lemma 4.1 on page 100 and Corollary 4.2 on page 102 [P78|. Again, some technical adjustment as 
described by Muskhelishvili [M53| will need to be used in order to admit corner points in the closed compact 
contour C. Note that the statement holds even if /3 > a. In this sense, the commutator can improve the 
smoothness of the functions on which it acts. 



A. 4 Generalization for umbilical contours. 

For an umbilical Riemann-Hilbert problem, let the simply-connected components of fl^j be denoted fi^j , 
and the components of f]fj be denoted fljj- k \ All but one of these components are bounded domains. For 
any simply connected domain D (possibly unbounded) with piecewise smooth boundary, let 3D denote the 
boundary oriented with D on the left. Then the oriented contour for the umbilical Riemann-Hilbert problem 
can be written either as 

Su=^9r!+ (fc) , or £u = - J] 9ft- (fc) . (A.21) 

k k 

Note that while these formulae hold when we regard the contours as paths of integration of Holder class 
functions, they do not hold in the set-theoretic sense of disjoint union since the self-intersection points z = oi{ 
are each counted several times on the right-hand side and only once on the left; this is reflected in the use 
of the sum notation and the use of signs to denote orientation. 

We begin by introducing some spaces. Let A v ± denote the set of matrix- valued functions f (z) on Eu\{a»} 

that for each k may be assigned values at z — a,; so that the restriction of f(z) to dVt^ k ^ is in Lip 1 ^ '{d^l^j k ' ') . 
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Note that at a fixed intersection point z — on, the values given to f(z) to establish the required continuity 
will generally be different for each k. The continuity properties of functions in these spaces are illustrated 
in Figure A. 6. These sets are Banach algebras with the norm being taken as the sum of the norms of the 






Figure A. 6: Left: the dashed arrows indicate the continuity properties of a function in A v + near a self- 
intersection point z = on. Right: the same for A v _ . 



individual components: 



l f IUi : =EH f !lLip^< fc >)' (A-22) 

fc 



where in each term in the sum on the right-hand side, the matrix function f is considered to be assigned 
definite values at all intersection points z — on (possibly different in each term) and subsequently to be 
restricted to the simple closed contour dil^j . Finally, note that every matrix function f in A\ n A v _ has a 
unique continuous extension to the whole closed contour Su , and thus that A v + n A v _ can be identified with 
the Banach algebra Lip"(£u) of matrix functions f(z) defined for z G Su with the norm 

||f || Lip , (Eu) := sup ||f(*)|| + sup H f y- f (^)H , (A.23) 
Convergence in Lip"(£u) is equivalent to simultaneous convergence in both A\ and A v _. 



Now we use these spaces to state the appropri ate gen eralizations of the results from §A.3 to the case 



of the umbilical contour Su- First of all, Lemma A. 3.1 can be applied to individual components of the 



boundary of Cl^ to prove an analogous result for these spaces. 

Lemma A. 4.1 For < [i < v, the inclusion operator Zi,— ^ can be defined from AK to A+, from A v _ to A^_, 
or from Lip ly (Su) to Lip''(Su). It is a compact operator in all of these instances whenever fi < v. 



Similarly, the obvious generalization of Lemma A.3.2) is the following 



Lemma A. 4. 2 Let g £ AK. Then the multiplication operators C s and TZ S are bounded on A v + as well as 
from Lip^Eu) to A v + . Similarly if g £ A v _, then C g and TZ S are bounded on A v _ as well as from Lip l '(Eu) 
to A v _. Finally, if g S Lip 1/ (Su), then C s and TZ S are bounded on Lip 1/ (Su), A^_, and A v _. 

For a function f G AK, we can write the corresponding Cauchy integral over the whole contour Erj in 



terms of Cauchy integrals over simple closed contours as defined in §A.3 



(C^f)(z):=^- [ (s-zr^ds^Y,^^^' (A.24) 

where on the right-hand side we use the same symbol f to denote the various Lip 1/ (9f2^ fc ' ) ) completions and 
restrictions to the closed compact contours dfl^ k \ Likewise, for a function f 6 A u _, we can write 

(C Eu f)(z) = - Y,(C dn v k) f)(z) . (A.25) 

fc 
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These Cauchy integrals are of course analytic in C \ Eu • These formulae allow the boundary values of the 
Cauchy integral over E to be expressed in terms the boundary values of Cauchy integrals of Holder class 
functions over simple closed contours as developed in §A.3. This allows those results to be generalized to 
the umbilical contour Eu with self-intersection points. 
An intermediate result that we need is the following. 



Lemma A. 4. 3 Let j ^ k and consider the Cauchy operators C ar2 u 



'aa 



-(j) and C 



-(fc) . 



'en: 



that is, the 



restrictions of the Cauchy operators over one simple component of dfl^ to another. Then, the first of these 
is a bounded operator from Lip 1 ' (dfl^j ) to Lip^(dQ,^ J < '^), and the second of these is a bounded operator from 

Lip"(dn~ (k) ) to Lip"(dn~ U} ). 



For a proof of (a stronger version of) this statement, sec Muskhclishvili [M53], §22. To apply his result, we 



need only to observe that either dnp j) C n+ {k) U dnp k) or <9ft+ (i) C C \ fi£ (fc) . Similarly for dn~ U) . 



For z 6 Eu \ {on}, we denote by (C ± u f)(z) the boundary value of the Cauchy integ ral (C u f)( 



w as w 



tends to z from the region f^. It is a consequence of the above representations ( |A.24 ) an d (|A.25[ ) of the 
Cauchy integral, along with Lemma A.4.3| , that that the following generalization of Lemma A. 3. 3 holds. 



Lemma A. 4. 4 (Generalized Plemelj-Privalov) The operator C+ u is bounded on A v x, and is bounded 
from A v _ to the smaller space Lip l/ (Eu)- Similarly, the operator C^ 1 is bounded on A v _, and is bounded from 

(A.26) 



A u + to Lip 1/ (E U ). Also, for f e A\ U A v _ the Plemelj formula holds: 

(C^t)(z)-(C^t)(z)=t( Z ), 



as well as the relation (C+ u o C Su f)(z) = (C Su o C*+ U f)(z) = 0. 



Proof. Consider first C+ u acting on f S A u + . Using the representation (A. 24), the restriction of the 



result to a component 9f2^Jj of the boundary can be written as: 



(C^ u f) 



C 



an: 



+(fc) . 



(A.27) 



That this operator is bounded to Lip v (9fi^j ) is clear from Lemma A. 3. 3 and Lemma A. 4. 3. Summing the 

norm estimates over the components dQ^^ then gives the boundedness of C+ u : A v + — ► A u + . Now consider 

C^ u acting on f S A v _. Using the representation ( A.25| ), the restriction of the result to a component 9fi^ 
of the boundary can be written as: 



(C| u f) 



an; 



= -C 



an: 



'an: 



(C 



an. 



'an: 



(A.28) 



The boundary value on the right-hand side is "minus" because the approach to the boundary is from the 
right of dfljj^ with its orientation (recall that by convention we are taking the boundary dD of a simply- 
connected domain D to be oriented with D on the left). By similar arguments, it is then clear that C+ u is 



bounded on A v _ . However, in this case, more is true. If z 
then at the point a,; e 9f2^j the above formula reads: 



oti is one of the self-intersection points of Eu, 



f )l 9 or°>( a ») 



(A.29) 



where the sum is taken over all components k, and it is clear that the value at the mutual corner point 



oti is the same in all components dfijj . This, along with the usual argument (as in [M53|, page 13) that 
piecewise Holder functions that are continuous are globally Holder implies that C+ u is actually bounded 
from A v _ to Lip y (Eu). Similar arguments establish the analogous results for C^ u . □ 



Similarly, the generalization of Lemma A. 3. 4 is the following 
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Lemma A. 4. 5 Let < a < 1 and < f3 < 1. Suppose that g G Lip^Eu). 



Then the commutators 

[C+ u ,1Z S ] and [C+ V ,£ s ] are bounded from A°_ to Lip p (Eu) o,nd the commutators [C^ v ,TZ S ] and [CE u ,£ g ] 

n 1 and 



are bounded from A? to Lip^(Su). iVow suppose only that g € TTien t/ie commutators [C+ u ,1Z 



gJ 



A^ to 



C^ u , £ g ] are bounded from A^_ to A^_ . Similarly if g G A_ 



then [C_ v ,1Z S ] and [C_ U ,C S ] are bounded from 



Proof. Again, one proceeds by decomposing the Cauchy operators C ± u according to (A. 24) or (A. 25) 
depending on the space, and then applies Lemma A. 3. 4 componentwise. When the range of the transforma- 
tion is Lip' 3 (Eu), one shows continuity at the intersection points exactly as in the proof of Lemma A. 4. 4. 
□ 



A. 5 Fredholm alternative for umbilical Riemann-Hilbert prob- 
lems. 

In this section, we apply the Holder theory of Cauchy integrals on the umbilical contour Eu to establish 



a Fredholm alternative theorem for umbilical Riemann-Hilbert Problems A. 2.1. We begin by factoring the 
jump matrix V(j(z) in a straightforward way: 

Lemma A. 5.1 Let Eu be an umbilical contour, and let there be given on Eu\{aj} a matrix function v\j(z) 



satisfying the conditions of Definition A. 2.1. Then vu(z) admits a factorization v\j(z) = b (z) 1 b + (z) 
with b ± (z) invertible, where b + G A", and h G A v _. 

Proof. We construct such a factorization algorithmically as follows. The factorization will be carried 
out locally at each intersection point, so first select for each ai a number r^ > sufficiently small that 
Eu fl B ri (ai), where B ri (cti) is the open disk of radius r^ centered at z — ai, contains no other intersection 
points and that each circle of radius r < r, ; centered at a, meets each arc terminating at a* exactly once. 
For z G Eu H (HkB rk (a/c) c ) where the superscript c denotes the complement, i.e. outside all disks, set 
b + (z) = vu(z) and b~(z) = I. Now, letting ai be an intersection point, we will specify the factorization 
for z G Eu H B ri (ai). Let the open arcs meeting at on be enumerated in counterclockwise order about 
at: Su , . . . , E^ (here N is even but may depend on i). Let the unique point in Ejjy common to the 
boundary of B Ti (ai) be denoted Zj. For z G E^ n B Ti (ai) begin the factorization by setting b~| E (i) = I, 
and therefore b + L(i> = vuLu). Now suppose that a factorization b + |„u) and b~L(j) has been constructed 

on E^ } nB r ,(«,). We now describe how to extend the factorization to E^ n B ri (pti). Suppose first that 

(i) (7 + 1) 

the region bounded by E{j , E^} , and the boundary of the disk is a component fl^j of the "plus" region 
fiu- Let s(p) be a C\ map from [0,n] into GL(n,C) with s(0) = b + | E (j)(ai) and s(ri) = VuLo+i) (zj+i). 



Such a map exists because GL(n,C) is arcwise connected |5W86 |. Then, for z G n B ri (a.i), we 



set b+(z) = s(|z — ail), and h~(z) = s(\z — a i \)vu(z)^ 1 . On the other hand, if the region bounded by 

Ey-*, Sy +1 ', and the boundary of the disk is a component of £1^, then we take s(p) to be a C\ map 

from [0,rj] into GL(n,C) with s(0) = h~\ (j)(ai) and s(r^) = I, and then for z G SH +1 ^ n B ri (ai) we set 

u 

h~(z) = s(|z— aj|) and then b + (z) = s(|^ — aj|)vu(z). Using this algorithm, we then construct factorizations 
on the part of each open arc Etj within B ri {a.i) starting from E^ and working counterclockwise about 



ai. This construction, when carried out under the compatibility condition (cf. Definition A. 2.1) satisfied 



by the limiting jump matrices vuLj) at each endpoint, guarantees that the restrictions b L(j) uniformly 

satisfy the Holder continuity condition with exponent v on each open arc E^j • This follows from the interior 
smoothness condition, the continuity of the factorization at the disk boundaries, the Banach algebra property 
of Holder continuous functions, and the fact that C\ functions are Holder continuous with any exponent less 
than or equal to one. The construction also guarantees that b + | 9f2+ ( fc ) may be defined at each intersection 

point ai to be continuous at the corner points for each k, and likewise that b~ \qq-W may be defined to be 
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continuous at the corner points for each k. Then it follows (see [M52], page 13 and the appendices), that 
the functions b + (z) and b _ (z) are in AK_ and A v _ respectively. Finally, the invertibility (and in fact the 
unimodularity) of b (z) follows directly from the above algorithm and the unimodularity of Vu(z). □ 



Now, set ~w + (z) := b + (z) - I 6 A v + and w (z) := I — b (z) G At. Choose any positive fi with [i < v, 
and define the operator C w on the space Lip M (Eu) by 



(C w m)(z) := (C^ u o^ w -m)(z) + (C Su o7e w+ m)(^ 
= (C5 u (mw-))(z) + (C Eu (mw + ))(z). 



(A.30) 



It follows from Lemma A. 4. 4 that this formula indeed defines a function in the Banach space Lip^(Eu)- For 
example, in the first term, the multiplication operator is a map from Lip A '(Eu) to At (with the function w - 
reinterpreted under the inclusion map as an element of At since fj, < u), and then the operator C^ u brings 
us back from this space to Lip A '(Eu) according to Lemma A. 4.4 . The second term is understood similarly. 
Moreover, as the composition of bounded operators, C w is itself a bounded operator on Lip M (Su). 

The umbilical Ricmann-Hilbcrt Problem A. 2.1 can now be reformulated as a singular integral equation 
inLip^(Eu). 



Lemma A. 5. 2 Consider the umbilical Riemann-Hilbert Problem A. 2.1 with data (Eu, vu(z), No). Let 
the normalization matrix Nu be identified with a constant function in Lip M (£u), and suppose the jump 
matrix vu(z) satisfying the conditions of Definition A. 2.1 to be factored according to Lemma A. 5.1, with C w 
being the corresponding singular integral operator in Lip M (£u)- Then, the solutions U(z) of the umbilical 
Riemann-Hilbert Problem A. 2.1 are in one-to-one correspondence with the solutions m £ Lip M (Eu) of the 
integral eguation 

m(z)-(C w m)(z) = Nu. (A.31) 



Proof. First suppose that we are given a solution m(z) of the integral equation (A.31) in Lip M (£u)- For 
zeC \ Eu define 



U(z;m) := Nu + (C Su o K w +m){z) + (C Su o ft w -m)(z) 
= Nu + (C Su (mw+))(z) + (C Su (mw-))(z) . 



(A.32) 



Then, U(z; m) is a solution of the umbilical Riemann-Hilbert Problem |A.2.l[ . The analyticity of U(z; m) 
in C \ Su and the normalization U(oo;m) = Nu follows directly from the representation (A.32) and the 
properties of elements of Lip M (Su). That the A± boundary values of U(z;m) satisfy the jump relations 
follows from simply inserting ( |A.32 ) into the jump relations and using the Plemelj formula in conjunction 
with ( |A.31| ). 

To show the injectivity of the map m(z) — > U(z; m) observe that the Cauchy integral representation 
( A.32| ) implies that U(z; ma) = U(z; mi) if and only if (m2(z) — mi(z))(w + (z) + w~ (z)) = 0. At the same 
time, since mi(z) and m.2(z) both satisfy (A.31), it follows that 



(m 2 (z) - mi (z)) - (C^ u ((m 2 - mi )w-))(z) - (C Su ((m 2 - mi )w+))(z) 



(A.33) 



Putting these two together gives 

= (m 2 (z)-m 1 (z)) + (C^ u ((m 2 -m 1 )w+))(z)-(C Eu ((m 2 -m 1 )w+))(z) 

= (m 2 (z) - mi(z)) + (m 2 (z) - mi(z))w+(z) (A.34) 

= (m 2 (z) - mi(z))b+(z) , 
where we have used the Plemelj formula. From the invertibility of b + (z) it follows that m 2 (z) = mi(z). 
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On the other hand, suppose we are given a solution U(z) of the umbilical Riemann-Hilbert Problem A.2. 1 . 
For z e Eu \ set 

m(z;U) := U+(z)b+(z)- 1 = U_(z)b"(z)- 1 . (A.35) 

That these two ex pressions yield the same result follows from the factorization of the jump matrix established 
in Lemma A. 5.1 and the jump conditions satisfied by TJ(z) on Eu. Moreover, it is clear that m(-;U) is 
in both A^_ and At; therefore it is an element of Lip M (Eu). Also, the map U(z) — > m(z; U) is injective 
because the matrix functions b ± (z) are invertible. Now observe that 



m(z;U)-(C w m(-;U))(z) 



m(z;U) - (^(U-Cb-J-V-))^) - (C Su (U + (b+)- 1 w+))(z) 
= m(z;U) - (C^iV.ib-)- 1 U_))(z) - (C Su (U + - U + (b+)- 1 ))(z) 
= m(z; U) - (C^ u m(-; U))(z) + (C Eu m(-; U))(z) 

+ (C^U_)(z)-(C Su U+)(z) 
= (C? u U_)(z)-(C Eu U+)(z) 
= Nu. 

(A.36) 

Here, in the next-to-last step we have used the Plemelj formula, and in the final step we have used the 
continuity of the boundary values and computed a residue at z = oo, which necessarily occurs within a 
component of either or O^. 

Finally, a similar argument shows that the composition of these two correspondences is the identity 
mapping. Consider ( A. 32 ) evaluated for m(z;U): 



Nu + (C Eu o ft w +m(-;U))(z) + (C Su o ft w - m(-; U))(z) 



with the last equality following from Cauchy's theorem. □ 



Nu + (C Su U+)(z) + (C Su U_)(z) 
U(z), 



(A.37) 



So solving the umbilical Riemann-Hilbert Problem A. 2.1 amounts to inverting the operator 1 — C w on 
the Banach space Lip^Eu), or at least defining the inverse on the subspace of constant functions Nu- We 



note for future use the following corollary of Lemma A. 5. 2 



Corollary A. 5.1 Suppose w (z) € A± as above. Let mo G ker (1 — C w ), with mo ^ 0. Then, Uo(z) := 
(C Su (m pw + )) (z) + (C Su (moW _ ))(z) is a nontrivial solution of the homogeneous umbilical Riemann-Hilbert 
Problem A.2.l\ with data (Eu, vu(z), 0). 



We continue our analysis by studying the integral equation (A. 31). Let w + (z) = b + (z) 1 — I 6 A v + and 
w~(z) = I — b^(z) -1 S A v _- Along with the operator C w , we consider also another bounded operator on 
Lip^(Eu) defined by 

(C w m)(z) = (Cf v o K^-m)(z) + (C Su o TZ^ + m)(z) . (A.38) 



On the space Lip At (Eu), we have 



and 



(1 -C*)o (1-Cw) = 1+Tw, v 

(l-C w )o(l-Cw) = l + T w , v 



(A.39) 
(A.40) 
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where 

(Tw, w m)(z) := (C| u o K*- o C Su o ft w+ m)(z) 

+ (C^ u oC Su o^ w -m)( 2 ) 

+ (C Su o TZ^+ o C^ u o ft w+ m)(z) (A.41) 
+ (C Su oK w+ oCf°oVm)(z) 

:= (4!l m )(^) + (41m) W + (Tilm)(z) + (7^m)(z) , 

and 7^,^, is similarly denned with the roles of w ± and exchanged. The formulae ( A. 39 ) and ( A.40| ) 
require only the Plemelj relation a nd th e fact that w + (z)w + (z) — — (w + (z) + w + (z)) and w~(z)w _ (z) = 
w~(z) + w~(z). The results from §A.4 can now be used to show the following. 

Lemma A. 5. 3 With w + and w + in A v + and with w and w in A v _, the operators w and T w ^ are 
compact on Lip M (£u) whenever fi < v. 

Proof. It is sufficient to prove the result for 7w,w Consider the second term. Because C+ u o C5 U = 
on A^_ , we can write 

(4^m)(z) := (C^oK*- oC Su o^ w -m)(z) = -(C^ u o[C Su ,^ w -]o7e w -m)(z). (A.42) 

Similarly, because C Su o C+ u = on A\, the third ter m can be written in the form 

(4%m)(z) := (C Eu o^ + o^oK w+ m)(z) - -(C Su o [C^ , ft w+ ] o ft w+ m)(z) . (A.43) 

To handle the first term, we first use the Plemelj formula to decompose: w~(z) = wT(^r) — wZ(z) where 
w7(z) = (C^ u w~)(z) has an analytic continuation into and wl(z) = (C^ u w~)(z) has an analytic 
continuation into Q^j. In whichever region contains z = oo the corresponding function decays like 1/z. 
Using this decomposition, we find 

{7$%m)(z) := (C5 u o^- oC Su o^ w+ m)(z) 

= (C+ u o ft - - o C Su o ft w+ m) (z) - (C^ u o o C Su o ft w+ m) (z) ( A.44) 

= (Cf u °^w; °C Su oft w+ m)(z). 

The term that vanishes above does so because it is of the form C^ u acting on a product of function s each 
having an analytic extension to Q^j and decaying appropriately if oo £ Now, since by Lemma A. 4. 4, 
e A'l, we can again use C^ u o C Su = on this Banach algebra to finally write the first term of 7^,. w in 
the form 

(4^m)(z) = -(C^ o [C^,K^-] oft w+ m)(z). (A.45) 

Similarly writing w + (z) = w^(z) — wt(z) with w±(z) = (C± u w + )(z), and applying similar reasoning, one 
finds that the fourth term in 7^, )W can be written as 

(Tj% m )(z) = +(C Su o [C^,TZ^ ± ] oVm)(z) ■ (A.46) 

With each term of 7^, iW written in this way, it is not hard to see the compactness from more basic results 
already summarized. Consider written in terms of the commutator as ( A.45| ). The multiplication 

operator 7?. w + is bounded from Lip^(Eu) to Att. Then, from Lemma A. 4. 5, the commutator is a bounded 
operator from A^ to the better space Lip ly (Eu)- The result of this operation can be reinterpreted as 
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an clement of Lip At (Su), and from Lemma A.4.l| , the inclusion map Jj,-*^ : Lip !/ (Eu) — * Lip^(Eu) is a 
compact operator. The trivial inclusion map Lip M (Eu) - * A+ is of course bounded, and finally composition 
with the operator C^ u , bounded from A+ to Lip M (Eu) by Lemma A. 4.4 does not alter the compactness. 



The term T^]^ expressed by ( A. 46 ) is handled similarly. The term T^ 2 ^ given in ( |A.42 ) is shown to 
be com pact a s follows. The multiplication operator 7?. w - is a bounded map from Lip M (Eu) to At. By 
Lemma A.4.5 , the commutator is then a bounded map from At. to the better space A v _. Again, the inclusion 
map Iy^f! : A v _ — > At is compact by Lemma A. 4.1. Finally, by Lemma A. 4. 4 the operator C^ u is bounded 
from At to Lip M (Eu), and compactness is retained. The term T^l^ written in the form (A.E) is handled 
similarly. All four terms of 7^. w have thus been shown to be compact on Lip^(Eu). □ 



We have the following result. 

Lemma A. 5. 4 The bounded operator 1 — C w , with the matrices w ± (z) G A± as above, is Fredholm on the 
Banach space Lip M (Eu) for all [i with < fx < v, and has index zero. 



Cw serves as both a left and a right pseudoinverse for 1 — C w , 
C w ) and dim coker (1 — C w ) are both finite. This proves that 1 — C w is a Fredholm 



Proof. By Lemma A. 5. 3 the operator 1 
and therefore dimker (1 

operator on Lip M (Eu). To calculate the index, we invoke continuity of the index for Fredholm operators 
with respect to uniform operator norm in Lip^Eu). The same arguments as above prove that the family 
of operators 1 — eC w is Fredholm for all e G C, and in particular for those real e between and 1. By the 
boundedness of C w on Lip^Eu), this family of operators is continuous in operator norm as a function of 
e G [0, 1]. Since for e = the ind (1 — eC w ) = 0, and since the index is a continuous integer- valued function 
over the whole range of e G [0, 1], we conclude that ind (1 — C w ) = 0. □ 



Corollary A. 5. 2 With w ± (z) G A v ± as above, 
positive [i < v whenever ker (1 — C w ) = {0}. 



1 — C w has a bounded inverse defined on Lip M (Eu) for all 



Proof. Since ind (1 — C w ) = 0, ker(l — C w ) = {0} implies dim coker (1 — C w ) = 0, and then 1 — C w 
being bounded implies via the closed graph theorem that Ran(l — C w ) = Lip M (Eu). Therefore the inverse 
(1 — Cw) -1 exists and is defined on the whole space Lip A '(Eu). Since 1 — C w is bounded and hence closed, 
the inverse is also closed and therefore bounded by the closed graph theorem. □ 



Combining Lemma A. 5. 2 with Corollary A. 5. 2 and Corollary A. 5.1 gives the main result of this section. 



Theorem A. 5.1 (Umbilical Fredholm Alternative) Let Eu be an umbilical contour and letv\j(z) be a 



jump matrix for z G Su \ satisfying the conditions of Definition A. 2.1. Let Nu be any constant matrix. 
Then the umbilical Riemann-Hilbert Problem A. 2.1 with data (Eu, vu(z), Nu) has a unique solution if and 



only if the corresponding homogeneous problem with data (Srj,Vu(z),0) has only the trivial solution. 



A. 6 Application to local Riemann-Hilbert problems. 



Here, we put together the pieces to establish the proofs of Theorems |A.1.1| , |A.1.2j , and A. 1.3 

Proof of Theorem \A . 1 . j . By Lemma A. 2.1, the local Riemann-Hilbert Problem |A.1.1 will have a unique 
solution if and only if the corresponding umbilical Riemann-Hilbert Problem |A. 2. 1| does. By Th eorem A. 5.1, 
the latter will be the case if the only solution of the umbilical Riemann-Hilbert Problem A. 2.1 that vanishes 
at z = oo is the trivial solution. If XJq(z) is such a nontrivial "vanishing" solution, then 



MO := (C 



(A.47) 



will be a nontrivial solution of the homogeneous local Riemann-Hilbert Problem [A.l.l| , where z(£) is the 
transformation in Lemma A.2.1. Conversely, if Lq(£) is a nontrivial solution of the homogeneous local 
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Riemann-Hilbert Problem |A.l.l| , then with as in Lemma A. 2.1 



U (z) := (z - ly^oiCiz)) 



(A.48) 



will be a nontrivial solution of the homogeneous umbilical Riemann-Hilbert Problem A.2.1. Therefore, the 
unique solvability of the umbilical problem, and therefore of the local problem by Lemma A.2.1 is guaranteed 
by the condition {Lq(C)} = {0}, which proves the theorem. □ 



Proof of Theorem A.l.i. The fact that under the additional symmetry condition (A. 6) on the contour 
El and jump matrix vl(C)j ah solutions of the homogeneous local Riemann-Hilbert Problem A. 1.1 with 
data (El,vl(C),0) are trivial follows from an argument given by Zhou in [Z89|. This result is combined 
with Theorem A. 1.1 to complete the proof. Note that Zhou's argument relies on Cauchy's theorem, and in 
the L 2 context of [ Z86 ] a rational approximation argument is required to pull the paths of integration away 
from the boundary. But in the Holder spaces, no such argument is needed, since the boundary values are 
automatically uniformly continuous. □ 

Proof of Theorem \A . 1 . 4 - We begin with the representation of the solution L(£) in terms of the fractional 
linear transformation £(z) and the solution m(z) of the integral equation on the corresponding umbilical 
contour Eu by means of the formula (A. 32). Since C = oo corresponds to z — 1, we have 



L(C)-I = U(z(C))-U(l) 



(iUO + ii (0 + 4(0 + 12(C)) , 



where 



it(0 



w±( S )- 



ds 



4(0 



(m(s) -I)w ± (s) 



ds 



( S -z(C))( S -l) 
Note that we have both 

||w ± (2)|| = 0(\z - 1|) and ||m(z) - I|| = 0(\z - l^) for all fi < 1 



(s-z(C))( S -l) 



(A.49) 



(A.50) 



(A.51) 



with the latter estimate following from the Holder theory of the integral equation ( |A.31 ). 

First we will show that the C ( | C I 1 ) decay estimate holds subje ct to the condition ( A. 8 ) uniformly for 
C outside of all of the parallel strips Sk surrounding each ray. By ( A.49 ), it suffices to show that the four 
integrals 4(0 and 4(0 remain bounded. Now, changing variables in the integrals by £ = C( s )? we fi n( A 



4(0 = - 2 



Now, observe that 



1 Ce~" 
2 



1 1 



Since the estimates ( A.51 ) imply 



(m(z(£)) - l^iziO) G L^El) n L 2 (S L ) 



and 



(m(z(0)-I)w ± (z(0KeL 2 (E L ), 
and since uniformly for all £ outside the union of the strips Sk we have 

we can apply the Cauchy-Schwarz inequality to find 

11^(011 = 0(1) 



(A.52) 
(A.53) 

(A.54) 
(A.55) 

(A.56) 
(A.57) 
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uniformly for £ outside all strips Sk- 

The terms ii (£) will, by contrast, only be bounded if the condition ( |A.8| ) is satisfied. To see this, make 
sure that in solving the integral equation (A. 31) the factorization of the jump matrix Vjj(z) is such that the 
limits 

w ±(oo,fe) ;= Um £ W ±/ (A. 58) 

exist uniformly in Sk- Then, changing variables from s to £ = £(s) in (£) as before, we find 



Jf(C) 



w ± (^(0) 



w (2(0)7 — 7 



(A.59) 



Because from ( A.5l| ), w ± (z(£)) € L 2 (El), the first term is uniformly bounded for £ outside all strips Sk 
by the Cauchy-Schwarz inequality. To handle the second term, we first split off the part of the contour 
that is bounded by |£| < R (i.e. the part interior to and including the circle component of El) and let the 
component of El \ E^ lying on the kth ray be parametrized by re** fc for r > R. Then, 



w (z(0)7 — 7 



w (2(6)7 7 



■ E w 

all rays 



±(00, fc) 



£dr 



-(re" 



E 



all rays k 



(w ± (z(re 1 ^)) - r -1 e _i **w ±(oo ' fc) ) 



-0 

7 
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Now the first term on the right-hand side is clearly bounded for large £ because the contour E L ut is compact. 
In the third term the difference in parenthesis is o(r _1 ), and it follows that similar Cauchy-Schwarz estimates 
bound this sum independently of £ outside the strips Sk- Now, 



(dr 



= log 



R 



, R r(re^<=-£) '"°\B-Ce 
uniformly as £ — ► 00 outside all strips Sk- Therefore, we will have 



= -log|C|+0(l) 



Pi (Oil =0(1): 



uniformly outside all strips if and only if 



E < 

all rays k 



+ (oo,fc) _ 
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(A.62) 



(A.63) 



Now, if the factorization of the jump matrix Vjj(z) = vl(£(z)) in some small neighborhood of z = 1 is such 
that w~(z) = there, then this condition is equivalent to (A. 8) since w + (z) = Vl(£(#)) — I in this special 
case. But in fact it can be seen by expanding the arbitrary factorization vl(£(z)) = (I~ w ( Z )) _1 (I+ W+ ( Z )) 
near 2 = 1 that no matter how the factorization is done as long as the limits (A.58) exist, 



v (oo,fc) _ w +(oo,fc) 



-(00, k) 



(A.64) 



Therefore, if the condition ( AJ5) is satisfied, the sum (Q+Jf (£) is always uniformly bounded independently 
of the factorization employed in solving the integral equation ( A. 31 ), even though the individual terms /{*"(£) 
and /]"(£) may be logarithmic in £. 

This proves that the estimate stated in the theorem holds for £ bounded away from the contour rays by 
avoiding the parallel strips. But now we can use the analyticity of the jump matrix vl(£) along with the 
uniformity of the limits (|A.7| ) defining the moments v(°° ,fc ) in a simple deformation argument to prove that 
the estimate in fact holds right up to the (analytic) boundary values taken on El, which completes the proof 
of the theorem. □ 



Appendix B 



Near-Identity Riemann-Hilbert 
Problems in L? 



In this appendix, we collect together those results from the theory of Riemann-Hilbert problems and Cauchy 
integral operators in L 2 that we use in § |4.5| to characterize and estimate the error of our approximations. 

Let £ be a compact contour in the complex A-plane, consisting of a union of a finite number of smooth 
arcs, and that is oriented so that it forms the positively-oriented boundary of a multiply-connected open 
region f2 + whose complement is the disjoint union SU Fix any matrix norm || • ||, and let L 2 (T,) denote 
the space of matrix- valued functions f (A) defined almost everywhere on £ such that the norm defined by 

l|f|| 2 L 2(S ) ■= I l|f(A)|| 2 MA| (B.l) 



is finite. Now we recall some facts | D99 | about Cauchy integrals in this space. For f £ L 2 (£), the Cauchy 
integral 

(C s f)(A) := [ { s -\)-H{ S )ds (B.2) 
defines a piecewise-analytic function for A ^ S. The left and right boundary values 

(Cff)(A) := lim (C s f)(z) (B.3) 

exist for almost all A € £ and may be identified with unique elements of L 2 (S). The linear operators C± 
thus defined on £ 2 (£) are bounded, with norms depending on the contour S. 

Let w ± (A) be defined for almost all A G S and uniformly bounded. Define an operator on L 2 (T,) by 

(C w m)(A) := (C=(mw-))(A) + (C s (mw+))(A) . (B.4) 

Then C w is bounded according to the simple estimate 

||C W || L2(S ) < ||C^|| i2(E) sup ||w-(*)|| + ||C S || L2(S) sup ||w+( S )|| . (B.5) 

Therefore, we have 
Lemma B.0.1 Assume that 

sup||w-( s )|| < UwcfWw)- 1 , sup||w+( S )|| < \ (||Cf II^ce))" 1 ■ (B.6) 
sgs 1 sen. 1 

Then, for any f € L 2 (S) ; the equation 

m(A) - (C w m)(A) = f(A) (B.7) 
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has a unique solution m £ L 2 (T,), and 



L2(E) 



|m|| La(E) < 1 _ ( || CS | |i2(s) gupseE || w _ (s) || + || C S|| i2(E) supses || W+(S )||) 



(B. 



Proof. This follows from standard functional analysis results concerning the invertibility of bounded 
perturbations of the identity operator. The solution of the equation is furnished by Neumann series. □ 



Lemma B.0.2 Along with the conditions of Lemma B.0.1, assume that I — w (A) is invertible for A G E 
and set v(A) := (I — w _ (A)) _1 (I + w + (A)). Let m(A) be the unique solution of (Rl) with f(A) = I. Define, 
for A £ E, 

R(A) := I + (C s (m(w+ + w~)))(A) . 



Then R(A) has boundary values R±(A) in £ 2 (E) that satisfy almost everywhere 

R+(A) = R_(A)v(A) . 

Also, R(oo) = I. and 

||R(A) - I|| < ^-||m||2 • |E| 2 • sup |* - A|- x • sup ||w+( S ) + w -(*)|| 
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where |E| is the total arc length o/E. 



(B.9) 
(B.10) 

(B.ll) 



Proof. It follows directly from the integral equation satisfied by m(A) and the Plemelj formula that 
everywhere the boundary values taken on E by R(A) are finite, they satisfy the jump relation (B.1C). The 
estimate (B.ll) also follows directly from the representation (|B.9|). □ 



We say that R(A) solves the Riemann-Hilbert problem with data (E, v(A),I) in the L 2 (Yj) sense. In 



D9E], the following uniqueness result is proved: 



Lemma B.0.3 Suppose all matrices are 2 x 2, and that w ± (A) are smooth functions on each arc of for 
which detv(A) = 1. Then the solution R(A) of the Riemann-Hilbert problem with data (E, v(A),I) 7 posed in 
the i 2 (S) sense, is unique if it exists. 
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